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Abstract

The Finite dement and the finite difference methods were applied to a confined

flow over a cylinder. The values of velocity potential (F), the stream function (Y)
and the veocity distribution are calculated by using a computer programs achieved
by the researcher. The results revealed that, convergence and divergence were
achieved between the equipotential lines by two methods. The finite dement method
has been shown to be a powerful tool. Small eements may be used in areas of rapid
change and large dements may be used where variations are less severe. The
boundary conditions are handled naturally by the finite dement method in contrast to
thefinite difference method.

This study shows that the finite dement method is the best technique for the
solution of practical engineering problems like thermal and fluid flows (steady state
or unsteady problems).
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I ntroduction
he Finite dements method is
one of the greatest advances in
numerical computing of the

past century. It has become an
indispensable tool for simulation of a

wide variety of phenomena arising in
science  and engineering. A
tremendous asset of finite dement is
that they not only provided a
methodology to develop numerical
algorithms for simulation, but also a
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theoretical framework in which to

assess the accuracy of computed

solution (Dcuglas N. & Richard S.

(2006)).

In  engineering, physics, and
applied mathematics, three main areas
of application of the finite eement
method can indentify, these are
equilibrium problems (steady state),
Eigen value problems and propagation
problems. In the finite dement
method, approximate solutions are
derived using an alternate formulation
of the problem determined by
variational calculus. When
determining extreme using variational,
a minimum is sought not for a
function but for a functional. A
functional is a quantity that depends
upon a function of a given class rather
than upon a discrete variable
Problems of variational calculus are
concerned with determining extrema
of functional, finding the particular
function which makes a functional a
minimum.

The basic steps for deriving a finite

edement solution to an equilibrium

problem can be summarized as

follows (David Roulance (2001)):-

- Sub — division of the continuum into
finite dement.

- Evaluation of dement stiffness and
load terms.

- Assembly of the dement stiffness
and load terms into an overall
stiffness matrix and load vector,

- Solution of the resulting
simultaneous equations  for
unknown nodal variables.

- Evaluation of subsidiary dement
quantities.

Finite — difference methods for
solving partial differential equations
have been the subject of many books.
The basic idea of these methods is to

linear
the
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replace derivatives at a point by ratios

of the changes in appropriate variable

over small but finite intervals (Dx or

Dy) (Vrushali A. Bokil & Nathan L.

Gibson  (2007)). This type of

approximation is made at a finite

number of points and reduces a

continuous boundary — value problems

to a set of algebraic equations. Three
sets of boundary conditions may
complete the specification of the

problems (John Mathews (1994)):-

- Dirichlet problem. (The value of the

dependent  variableF, may be
specified on al of the boundary
curve (C).

- Neumann problem (the value at the
normal derivative of F may be
specified on all of the boundary
curve (C).

- Mixed problem (the value of F may
be specified on part of the boundary
(C), and the normal derivative on the
rest of the boundary curve (C).

The construction of finite difference

approximations to derivatives are

classified by (forward — differences,
backward — differences and central —
differences) approximations.

Construction of Finite element and

Finite difference approximations to

steady flow problems.

The two dimensional potential
flow, (inviscid incompressible flow
problems can be formulated in terms
of velocity potential function (F) or
stream function (Y). In terms of
veocity potential, the governing
equation is the Laplaces eguation
(dliptic equation):
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where F = velocity potential and Y =
streeam  function, the  veocity
components are given by:-

ow oo
u_(’)x'v_ay """ ®)

And the flow vdocities can be
determined as:-

_ oY _ oY
—E,U——g --------- 4)

Finite Element method:

The basic steps of the finite dement
method can be stated by using the
interpolation function of a three nodes
triangle dement. The triangle dement
is one of the popular dements which
can be employed to approximate
irregular surface; also it can be used to
create a large number of straight sided
edements along the curved boundaries
in order to achieve a reasonable
geometric representation. (Steven C.
Chapra (1988)).

