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Abgtract

The paper presents a proposed method with new agorithms written in
Matlab language to find the numerical solution of ' order state-space equations
(SSE's) of nonlinear continuous-time control system using HOta method. The state-
space equation is the modern representation to anaysis linear and nonlinear
continuous time invariant and time varying system. It was treated numerically to
the single-input-single-output (SISO) time invariant and time varying systems as
well as multiple-input-multiple-output (MIMO) time invariant and time varying
systems by using sixth-order-eight-stage Hlta method. We show that it is possible
to find the output vaues of nonlinear state-space model using H{ta method.
Finally, comparison between the numerical and exact results has been given with
illustrative figures for some test examples for solving different types of nonlinear
state-space equations using Hlta method for conciliated the accuracy of the results
of the proposed method.
Key words: State-space equation, Hlta method, Nonlinear control system and

Algorithms.
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1. Introduction

Control systems ae playing
vital role in our life for instance
thermostat, automatic control  of
airplane, etc. The system is a

combination of component that act
together and perform a certain
objective [1,2].

In recent years, automatic
control systems have assumed an
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increasingly important role in the
development and advancement of
modern civilization and technology.
They are employed in numerous
applications, such as quality control of
manufactured products and machine
tooling. The basic control system
problem may be described by the
simple block diagram shown in figure
(D) [1.3].

Modern control theory adopts
what known as state-space equations
(SSE's) for mathematical
representation of systems. Among its
different advantages it makes possible
to deal with [4,5]:

- Time variant systems.

- Linear and nonlinear systems.

- Multi ple-i nput-multiple-output
system.

The important control
systems are nonlinear systems where
in some systems there are no linear
relationship between the input and
output of the controller as in on-off
control system.

The nonlinear state-space
equation (SSE) is given by [1,4]:

X(t) = f(x(t),u(t))
y(t) = g(x(®),u(v))
x®)T IR" is the
dimensiona state vector, IR"is the
set of real numbers with n-
dimensional space, u(t)T IR™ is the
control input or the forcing function
of the system, y(t)T IR” is the
output of the system andn, m and p
are positive integer numbers with
nd® mand nd p.
State-space representation is
helpful to represent a complex system

where n-

by simple first-order differentia
equations [6]. In this work different
types of nonlinear state-space
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representation are solved numerically
by using sixth order HOta method.
The nonlinear continuous-time
invariant and varying systems with
their modeling using state space
method have been presented in the
following sections.

2. Nonlinear Continuous-Time
Control Systems (CTCS):
Most real-life systems,

including physicd and biological
systems show nonlinear dynamica
behavior. Their behavior in time
depends not only on the inputs of the
systems, but adso on the state of the
system [7].

A continuous system which
can be described by differentia
equation is said to be nonlinear if its
present output is not a linear
combination of past input and output
signal  eements. A nonlinear
continuous-time  control system
(CTCS) arises in many redistic
models of problems in science,
engineering and medicine.  The
general form of the " order nonlinear
continuous-time invariant  control
system (i.e. systems with fixed
constant coefficients), in which the
forcing function involves derivative
termsisgiven by [6,7]:

@1y(t), azy((t)a"" an

y™ () = fgy“'” (t), bou(t), but)

€ ..bu® ()

(%]
..
where u(t) is the forcing function of
the system, y(t) is the output of the
system,  a,,a,,K,a,,b,,b,K,b,
ae constants and n is a fixed
nonnegative integer. Eq.(1) is caled a
single-i nput-singl e-output (SISO)
system.

For  multiple-i nput-multiple-
output (MIMO) nonlinear continuous
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time invariant systems of differential
equations with m forcing function, the
general form of thissystem is[1]:

dx (1) _ a8, %, (1), a,%, (t),....,a,X, (t) 6
dt & bu, (t),b,u, 1),...b,u, ()5
.. (2

where i=1,2,...,n and the outputs
(Yq(t), g =1,2,..., p) of the system are
related to the state variables and the
input  through  the  following
expression:

alxl(t)i a2X2 (t)!!

