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Abstract 

    In this paper an efficient algorithm is proposed, which is based on applying the idea 
of spectral method using the B-spline polynomials to find an approximate solution of 
finite quadratic optimal control problems (QOCP), which are governed by ordinary 
differential equations, represent the constraints. 
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 طريقة الطيف والدوال التوصيلية للحل التقريبي لمسألة السيطرة المثلى

 الخلاصة

هذا البحث يقدم خوارزمية استندت على تطبيق فكرة الطيف باسـتخدام متعـددة حـدود الثلمـة    
ى التربيعيـة المنتهيـةوالمتضمنة تعددات الثلمة التوصيلية لايجاد الحل التقريبي لمسألة السيطرة المثل

ــود     ــل القي ــي تمث ــة الت ــلية الاعتيادي ــادلات التفاض ــم بالمع ــي تحك ــدة والت ــر المقي .الغي

Introduction 
      Spectral methods encompass a 
large class of numerical techniques 
that have long proven their great 
ability to solve partial differential 
equations [7]. If those methods have 
extensively been used since the 70’s in 
fluid dynamics, they have been 
introduced in the 90’s in the field of 
general Relativity by the Meudon 
group and are employed by other 
groups since then. They have yielded 
to a lot of scientific advances, like the 
computation of rapidly rotating 
neutron stars or binary black holes, for 

example. More recently, a new 
direction of research is been 
investigated with the application of 
spectral techniques to Gauge field 
theory [7]. 
Spectral method has the advantage of 
being able to deal easily with quadratic 
optimal control problems. In this 
method, the solution has assumed a 
finite linear combination of same set of 
global analytic basis functions. 
However, as the order of 
approximation increases one should be 
able to represent the QOC problems 
with better accuracy. The most 

https://doi.org/10.30684/etj.28.2.3
2412-0758/University of Technology-Iraq, Baghdad, Iraq
This is an open access article under the CC BY 4.0 license http://creativecommons.org/licenses/by/4.0

https://doi.org/10.30684/etj.28.2.3
https://orcid.org/0000-0002-4816-5395


Eng. & Tech. Journal ,Vol.28, No.2,2010                           Spectral Method and B-Spline Functions    
                                                                                                    for Approximate Solution of اOptimal    
 
 

                              254

important practical issue, regarding the 
method here is the choice of the basis 
functions { }iφ . Throughout the work in 
this paper, the basis functions that will 
be used is: B-spline polynomials. 
    It is necessary to require that { }iφ  
are either orthogonal or linearly 

independent. In fact if { }N
liφ are 

orthogonal or linearly independent and 
{ } 1+N

liφ  are neither orthogonal nor 
linearly independent. Therefore, from 
a practical point of view it is desirable 
that { }N

liφ are at least linearly 
independent [1]. 
2. B-spline Curves: 
    The properties and capabilities of B-
spline curves make them widely used 
in computer aided geometric design. 
B-spline curves are polynomial curves 
defined as linear combination of the 
control points by some polynomial 
functions called basis functions. These 
basis functions are defined in a 
piecewise way over a closed interval 
and the subdivision values of this 
interval are called knots [6]. 
    A B-spline curve is defined 
everywhere on R and can be written in 
the following form:        

)()( , tBatP ni
i

i∑
∞

−∞=

=  

where ia  are controls points and 
)(, tB ni  are the basis functions 

associated with control points ia . Each 
basis function can be thought of as the 
variable weight which determines how 
the control point ia  influences the 
curve at parametric value t. For 

uniform splines, the basis functions 
satisfy 

( ) ( )itBtB nin −=       ∞−∞= ,...,i  
for a fixed function B. 
3. Definitions of B-spline 
    There are many different ways to 
define B-splines; we will consider two 
equivalent definitions: using 
convolution and using blossoming [4]. 
3.1 Convolution in B-spline 
   We start with the simplest functions, 
which already meet some of the 
requirements above: piecewise 
constant coordinate functions. Any 
piecewise constant function can be 
written as 

 ( ) ( )tBatP i
i

i 0∑
∞

−∞=

=  

where ( )tB0  is the box function 
defined as 

( )


 <≤

=
otherwise      0

1t0       1
0

if
tB  

We define the convolution of two 
functions ( )tf and ( )tg as 

( )( ) ( ) ( )dsstgsftgf −=∗ ∫
∞

∞−

 

   The remarkable property of 
convolution is that each time we 
convolve a function with a box its 
smoothness increases. We will see that 
convolution can be seen as “moving 
average” operation. 
A B-spline basis function of degree n 
can be obtained by convolving a B-
spline basis function of degree n−1 
with the box ( )tB0 . For example, the 
basis function of degree 1 is defined as 
the convolution of ( )tB0  with itself. 
We need to compute 
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( ) ( )∫
∞

∞−

− dsstBsB ii 0,0,  

    Now take the convolution of 
( )tBi0 with ( )tBi1 and we obtain 
( )tBi 2 , the degree 2 basis function. 