Oo(x,y)=[N(x,y)]® »e ..(5
Where -

[NGxWI=I Ni(X%/) =Ni(GY)- Ne(xy)]
Ni(x,y) = 57 (a; + bix + ¢; y) )

~"

1
N;(x,y) = ﬂ(ai +bjx+cjy)

1
N (x,y) = ﬂ(ak + brx + ¢ y)
- is the shape fuction ...(6)
And
0,
b - e = (Dj
Dy
= vector or nodal unkown
of element e.

A =% (Xiyj + XiYie + XpeYi —
XiVk — Xj¥i —
XkYj) N )

= i D= B, =B

U B T '
LT T LA L VO |

i |

.................... .(8)
And by using Galerkin's procedure
which is given by:-

f R(x,y)N;(x,y)dx dy =0 ... (9)
A

: — 920 | 020
where-  R(x,y) =55+ 272
The solution of the above equation

(using Green's theorem) is:-
D AN; AP ON;

(Goae ™ 3
dx O0x dy dy
A

Ydx dy

=0 .. 10)
where L isthe direction cosine.
The finite dement method
reduces the above equations to the
equilibrium equations of the form:

[K(e)]q)—’(e) = 6(6)

~ e (1)
[K(e)]\{;*(e) = Q(e)

The typical terms in the matrix [K©)]
are of the form (Tottenham H. (1970))

[K©]
= [[wsimiaxay .. (12)

where
Ny oN, Ny
Iax dx (’)xl

[R] = | | ... (13)
Ny 9Ny ONy
lay dy ayJ

10
=[5 1]

Thus by differentiation the shape
functions in equation (6) with respect

3110
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to x and y, the characteristics matrix of
each dement becomes:
K] =

2 2
bi +ci  bibjicic; bibyy cicy
1 2 2
e b;b;, c;c; bi + ¢ bjby, cicy
2 2
bibyy cicy  bibyy cic b + ¢
v (14)

The vector Q of nodal inflow/
outflows can be expressed by:

Q= [ VoNidC,
Where V, is the velocity normal to
the boundary surface, and

C,° istheboundary of the eement.
Finite differ ence method:

The Differential equations could be
solved by two general methods, ether
by direct method or iterative method.
Starting with Laplace's equation (Ray
C. Wylie (1982)):

Diyq1j+ Piq j1P; j1+P; j1-

4(171"]' =0 .... (16)

The above equation is rewritten in the
following form that suitable for
iteration:

(Di'jz (Di,j + ri']- (17)
where 1= (Pigq,j + Piqj P41
+ (Di,j—l '4(171'])/4 ...... (18)

For 2<i<nil,and 2<j<ml

Starting values for all interior grid
points must be supplied. Successive
iterations sweep the interior of the grid
with the equation (17) until the
residual term r;; is reduced to zero.
The speed of convergence for
reducing all the residuals { ri; } to
zero is increased by using the method
caled "successive over reaxation
(SOR) ". The SOR method uses the
iteration formula:

D=0 +or ... (19)

where
(U =

4/(2 + \/4 — (cos (ﬁ) + cos(ﬁ))z)

The parameter w lies in the range
1< o < 2, which depends on the value
of n and m and it will be calculated in
section (3-2). Equation (19) is swept
across the grid until |r; ;| <e.

The application of finite element
and finite difference methods.

The objective of this study is to find
the values of the vdocity
potential (&) the stream function
(Y) and the velocity distribution by
the two methods to the steady state
flow over a cylinder. All the results
are computed by using computer
programs.

Finite elements:

Figure (1) shows the fidd of the
study of a confined flow over a
cylinder. The application of finite
edement method can be stated as
follows:

- Discretization: divide the region into
(42) of triangular finite eements.
There will be (33) quantities namey
FiFoFs .l JF to be
determined in the problem. The
numbers of the dements and their
nodes are shown in Figure (1).