Yo (1) = 9qca,x, (), bu, (1),
&b,u, (1),..., bu, (1) 5

)
X (t), %, (1),...,x,(t) ae the
state variables, u(t),u,(t),...,u,(t) are
the input variables of the system,
a,,a,,K,a,,b,b, Kb, are
constants, f;, i=1,2,...,n denotes the i
nonlinear functiona relationship and

Oq » O=12,...,p denotes the qth
nonlinear functional relationship [5].

where

Note that, when the system in
equations (2) and (3):

1- Hasoneinput (m= 1) and one
output (p = 1), then the system
is caled system with single-
input-si ngle-output (SISO).

Has one input (m = 1) and (p)
outputs, then the system is
called system with single-input-
multiple-output (SIMO).

Has (m) inputs and one output
(p = 1), then the system is
called system with multiple-
input-single-output (M1SO).

Has (m) inputs and (p) outputs,
then the system is called system
with  multiple-input-multiple-
output (MIMO) variables.
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3. State - Space Representation of

Nonlinear Continuous Time
Systems:
State-space  method  has

emerged in the last fifty years, where
toward the end of 1950's, the concept
of representing a continuous-time
system by a set of first order
differential equations has become a
standard tool in control theory [2]. It
has become popular in the early
1970’s  with  high-speed digitd
computers since it permits a simple
notation that is easily accepted and
processed by digital computer. State
space method is ideally suited for the
analysis of MIMO systems as well as
SISO systems where any state can be
represented by a point in the state
space [9].

The gate of a dynamic system
is the smallest set of variables, called
state variables, such that the
knowledge of these variables at time

t =t,, together with the input u(t) for

t3t,, completely determines the
behavior of the system for any time
t 3 t, where tyistheinitial state [9)].

A natural description for
dynamica systems is the nonlinear
state-space  equation. The dstate
completely describes the time history
of the system while the output of the
system a a certan time () is
completely described by its state and
inputs at the time (t) [9].

A mathematical model of a
nonlinear CTCS is a state space model
which can be computed as follows:

The SISO system in eg.(1)
can be written as:

Let

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech. Journal ,Vol.28, No.6, 201(

Hata Method for Solving ri" Order State-
Space Equations  of Nonlinear
Continuous-Time Control Systems

X0 = y()
X (0 = ¥(0)

I :

X 0=y O

.. (4)

K\

Then Eq.(4) can be written as:

X, (1) = %, (1)
¥, () = X, (t)
M

%, 1 () =X, ()

—:\<\—: —_— i —

a%xl(t) a,%, (t),... 9:
X, (1) = fGa (t) byu(t), blu"{t),—l
4
™ (t) @
.. (5)

k() = f(x@®.u®) .. 6
where  x(t) =[x, (t), %, (t),... x,®)]T IR"
are the state variables and u(t) is the
control input which is the forcing
function of the system. EQ.(6) is
called the state equation.

The output equation of state
space model becomes:

y® =gxo.u®) .
where g denotes the nonlinear
functional relationship related to the
state variables and the input of the
system.

For MIMO nonlinear
continuous time invariant system in
€g.(2) and eq.(3) the state space model
of these equations can be computed as
follows:

Eq.(2) can be written as:

%0 =fxoOum) ..©
wherex(t) =[x, (t), %, (t),... x,®)]T IR"
are the state variables,
u(t) = [u, (), u, (t),....u,, ®]T IR™

or
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are the input variables of the system,

a,,a,,K,a,,b,b, Kb, are
constants and f;, i=1,2,...,n denotes
the i  nonlinewr  functional

relationship. The output variables in
€g.(3) of the system can be written as:

Yo () =g, (x0).u®) . 9

where g, denotes the o nonlinear
functiona relationship and
q=212...,p

Nonlinear state space equations

(8) and (9) can represent complicated
multivariable and it can be take
several kinds according to the state
and output equations form as
illustrated in the following subsection.
3.1 Classification of Nonlinear State-

Space Equation (SSE):

(i) If the state and output
equations are nonlinear then
the genera form of dtate
space equation can be written
asineq.(8) and eq.(9).

(i) If the state equation is linear
while the output equation is
nonlinear then the generd
form of state space equation
can be written as:

k(t) = Ax(t) + Bu(t) ...

y(t) = g(x(t),u(t)) ...