We can continue further and obtain 
degree 3 B-spline, ( )tBi3  by 
convolving ( )tBi 2  with ( )tBi0  . 
3.2 Blossoming in B-splines [4] 
   For a cubic B-spline, if [ ]3,2∈t , 
then we can obtain the value of 

( ) ( )tttPtP ,,=  from the values of 
( )2,1,0P , ( )3,2,1P , ( )4,3,2P ,
( )5,4,3P   as shown in Figure (1). 

    For [ ]1, +∈ iit  and cubic B-splines, 
we need four control 
points ( )iiiP ,1,2 −− , 

( )1,,1 +− iiiP , ( )2,1, ++ iiiP
( )3,2,1 +++ iiiP  

4. Properties of B-splines 
• ( )tB ni , is a piecewise polynomial of 
degree n (each convolution increases 
the degree by 1). 
• ( )tB ni ,  has a support of length n + 1. 

We have seen that ( )tBi 0,  has a 
support 1 and each convolution 
increases the support by 1. 
• ( )tB ni , is Cn−1-continuous. ( )tBi 0,  is 
C0 continuous and each convolution 
increases smoothness by 1. 
• The set of functions , i = −∞. . .∞ is 
affine invariant. This comes from the 
observation that 

( ) 1=−∑
∞

−∞=i
n itB  

     which can be proved by in 
induction observing that this property 
holds for the box function and is 
preserved by the convolution. 
5. Spectral Method for LQOCP [1] 
     The idea of spectral method is 
applied to solve finite linear quadratic 
optimal control problem (LQOCP) 
with B-spline . 
     The LQOC problem can be stated 
as follows 
minimizes                                           

( )∫ +=
ft

t

TT dtRuuQxxJ
0

 …(1)                 

subject to the linear system state 
equations 
satisfying the initial conditions                

( ) ( )
( ) 




=
+=

00tx
tCutAxx&

             …(2)                        

where  nn RRA ×∈  , mn RRC ×∈ , 
nRx∈ , mRu ∈ ,Q is n×n positive 

semi definite  matrix , 0≥QxxT and 
R is m×m positive definite matrix 

0>RuuT unless u=0. 
     The spectral methods for finite 
(LQOCP) are described by the 
following steps:  
 Step 1: 
 Write the necessary conditions [5] to 
determine the optimal control solution 
of the finite LQOCP, eqs (1)and(2) 

λTCCRAxx 1

2
1 −−=&               ….(3) 

λλ TAQx −−= 2&                       ….(4) 

λTCRu 1

2
1 −−=                        …..(5) 
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with the initial conditions ( ) oxx =0  
and the final conditions ( ) 0=ftλ . 
The use of adjoint equations (4) with 
the final conditions ( ) 0=ftλ besides 
the state equations (3) with the initial 
conditions ( ) oxx =0 is essential to get 
a square set of equations. 
Step 2:  

Select a set of state and adjoint 
variables which enable us find the 

others, say 
qqxxx λλλ ,....,,,,....,, 2121 and 

approximate them by a finite length of 
B-spline ( )tB ni , , i.e.,                       

( ) ( ) )(,
0

tBatxtx ni

N

i
ij

N
jj ∑

=

=≈                 

…..(6) 

( ) ( ) ( )∑
=

=≈
N

i
niij

N
jj tBbtt

0
,λλ     

j=1,2,…q                                  ….(7) 
 Where ( )tB ni , ,  

ini
ni tt

i
n

tB −−







= )1()(,  

for      i=0,1,…,n  where 

)!(!
!

ini
n

i
n

−
=








 There are n+1 nth 

degree B-spline polynomials for 
mathematical convenience. 
The remaining 2(n-q) state and adjoint 
variables are obtained from the system 
state and the system adjoint equations. 
Assume that the system state and the 
system adjoint equations, which are 
used to find the remaining 2(n-q) state 
and adjoint variables are: 

( ) j
T

jj CCRAxtx λ1

2
1 −−=&       ….(8)           

( ) j
T

jj AQxt λλ −−= 2&    j=1,2,…,q    
…..(9) 

Therefore, by substituting (6)-(7) into 
(8)-(9) yields 

( ) ( ) )(,
0

tBatxtx ni

N

i
ij

N
jj ∑

=

=≈  ….(10)                           