- Interpolation _modd: For  two
dimensional flows, the simplest
aternative isalinear polynomial

F(xy) =ai+ax+azy ...(21)
This function must pass through
(xuYy1), (%2,y2) and (Xs,Ys)-

- Evaluation of the shape function

constants and the area of each
dement:
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The area of each dement A® and
the constants (a, b and ¢) as defined by
equations (7) and (8) respectively are
calculated. The constants & ,a; and a
are not required in the computations
because by differentiating equation (6)
with respect to x and y and equaling
the result to zero (or in another words

MN_p& ‘;—I;'=0 ) leads to make the

ox
values of the constants (& ,a and a)
equal to zero.
Boundary conditions
As a boundary conditions, the
veocity function will assumed to
be equal to zero(F = 0) along the
line through the nodes 5, 10, 14,
25. The veaocity (u) normal to the
boundary surface through the nodes
(1, 6, and 19) and the vdocity (v)
paralld to the boundary surface are
assumed to be equal to (2m/sec.)
and (0) respectively.
For the stream function Y (x,y),
(Y= 0) will be assumed along the
line through the nodes (19, 20, 21,
22, 24, 33, 32, 31, 30, 29, 28, 27,
26, 25) andY = 20.0 along the line
through the nodes (1, 2, 3, 4, 5).
The stream function for node (6) is
equal to 10.0 (half away between
thenodes 1 and 19).
Computation  of  the
characteristics vectors:
Equation (15) could be used to yidd
the dement characteristic vector Q
which is used in obtaining an
approximation to the solution of
equation (11). In order to compute the
stream functionY, the vector Q is
equal to zero for all dements, because
of no velocity paralld to the boundary
but for the computation of the veocity
function F , the vector Q will be non
zero only for the dements 1 and 16.
The velocity normal to the edge (ij)

element

3112

for the dement 1 and 16 is equa to
(2m/sec.) and the length of the edge
(ij) is eguals to 5 units for both
eements. The  global nodes
corresponding to the local nodes(ij) in
dement 1 are (6 and 1) and in dement
16 are (19 and 6), so to establish the
integral values associated to the global
nodes, equation (15) could be used to
evaluate the vector Q for nodes 6,1
and 19 only.
N;
oM = M N b1 =

26) 1) 6 5) 6
T 1, 1=45¢1
o) 7 o) 7

1) 16 5) 19
Que = 22 {1} 6 = {5} 6
0/ 15 \0J 15
These values are places in dement
characteristic vector location (1,1) ,
(6,2) and (19,1) . The vector Q has one
column and 33row. The vector values
of Q are zero. Combination of the two
integrals yields the final values of the
vectors Q:

[W4] — m ,  T  T w

S spetuiim B

[ = 2 T L]

o s lation 1

Element assembly

For each dement, there is an
equation which is described by
equation (12). The total number of
equations for the mesh is 33.
Assembly of the eement characteristic
matrices will yied the total system
matrix (33x33). Table (1) shows the

program's output.
Solution of the equilibrium equation
After assembly, including

specification of boundary condition,
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equation (11)  was solved rapidly by
using the Gaussian dimination method
with back substitution. The values of
F andY arelisted as follow:-

20
20
20
20
20
10
14.6968
13.8415
12.313¢
13.1010
9.5351
2.0694
49722
5.2757
46774
3.893e
2.0418
3.4093

32.3415
23.2148
15.8299
7.3125
0.0000
32.5255
23.2768
14.8033
7.5811
0.0000
234441
13.6821
64101
0.0000
23.8085
17.1226
= 113.0648
10.8335
32.7454
23.5428
17.6500
14.0666
13.8050
13.2615
0.0000
42011
7.603%
10.1016
12.088%
13.003
13.1363
13.1488
13.03€5

7)<

A flow net consisting of contours of
the veocity potential F and the
stream function Y is shown in Figure

).
The velocity of the flow for arbitrary
points through the region was

3113

determined by using the following
equation (Kidger, Dj (1999)) :

. (D1 — Pi- 11) \

* (Xir1j— Xi-1j) |

LD

_ (@i ®ija) |

&= "y )
(yL]+1 Yl] 1 )

Theresultant velocity is:

In = VJai + a3

6 = tan~'(q,/q,) ... for q,>0

6 = tan~'(q,/q,) + 180 for g, <0

If g« = 0, q is (90° or (270°
depending on the value of q, if it is
positive or negative respectively.