(10)
(11)

where A is the square (N~ N)
time-invariant system matrix
and B is the (N° M) time-
invariant input matrix of the
system.
32 State-Space Equation of
Nonlinear Time Varying System:
An advantage of state space
goproach to the control system
analysis is that it can be extended to
nonlinear time varying systems.
The system is called time-varying
system if the coefficients

a,,8,,K,a,,b,,b,K,b, of
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fequgt.ions (].;l), (Zt) and t('3) aE)e H, = f(t,, y(t,)) u
unctions of continuous time _ 1 1 |
[10,11]. H,=f(,+3h,yt,)+5hH,) :
The state and output equations of H, = fa? +1h,y(t, )+ (H +3H )9 i
state space representation of nonlinear o i
time varying system can be computed - 3H, 8 !
as described in section (3). = fg +3h () + —g 4H =g
4. HOtaMethod : 2
One of the most important i
developments in numerical analysis is ® 2 5H, +oo :
Hata method. The concept of Hita g h%27H i
method is essentially an extrapolation Hg = fet, +3hy(t,) + 8Coan 45
procedure and has the advantage of é 8 : :
being self-starting. It uses only the 6H, gy i
information from the last step i
computed; therefore, it is called i o
single-step method. Hata method has 86 Eiziﬂ 99|
been widely used for solving linear H = fgtn+%h,y(tn) h¢ * i}
and nonlinear problems arisng in 9S%867H,- i
various fields of science and é 02H, +H Bay
engineering. i
In this paper H{ta method i
was employed for finding the & & 183H, +00 ¢
numerical solution for different types c g678H, - ++j
of " order nonlinear SSE's of CTCS. ¢ h G472|-| =
Consider the following first H, = fgtn +2hoy(t,)+ 48@66H l
order nonlinear differential equation: c Q80H L
¢ G Ll
y(=f(t,y(t)) .. (12) & H o |
with initial condition y(t,) =Y,. :
In order to solve equation & 867 16H, - 99
(12) numericaly, a sixth-order eight- c C2079H, + ==
stage method which is valid for a non- ¢ h G1002|-| + T :
linear differential equation is derived Hg = fgtn Y)Y ey . i
by Hita[12, 13] as: ¢ 3454H i
gd1H, +216H, + ¢ ¢ §9H +57-2H ::
_, .. h 827H4+272H5++ 8 ° " aop

Yoa =¥ Toag G27H, +216H, +~ (14)

41H p
... (13) 5. HOta Method for Solving SSE of
where Nonlinear CTCS:

In this section different types
of nonlinear SSE's have been solved
using Hata method.
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5.1 The Solution of n™ Order SSE of
Nonlinear CTCS In Which The
Forcing  Function  Involves
Derivative Terms :

this subsection Hata
method including sixth order is
candidate to find the numericd
solution for the following nonlinear
SSE:
Recall
written as:

In

eq.(5), eq.(5) can be

&, (1), 2, %, (1).... 0
= an (t),bou(t),bluf(t)%
€. bu™ () -

dx; () _
dt :
a

.. (15)
where x (t) are the state variablesand

f,, i=1,2,...,n denotes the i nonlinear
functional relationship while u(t) is
the forcing function of the system.
The output of the system is obtained

from eq.(7).

By applying Hlta method to
find the numerical solution of eq.(15)
using equations (13) and (14), one
gets the following formula:

g-‘leli + 0

C216H, ++

) Go7TH, + :

X (t,) =% () +——=C272H, ++
840 ¢

Q2TH + 1

C216H ., ++

g4lH8| B

.. (16)
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where i=12,....,n , j=01,....k
(k + 1) is the number of points
(t.t,....t,) and

aalxl(tj ) aZXZ(tj )yees

f anxn(tj)lt..).[.:I
i n !
Shou(t;), bt ),...b,u™ (1)) i

1 =

aalx (t; )+1hH11 a,%, (t; )+
H._,g shH, ..., (t)+h
2 Tabout, +€1)h),b1u<l{tj +;h) .....
&b,u™(t, +1h)

Q- I -0

-8-—1 g M A Y Y R D o PR S L —J—J—J—J—J—JQ\<\— e e e e e e e e e e e e e i ]