( ) ( ) ( )∑
=

=≈
N

i
niij

N
jj tBbtt

0
,λλ  

j=q+1,q+2,…,n                    …. (11) 
where ija and ijb ; i=1,2,…,N ;  
j=q+1,q+2,…,n are function of the 
parameters ija and ijb ; i=1,2,…,n ;  
j=1,2,…,q.   
Step 3: 
Form the 2q(N×N) system of algebraic 
equations of the unknown 
parameter ija and ijb ; i=1,2,…,N  , 
j=1,2,…,q, from the unused state and 
adjoint equation in step 2 as well as 
from the initial and final conditions. 
That is the 2q(N×N) system of 
equations can be formed the equations  

                             

( ) i
T

ij CCRAxtx λ1

2
1 −−=&  

( ) i
T

ii AQxt λλ −−= 2&      , 
j=q+1.q+2,…, n ;    i=1,2,…,n  
And the conditions                  

( ) 00 xx j =  

( ) 0=fj tλ  ;                              
j=1,2,…,n 
The approximations for the state 
variables ( )txN

j  and the adjoint 

variables ( )tN
jλ  ;j=1,2,…,n , can be 

written in a matrix form 
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



































=



















Nn

2n

1n

Nn1n0n

N21202

N11101

2

1

B
   
B
B

        

a   ... a    a
                
a  .. . a    a
a  ...  a    a

MMOMMM

nx

x
x

 





































=



















Nn

2n

1n

Nn1n0n

N21202

N11101

2

1

B
   
B
B

        

b   ... b    b
                

b  .. . b    b
b  ...  b    b

MMOMMM

nλ

λ
λ

 
The two matrices can be written in the 
form  

Bx α=                                 …(12)                               
Bβλ =                            …(13)                                              

where 
( ) ( ) ( ) ( )( )T

n tBtB tB  ...  tB nn,n1,,0=  
Differentiating (12)and (13) to obtain 

Bx && α=                              …(14)                                               
B&& βλ =                              …(15)                                               

Rewrite ( )tB& in terms of ( )tB , then 
equn. (14) and (15) becomes 

BDx Bα=&                        …(16)                                           
 BDBβλ =&                      …(17)                                           
where the matrix D B is the 
Differentiation operational matrix of 
the B-spline functions given as 
follows[5] 

  

2n)-(n-     1                                                       0   
   

              
1)k-(n                                          

                         2k)-(n-   1)k-(n        0         0   
  3-           4)-(n-    1)-(n     0   
    0                2-       2)-(n-n      

0            0            ...    0                  0            1-      

































+
+

−

LL

MM

MM

n

     Now the approximations (12) and 

(13) and their derivatives (14) and (15) 
are inserted into equn.(3)-(4) to yield 

BCCRABD T
B 






 −= − βαα 1

2
1

.(18)       

( )BAQBD T
B βαβ −−= 2      …(19)              

Or 
YBBDB =α                           ….(20)                                      
ZBBDB =β                            …(21)                                       

Since 





 −= − βα TCCRAY 1

2
1

 and 

( )βα TAQZ −−= 2    
The coefficients of the B-spline 
polynomials up to N-1 will be equaled 
to get: 

YDB
ˆˆ =α                             ….(23)      

ZDB
ˆˆ =β                       ….(24)              

                          
where YDB

ˆ,ˆ and ZDB
ˆ,ˆ are 

YDB , and Z respectively, but with the 
last row discarded in the three 
matrices. 
Both the initial and final conditions 
also can be expressed using the basis 
functions )(, tB ni  t=0 and 

tf respectively to obtain the equations  

( ) 0
0

, 0 xBa
N

i
niij =∑

=

 or  

( ) ( ) ( ) 0,,1100 0...00 xBaBaBa nNjNnjnj =+++                            
                                               …..(25) 

( ) 0
0

, =∑
=

N

i
fniij tBb   or 

( ) ( ) ( ) 01...11 ,,1100 =+++ nNjNnjnj BbBbBb    
j=1,2,…,n                            …..(26)                               
Step 4: 
Solve the system of equations obtained 
from (23)-(24) using Gauss 
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elimination procedure to find the 
unknown parameter ija and ijb ;      
i=1,2,…,n; j=1,2,…,q. 
Step 5: 
Substitute the values of the parameters 

ija and ijb into (6)-(7)and (10)-(11) to 

get the approximate trajectories ( )txN
j  

and approximate adjoints ( )tN
jλ , the 

control variables ( )tu N
i ; i=1,2,…,m 

can be formed from (5); therefore   

( ) ( )tCRtu N
j

TN
i λ1

2
1 −−=  i=1,2,…,m; 

j=1,2,…,n                           …(27)                                            

or   BCRu T β1

2
1 −−=          …(28)                    