The resulting solution is shown
graphically in Figure (3). In Figure
(2), it can be seen that the flow lines
and the equipotential lines intersect at
right angles and the contours are very
little ragged, however the results are
acceptable. Small elements are used in
areas of rapid change (near the
cylinder) and large dements are used
where variations are less severe. Also
Figure (2) shows that the net flux
through a region of influence near the

boundary is correct since that Z—Fn =

O,where n is the norma to the
boundary. The boundary fixed
potential of (on the left side of the
fidd of the study at x=0.0 (Dirichlet
condition). Conditions at the region
(elements (37, 38, 39, 40, 41 and 42))
are not defined as it is a stagnation
point (where the fluid is at rest).

In Figure(3) and by using eguation
(21), the maximum velocity was (4
m/sec.) and occurs on the top of the
cylinder which is egual to (2Vy).
Hence the maximum veocity is in
good agreement with the veocity
components at p(r,q), where a=r and q
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=p/2 which are given by eguation (22)
(William F.Hughes(1967)):
2

a \
u= —Vo(r—zcosze —1)=2Vo |¥
.. (22)
)

a2

v= —Vr—zsinZH =0
Finite Difference

The fidd of the study of a confined
flow over a cylinder is divided into 24
squares with sides Dx = 2.5 and Dy
=2.5 (see Figure (4)). Theinitial value
of the interior grid points was set at
Fij=150for eachi=2,3 4andj =
2, 3, 4, 5 6. Then SOR method,
(equation (19)) was used with the
parameter o = 1.2365 (the parameter
® was calculated by substitute n=5 and
m =7 in equation (20)), after (25)
iterations, the residual was uniformly
reduced ( |r i; | <0.0000001) .

A computer program is used to solve
this problem; the resulting
approximations are given as follow:

PRRHE VLN VIR RIS
AT AT 13T AT
AT TESHE 1aEEA 104

21 phidh
21.80%

AN

Ine same vaues of + a e
boundary surface which were used
for finite eement method are used to
compute the approximate solution to
L aplace's equation.

In the finite differences method,
a uniform grid spacing Dx= Dy was
used. This leads to the simplest
equations that can be obtained. The
generation of these equations on a
computer isrelatively easy.

It can be seen that convergence
was  achieved between  the
equipotential lines by Comparing the
results obtained by the finite
difference and the finite dement
method at F = 28 and F = 32 (see

3114

Figure (5)). So the Dirichlet
condition is satisfied.

In addition, the divergence are
increasing rapidly at F =8to F = 24.
Indicating that for complicated
problems involving steady flow, the
finite eement method has been
shown to be a powerful todl. If n
specifies a unit normal veocity. The
direction at any point p on the
boundary, there must be no rdative
normal  veocity. The finite
difference method shows that the
equipotential  lines make angle (a
190) with the cylinder boundary

oF
(5;=0)

Conclusions
1) In the finite dement method, the
results are acceptable. The flow
lines and eguipotential  lines
intersect at right angles and the
contours are very little ragged due
to using small eements in areas of
rapid change near the cylinder and
large dements where variations are
less severe.
The results show that there is no
difference between the vdacity
potential F which was evaluated
by the finite difference and the
finite ement method at x= 0 or in
another word the value of F is a
constant along x=0. And hence, the
Dirichlet condition is satisfied.
Condition at the region near the
boundary (y= 0) are not defined as
it is a stagnation point (where the
fluid is at rest).
The accuracy of the finite eement
method has been tested by the
results of the veocity distribution.
The velocity of flow at the top of
the cylinder surface is 2V, which
has been checked by two
equations,(equations 21 and 22)

2)

3)

4)
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5) Comparing the finite dement
method with the finite difference
method show that there is a

divergence between the
equipotential lines, indicating that
for complicated problems

involving either steady or unsteady
flow, the finite dement method has
been shown to be a powerful toal.
6) The finite difference method shows
that the equipotiential lines make
angle not equal to 90° with the
cylinder boundary so there will be
a flow through the fixed boundary.
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