& h
Qaixl(tj )+ —(Hy +3H ),
c 24

c h
.= figanxn(tj)-'—ﬂ(Hln +3H Zn)l

gbou(tj +5h),budt; +£h),...,
€b,u® 1, +1h)

Q- b O

® h
(}alxl(tj)+_(H11' 3H,, +
c 6
(o h

H4i = fig4H31) ..... aan(tj)+g(Hln

EBH2n +4H,.).b u(t +1h)

& h

Qaixl(tj ) +§ (' SH 1 +27H 21"
¢

G24H ., +6H ,))...., 2 Xn

Hg = figg(-SHm +27H, - 24H, +

§6H.,,).bout, +1h),

gblutttj+%h) ..... b,u™(t; +1h):
é
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& h
Qa1x1(tj ) + 6 (221H11 - 981H at

¢
G867H,, - 102H,, + H)),...,

c:

h .
Hy = £50%,(1)+ 2 (221H,, - 981H,, +7

§867H., - 102H,, + H,,),
chyu(t, +2h), udt, +2h),...

nu(n) (tj + % h)

HETI RO

aa1x1('[j )+ % (-183H,, +678H,,

e

G
G
G- 472H,, - 66H,, +80H,, +
G

h N

Hy = f,E3Ho) o (1)) + 20 (- 183H,,

g+ 678H,, - 472H,, - 66H,, +
G80H,, +3H,,), b(t; + 2 h),

bugt, +2h),...bu™(t; +2h)

& h
ga1>(1(tj) + 5 (716H,, - 2079H,,

G+1002H,, +834H,, - 454H,, -
¢

h
?Hm+7mﬂg ..... %&GO+§E

Ha = fS(716H,, - 2079H,, +1002H,, +
C834H,, - 454H,, - 9H,, +
§72H.,.), bu(t; +h), budt; + h)

g ..... bu™(t; +h)

R O S S R R

o
b bbbk

)

o

. (17)

for each i=1,2,...,n and j=0,1,..., k.

The output values of nonlinear
SSE in eq.(7) can be computed using
Huta method as:

y(t;) = glxt,)uc,))

where j=0,1,..., k.

The  following (SSSE-HM)
algorithm summarizes the steps for

finding the numerical solution for the

SISO SSE (5) in which the forcing

function involves derivative terms

using Hata method.

SSSE-HM Algorithm :

I nput
t, (theinitial state).
k ((k + 1) is the number of
points (t,,t,,...,t,)).
n (the order of the SSE).
The functionsf; , i=1,2,...,n of
state equation (15).
The function g of the output
equation (7) of state space

model.
Output
- The sate variables x;(t;)
where i=1,2,...,n and
j=01,..., k.

The output values of SSE
y(t;) . j=01,..., k.
Stepl: Set h= % .
Set j=0
For i=1:n compute H,
ineq.(17).
For i =1:n compute H,,
ineq.(17).
For i=1:n compute H
ineq.(17).
For i =1:n compute H,
ineq.(17).
For i =1:n compute H
ineq.(17).
For i =1:n compute H
ineq.(17).
For i=1:n compute H,,
ineq.(17).
For i =1:n compute Hg
ineq.(17).
Step 11: For i=1:n compute:
t,,=t +h

%
S
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gdlH, + ©
8216H3i 4l H, _ ¢ B0 (). 2% ) 20X (1)
CorH . + = ' 'éblul(tj),bzuz(tj) ..... bUn(t;) 5
4i -
X (t,0) = (1) + - C272H , + 19
840 ¢ =

¢?Ha * - gau X (t) +§hH ;. a,%, () +0

9216H7| +: H _ Q%hle """ aan(tj)+%hHln'j

g41Hai 2 2 'gblul(tj +1h),b,u, (t, +1h), =
Step 122 Put j=j+1 §...b,u, (t, +1h) s

Step 13 If j=k then - (20)
go to (step 14). h 3y
Else goto (step 3) Bx )+ = (Hy +3H ), 2
Step 14:  For j=0,1,..., K compute ¢ 24 -
the output values of SSE : H, = f.ganxn(tj)-'-L(Hln +3H,), -
y(t;) = glx,)uc,)). B 24 +
leul(tj +%h)1bzu2(tj +%h) _
5.2 The Solution of n'" Order SSE of % ----- b,u,, (t; +3h) p