Let BCR T βγ 1

2
1 −−=  then  

Becomes 
Bu γ=                                   ….(29) 

Step 6:  
Approximate the performance index. 
By substituting equs. (12) and (29) in 
the performance index (1) yields 

∫ +=∗
ft

TTTT dtBRBBQBJ
0

)( γγαα  

Where ∗J is the approximate value of 
J . 
Let MQT =αα and SRT =γγ , then  

( )dtSBBMBBJ
ft

TT∫ +=∗

0

      ….(30)            

6. Numerical Example: 
Consider the following finite LQOC 
problem [3] 
Minimize  

( )dtxuJ ∫ +=
1

0

22 2
2
1

 

Subject to 

uxx +=
2
1

&                        ( ) 10 =x  

The exact trajectory and the control 
are: 

( )
( )32

3

33

2

2

ee

eetx t

t

+

−
=    and 

( ) ( )
( )32

3

33

2

2

ee

eetu t

t

+

−
=  

and the exact value of J is 0.64164498 
       The results obtained by using the 
algorithm of spectral method using the 
B-spline functions In order to apply 
the spectral method, one first finds: 

• The Hamittonian: 

uxxuH λλ +++=
2
1

2
1 22  

• The adjoint equation: 

λλ
2
12 −−= x&  

• The sufficient condition for 
optimality: 

0u        0 =+⇒=
∂
∂

λ
u
H

 

Therefore    
λ−=u                       ….(31)                                        

The final system is: 

λ−= xx
2
1

&                ….(32)                                

λλ
2
12 −−= x&           ….(33)                          

With the boundary conditions: 
( ) 10 =x                        …(34)                     
( ) 01 =λ                    ….(35)                     
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Then the approximate trajectory 
( )tx , the approximate control 
( )tu  and the approximate value 
∗J  are found as follows: 

• ( )tx and ( )tλ  are 
approximated by 3rd order B-
spline of unknown parameters,  

( ) 333232131030 BaBaBaBat +++≈x
 ...(36) 

( ) 333232131030 BbBbBbBbt +++≈λ
 ….(37) 

 eqs.(32) and (33) with the 
approximate trajectory and adjoint 
variables (36) and (37) 
respectively, to get 

)(

)(
2
1

333232131030

333232131030

333232131030

BbBbBbBb

BaBaBaBa

BaBaBaBa

+++

−+++

=+++ &&&&

)(
2
1

)(2

333232131030

333232131030

333232131030

BbBbBbBb

BaBaBaBa
BbBbBbBb

+++

−+++−
=+++ &&&&

Equating the coefficients to 
1,2,3i;         B ni, =  yield 

031303 3
2
7 baa −=+

−
     …(38)              

13231303 2
2
3 baaa −=+−−           

…(39) 

2332313 2
12 baaa −=++− ....(40) 

031303 23
2
5 abb −=+

−
      ….(41) 

13231303 22
2
1 abbb −=+−−        

…..(42) 

2332313 2
2
32 abbb −=++−  

….(43)     
Additional equations are obtained 
from the conditions (34)and (35) 

( ) 10 =x ⇒  10 =a   …(44)      
( ) 01 =λ ⇒ 03 =b  ….(45)                       

• Solve the above system of 
equations(34)–(43)to find the 
parameters  

1,2,3i      ;b    i33 =ia  
• Obtain the approximate 

control using ( 31).therefore, 
the approximate trajectory  
and control are  

( ) 33231303 368
67

552
239

138
73 BBBBtxB +++=

( ) 231303 138
91

69
64

23
44 BBBtu B ++=

 
and the approximate performance 
index is 85579239.0=∗J  
 Table (1) shows a comparison 
between the computed optimal 
value obtained by using the 
proposed algorithm with B-spline 
polynomials for different orders. 
7. Conclusions 
The spectral method can be 
employed with using different 
types of basis functions. It can be 
convert the optimal control 
problem into a system of square 
algebraic equation, which can be 
solved using Gauss elimination 
technique, with pivoting. 
The spectral technique with the aid 
of B-spline polynomials of order n 
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n1,2,...,i    ;, =niB  provided a 
very convenient and useful 
procedure to evaluate the 
approximate performance value ∗J  
. The example was applied for 
illustration and acceptable results 
were achieved. 
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N SMB 
2 
3 
4 
5 

0.82439236 
0.85579239 
0.86062932 
0.86514046 
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