Nonlinear CTCS With (m)

Forcing Functions: ... (21)
The sixth order Huta method » h b
is applied to find the numerica gaixl(tj)+€(H11_3H21+ *
solution for the MIMO nonlinear g h N
SSE's (8) and (9) as follows: H, = f¢4Ha)max () +=(Hy - =
Consider the state eguation in 6 . +
eq.(8), by applying Hta method for it G3H 5 +4H 5 ). by (t; +3h), =
using eguations (13) and (14), one gbzuz(tj +1h),...b U, (t; +3h)
gets the following formula : .. (22)
HAIH, + © - h 6
- t.)+—(-5H, +27H.,. - =
9216H3i++ EQXA J 8( 1 21 N
927H4-+% 824H31+6H41) ..... a, X, (t;)+ N
X (t) = X (tj)+%gz72H5i FE My = (M, 42T, - 2H,
¢?Ha* - §6H.,),buu ¢, +3h) :
§216H7i +: gbzuz(tj+%h) ..... b, U, (t; +3h)T
A1H P & o

... (23

... (18)

where i=12,....,n , j=01,...,k ,
(k + 1) is the number of points
(t5,t,....t, ) and
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&) +g (221H,, - 981H,, +9
8867H31 - 102H,, + H,), .., :
He = féam(tmg(zzmm - 981H,,
g+ 867H,, - 102H, +H_),
Eblul(tj +2h),...,bu,(t; +2h)

Q.l. E ESEY Y EIY ERNY CUNEY PR PR

(24)
aa1X1('[j) +%(' 183H11 + 678H21 9

- 472H,, - 66H,, +80H,, +3H,,)

:fi

O O O O vO) YO
|

1111 a'nxn(tj) +%(' 183H1n +
EGYSHZn - 472H,, - 66H,, +
GSOHSn +3H6n)lblul(tj +%h)

..... BUn(t; +2h)

[ T ) CO PR PR PR R

... (25)

& h
galxl(tj) + 5(716Hu - 2079H,, +

C1002H,, +834H,, - 454H, -
¢

Hg = fi89H61+72H71) ----- anxn(tj)+8_h2
g(neH1n - 2079H,, +1002H,, +
C834H,, - 454H;, - 9H,, +72H,,)*
€ buy(t, +)....o,u,(t, +h) z

... (26)

F A P R P AN B Ne

for each i=1,2,...,n and j=0,1,..., k.

The outputs of nonlinear SSE in
€g.(9) can be computed using Hita
method as:

alxl(tj),azxz(tj), 0

Yo(t;) = 946, @, %, (t;), b, (t;), *
b,U, (t, )y Bl (8,) 5

.. (27)

where g=1,2,...,p and j=0,1,..., k.
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The following (MSSE-HM)
agorithm summarizes the steps for
finding the numericd solution for the
MIMO nonlinear SSE in eq.(8) and
€g.(9) using Hita method.

MSSE-HM Algorithm :

I nput
- t, (theinitial state).

k ((k + 1) is the number of

points (t,,t,,...,t,)).

n (the order of the SSE).

The functionsf; , i=1,2,...,n of

state equation (8).

The functions gy , 0=1,2,...,p

of the output equation (9) of

state space model.
Output
- The sate variables x;(t;)
where i=1,2,...,n and
j=01,..., k.

The output values of SSE
Yq (tj) where q=12,...,p

and j=0,1,..., k.

Step1: Set h= %

Step 2. Set j=0

Step 3 For i=1:n compute H,
ineg.(19).

Step 4: For i=1:n compute H,
ineq.(20).

Step 5:  For i =1:n compute H,
ineq.(21).

Step 6: For i =1:n compute H
ineq.(22).

Step 7:  For i =1:n compute H
ineq.(23).

Step 8 For i =1:n compute Hy
ineq.(24).

Step 9. For i =1:n compute H
ineq.(25).
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Step 10: For i =1:n compute Hy
in eq.(26).

Step 11: For i =1:n compute
t,, =t +h
gdlH, + §
C216H , ++
COTH, +
h g 4i -
)= (t,)+——C272H ++
orhy +
C216H,, ++
G, 5
Step 12:. For =1: p compute the
output values of MIMO-SSE :

x; (t

j+l

am, X (t)),a,%,(t)),
Yq (tj) = gqg"" aﬂxn(tj)’blul(tj)’i
€b,u, () DU (L) 5

1-O:

Step 13 Put j=j+1
Step 14:  If j =k then stop.

Else goto (step 3)

6. Test Examples:

The previous methods in
section (5) are illustrated in the
following examples:-

Example (1) :

In the SISO sort occurring in
robotic time invariant system problem
shown inthe figure (2) [7],

The state-space model of
figure (2) was derived as:

¢ u
Oy § % (1) d
S 0y=¢ %) G
gL08 Ex0x0- HE0+ 208

g+ 28(t) - 6u(t) + 2d(t)ult) g

&, (O

o=l dg’ o

elu

. e, . _ u

where the initid state is: x(0) = %u

glg

and the forcing function:
u(t) =t,t3 0.

The exact solution of the
above SISO state-space moddl is:

éExact, U éx ()i &' +2tu
X(t) = gExact, | = &, ()] = g€ + 2]

gbxact,fi B(f & €

When the algorithm (SSSE-
HM) is applied, table (1) presents the
comparison between the exact and
numerical solution of state-space
model using Hlta method for k=10,

h=01 and t =ih, i=01..k
depending on least square error
(L.S.E.). The output variables y(t) of
state space model by applying (SSSE-
HM) dgorithm is a so tabulated.

Figure (3) shows the solution
of nonlinear state-space model, which
was given in example (1) by using
Hlta method with the exact solutions.

Example (2) :
Consider the MIMO time-

invariant control system shownin
figure (4):
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The MIMO state-space model was
derived from figure (4) asfollows:

lg(1(t) = X12 (t) - Xl(t)XZ (t) - ul(t)

Ig(2 (t) = Xl(t) + 2X2 (t)X3 (t) - ul(t) +
U, (t) - U, (t)

lg(3 (t) = le(t)xs (t) - X3 (t) *tu, (t) -
Ug (t)

Y2 (t) =%, ()
Y2 (1) = X, (D)5 (1) + %, (1)
Ya(t) = X5 (t) + 2u5(t)

The initial state of the MIMO state-
space modd is:

éx(O)u é0u
x(O)—ex(O)u € 1u“ and
€X3(0)H @19

the forcing function is:

-1
2¢e'

et

@

éu, (t)u
u(t) =g, (1) 4=
81,(0

D D

, 13 0.

[«.o Y ey ey el

ﬁ)

The exact solution of the
above nonlinear MIMO state-space
model is:

ébExact, u - ex(t)u étu
x(t)—eExathH—Sx Di=g- 1
EExact,f gx (D &€ f

When the dgorithm (MSSE-
HM) is applied, table (2) presents the
comparison between the exact and
numerical solution using Hlta method
for k=10, h=0.1 and
t. =ih, i=01...,k depending on
least square error (L.S.E.). The output
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variables y(t) of state space model by
goplying (MSSE-HM) algorithm are
asotabulated in table (3).

Example (3) :
Consider the following

SIMO time varying gyro controller
system [10]:

B(t) + 20R(t) - x(t) = 2d(t) + 2tu(t)
yi(t) = 4x3(t) + u(t)
yo (1) = x(t)*(t)

with initia conditions:
X(0) =0, %(0) =1 and the forcing

function u(t) = cos(t),t3 0.

The state-space equation was
derived using eq.(10) and eg.(11) as
follows :
ek (u_¢0 1 Uéxl(t)u e2tu(t)+3
S8 & - 288 ol Sat) U

y, (1) = 4x7 (1) +u(t)
Y2 (1) = %, (1)x, (t)

where the initial state of the state-
space model is:

éx (0)u _ éou
O=g 0l ad

The exact solution of the
above SIMO state-space mode is:

X(t) = éExact, u_ éx,(t)u_ &in(t) u
=a = = y
Exact,i| SO Eos(t)l

When the agorithm (MSSE-
HM) is applied, table (4) presents the
comparison between the exact and
numerical solution using Hata method
for k=10, h=0.01 and

=ih, i=01...,k depending on
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least square error (L.S.E.). The output
variables y(t) of state space model by
applying (MSSE-HM) algorithm is
also tabulated.

Figure (5) shows the solution
of nonlinear state-space model, which
was given in example (3) by using
Hta method with the exact solutions.
Conclusions

Hdta method has been presented
to find the numerica solution for
different types of ' order SSE's of
nonlinear  continuous-time  control
system. The results show a marked
improvement in the least square errors
(L.SE). From solving some
examples the following points are
listed:

1- HOta method solves the
nonlinear SSE of the SISO
time invariant and time
varying sysem as wel as
MIMO time invariant and
time varying system.

Hdta method gives a better
accuracy and consistent to the
solution of different types of
n" order nonlinear SSE's of
CTCS where it solves the
nonlinear SSE of ri" order by
reducing it to a system of first
order equations.

The good approximation
depends on the size of h, if h
is decreased then the number
of points (knots) increases
and the L.S.E. approaches to
zero where this gives the
advantage  of numerical
computation.
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Table (1) Thesolution x(t) and the output variables
y(t) of state space model for Ex.(1).

Hata Hata Hata Output Hata
IR ] x| B x| P o | ve |y
0 || 10000 | 1.0000 | 3.0000 | 3.0000 1.0000 1.0000 1.0000 1.0000
01 123052 | 13052 | 31052 | 3.1052 1.1052 1.1052 1.3052 1.3052
02 16214 | 16214 | 32214 | 32214 1.2214 1.2214 1.6214 1.6214
03] 1.9499 | 1.9499 | 33499 | 3.3499 1.3499 1.3499 1.9499 1.9499
04 22918 | 22918 | 3.4918 | 3.4918 1.4918 1.4918 2.2918 2.2918
05| 2.6487 | 26487 | 3.6487 | 3.6487 1.6487 1.6487 2.6487 2.6487
06 3.0221 | 30221 | 38221 | 3.8221 1.8221 1.8221 3.0221 3.0221
0.7 || 34138 | 34138 | 40138 | 4.0138 2.0138 2.0138 3.4138 3.4138
08| 38255 | 38255 | 42255 | 4.2255 2.2255 2.2255 3.8255 3.8255
09| 42596 | 42506 | 4.4596 | 4.4596 2.4596 2.4596 4.2596 4.25%
1| 47183 | 47183 | 47183 | 4.7183 2.7183 2.7183 4.7183 4.7183
| L.SE 0825e20 | L.SE. | 0.85¢20 | L.SE. | 0.825e20 || L.SE. | 0.825e20
Table (2) The solution x(t) of state space model for Ex.(2).

Hata Hata Hata

t Exact; (1) Exact, %(1) Exact; Xs(t)

0 0.0000 0.0000 -1.0000 -1.0000 1.0000 1.0000

0.1 0.1000 0.1000 -0.9000 -0.9000 1.1052 1.1052

0.2 0.2000 0.2000 -0.8000 -0.8000 1.2214 1.2214

0.3 0.3000 0.3000 -0.7000 -0.7000 1.3499 1.3499

0.4 0.4000 0.4000 -0.6000 -0.6000 1.4918 1.4918

0.5 0.5000 0.5000 -0.5000 -0.5000 1.6487 1.6487

0.6 0.6000 0.6000 -0.4000 -0.4000 1.8221 1.8221

0.7 0.7000 0.7000 -0.3000 -0.3000 2.0138 2.0138

0.8 0.8000 0.8000 -0.2000 -0.2000 2.2255 2.2255

0.9 0.9000 0.9000 -0.1000 -0.1000 2.4596 2.4596

1 1.0000 1.0000 0.0000 0.0000 2.7183 2.7183

L.SE. 0.852e-14 L.SE. | 0.159e-13 || L.SE. | 0.486e-14

* Applied Sciences Department, University of Technology / Baghdad
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Table (3) The output variables y(t) of state space model for Ex.(2).

¢ Output Hata Output Hata Output Hata

ya(t) ya(t) Ya(t) ya(t) ya(t) ya(t)

0 0.0000 0.0000 -2.0000 -2.0000 1.0000 1.0000
0.1 0.1000 0.1000 -1.8947 -1.8947 1.5472 1.5472
0.2 0.2000 0.2000 -1.7771 -1.7771 2.1985 2.1985
0.3 0.3000 0.3000 -1.6449 -1.6449 2.9697 2.9697
0.4 0.4000 0.4000 -1.4951 -1.4951 3.8787 3.8787
0.5 0.5000 0.5000 -1.3244 -1.3244 4.9462 4.9462
0.6 0.6000 0.6000 -1.1288 -1.1288 6.1952 6.1952
0.7 0.7000 0.7000 -0.9041 -0.9041 7.6523 7.6523
0.8 0.8000 0.8000 -0.6451 -0.6451 9.3473 9.3473
0.9 0.9000 0.9000 -0.3460 -0.3460 11.3142 11.3142

1 1.0000 1.0000 0.0000 0.0000 13.5914 13.5914

L.S.E. 0.852e-14 L.S.E. 0.199e-12 | L.SE. | 0.486e-14

Table (4) The solution x(t) and the output variables y(t)
of state space model for EXx.(3).

Hata Hata Output Hata Output Hata

U] Bach | gy | Bl | v | v ) | () Y2(t)

0 | 0.0000 0.0000 1.0000 1.0000 1.0000 1.0000 0.0000 0.0000

0.1 | 0.0998 0.0998 0.9950 0.9950 1.0349 1.0349 0.0993 0.0993

0.2 | 0.1987 0.1987 0.9801 0.9801 1.1379 1.1379 0.1947 0.1947

0.3 | 0.2955 0.2955 0.9553 0.9553 1.3047 1.3047 0.2823 0.2823

0.4 | 0.389%4 0.3894 0.9211 0.9211 1.5276 1.5276 0.3587 0.3587

05| 04794 0.4794 0.8776 0.8776 1.7970 1.7970 0.4207 0.4207

0.6 | 0.5646 0.5646 0.8253 0.8253 2.1006 2.1006 0.4660 0.4660

0.7 | 0.6442 0.6442 0.7648 0.7648 2.4249 2.4249 0.4927 0.4927

0.8 | 0.7174 0.7174 0.6967 0.6967 2.7551 2.7551 0.4998 0.4998

0.9 | 0.7833 0.7833 0.6216 0.6216 3.0760 3.0760 0.4869 0.4869

1 | 0.8415 0.8415 0.5403 0.5403 3.3726 3.3726 0.4546 0.4546

L.SE. 0194e-18 | L.SE. | 0151e18 || L.SE. | 0638e17 | L.SE. | 033318
Actuating Signal Output (controlled variable)
»| Control system >

Figure (1) Thebasic control system.
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2u(t)d(t)

X2 X1

N1

NI
Hﬁm
<
=2
tt

A

Figure (2) Simulation diagram for sort occurring in robotic system.

*-*_ Exact, solution

0-0- HOta solution (x(t))
* -* - Exact, solution
0-0- Hlta solution (%(t))
a4l | *-*- Exacts solution

0-0- Hlta solution (xs(t))

Figure (3) The comparison between the exact and Hta
solution for nonlinear state-space model in Ex.(1).
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X
Mult j
_ +
u(t) Q » (dt X, (1) » Vi (1)
\L X, ()%, ()
- +
uz (t) + + ) Xz (t) +m yz (t)
(dt 1, >
‘orom e
"\ L %% NN
Ii,‘ -

s 1) (%) -t X,(t) Y ()
TO™ = A
N

5] %0%0 +
il

2]
(il

Figure (4) Smulation diagram for nonlinear MIM O system.

3. 5 I I I I L T T T T
*-*_ Exact,, Exact, solution
0-0- H{ta solution (x(t), X2(t))
SH * -* - Exact solution (ya(t), y2(t))
0-0- H{ta solution (yy(t), y»(t))

2.5

0.5

0.1 0.2 0.2 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure (5) The comparison between the exact and Hlta solution
for nonlinear state-space model of SIMO gyro system in Ex.(3).
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