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Abstract  
    The main aims of this paper are studying and modifying an approximate to solve 

fuzzy linear integral equations of Fredholm type. 
 Two different Kinds of fuzzy functions are used to transform the ordinary linear 
integral equations of Fredholm type to the fuzzy form. 
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الحلول التقريبية للمعادلة فريد هولم الخطية الضبابية
 الخلاصة
لحل المعادلات التكاملية .أن الهدف الرئيسي من هذا البحث هو دراسة و تطوير طريقة تقريبية       

وقد تم استخدام نوعين من الدوال الضبابية  لتحويل المعادلات , الضبابية الخطية من نوع فريدهولم
.هذا النوع من الحالات الاعتيادية إلى الحالة الضبابية التكاملية من

1. Introduction
The concept of a fuzzy set was in-

troduced by professor Lotfi A. Zadeh 
in 1965, he introduced a paper about 
fuzzy set, since that many papers had 
been introduced in different mathemat-
ical fields theoretical and applica-
tions[7]  

Although the applications of fuzzy 
systems has developed significantly 
during the last 40 years, there was little 
research investigating the approxima-
tion of fuzzy systems until recently[2]. 

The concept of fuzzy integral intro-
duced by Sugeno in 1974 to provide 
means by which information may be  

integrand from differing sources to 
derive a combined classification[4]. 
2. Fuzzy Sets
Definition2.1 :( Membership Func-
tion)[6]   The expression of crisp set
by using characteristic function

},1,0{: →XXA  
 Such that Xx

Axif
Axif

XA ∈∀




∉
∈

=
0
1  

This characteristic function is 
represented as [ ]1,0: =→ IxX A  

Such that ( ) 10 ≤≤ xXA  for 
all Xx ∈ , called fuzzy subset of X 
denoted by A as a membership func-
tion IXA →: such that ( ) 10 ≤≤ xA
for all x∈X.
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Definition2.2 [1]  
Let f: X→ Y be a function from the 

crisp set  X to the crisp set Y , and let 
A and B be fuzzy sets on X and Y re-
spectively, there exists a fuzzy set 

( ) IXBf →
−

:
1

Such that ( )( ) ( )( )xfBxBf =
−1

  for
all x ∈  X, and there exists a fuzzy set

( ) IYAf →:~  such that  

( )( )

( ) ( ) ( )

( )













=



 ≠



∈

=
−

−−

φ

φ

yfif

yfifyfxxA

yAf
1

11

0

:sup

~

Therefore 

( ) ( ) ( ) ( )






∈=

−

whenyfxxAyAf
1

:sup~

we denote supφ  by 0
3. Fuzzy Real Number [1]

Fuzzy numbers can be introduced in
order to model imprecise situations 
involving real numbers, and one of the 
first problem one meets working with 
these is to decide what type of order 
use on the fuzzy number set. 

Most of fuzzy numbers are defined 
by a function, which maps each fuzzy 
number into an ordered set and trans-
fers the order of one set to the other.  

Fuzzy numbers have been utilized 
on many fields to represent some lin-
guistic terms. 
4. Linear Fuzzy Equations [1]

A fuzzy equation is an equation
whose coefficients and/or variables are 
fuzzy sets of R. The concept of equa-
tion can be extended to deal with fuzzy 
quantities in several ways. 

Consider the simple equation  
ax+ b=x, where xRba ,, +∈  is 

real variable and 1≠a , so that the 

unique solution is
a

bx
−

=
1

, 

 then the fuzzy equation 
( ) RxRFbawherexbxa ∈∈=+ ,~,~,~~~~

 means that the fuzzy set bxa
~~~ +  is 

the same as x~ . 
The fuzzy equation can be solved if 

the fuzzy equation in α - level set, for
all [ ]1,0∈α is treated in two different 
ways. 
5. Fuzzy Function

Fuzzy systems are widely used for
linguistic modeling of functional rela-
tionships. The fuzzy system generates 
a fuzzy function ( )yFXF →:~  , from 
the input space X to the space F(Y) of 
all subsets of the set Y, where X⊂
and Y ⊂ .

There are many types of definitions 
for fuzzy functions in the literature. In 
this section more attention is paid to a 
new form of definition of fuzzy func-
tion, which is a form of fuzzy bunch of 
functionsF~ . 
Definition (3.4) [1] 

Let F~ :X →  F(R) for

all I∈α , the functions
−

αf and

+
αf in R× satisfies:

1- ( ) ( ) ααα == +− fFfF

2- ( ) ( ) ( )[ ]U
I

xfxfxF
∈

+−=
α

αα ,~
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3- [ ]U
I

ffF
∈

+−=
α

αα ,~ . 

Definition (5.1)[4]  

Let ( )RFXF →:~ , if F~ written 

as ( ){ }n
iiifF 1,~
== α ,then F~ is 

finite, and it also written in the form 

( ) ( )( ){ }n
iii xfxF 1,~
== α  for all 

Xx∈ . 

6.Fuzzy Functional[1] 
In this section the concept of func-

tional will be extended to a real fuzzy 
function ( F~ (x)). 

Differential of fuzzy function at 
fuzzy point is discussed. 

Integral of fuzzy function over fuzzy 
interval also discussed. 

Given a fuzzy function F~ (x) with 
( )RFxF →:~  and a function-

al RRJ x →: , then a fuzzy function-
al RRJ x ~~:~ → , such that 

( )( ) ( )( )( ) ( ){ }xRffJyyfFyFJ ∈== ,:sup~

 for all y∈R 
In this section the concept of func-

tional will be extended to a real fuzzy 
function (F~ (x)). 

Differential of fuzzy function at 
fuzzy point is discussed. 

Integral of fuzzy function over fuzzy 
interval also discussed. 

Given a fuzzy function F~ (x) with 
( )RFxF →:~  and a function-

al RRJ x →: , then a fuzzy func-
tional RRJ x ~~:~

→ , such that 

( )( ) ( )( )( ) ( ){ }xRffJyyfFyFJ ∈== ,:sup~  
for all y∈R 
 
 
Fuzzy Integral Operator [1] 
 

Given a fuzzy function 
( )RFXF →:~

, 
 let xx RRJ →:  be an ordinary 

integral operator, then fuzzy integral 
operator defined as: 

     

( )( )( ) ( )( )( )( )
( ){ }∫==

=
x

a
fgfF

gxFJgFJ

:~sup

~~~

 

for all a∈R and for all x∈X 
7.Wavelet solution 

Now we modify the method of 

wavelet solution used in solving ordi-

nary linear Fredholm integral equations 

for solving fuzzy linear Fredholm 

integral equations of the first kind and 

the second kind, the discussion of this 

method restrict here for the equation 

defined on the positive real axis. 

We write equation (1.1) and equation 

(1.2) 
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7.1 If each function in equation (1.1) or 

in equation (1.2) has the form of the 

function in the definition(5.1) , then for 

all I∈α , the method of wavelet solu-

tion discussed as follow:  

If we consider a linear Fredholm 

integral equations of the second kind 

which are of the form  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ,,

,,

0

0

∫

∫

++++

−−−−

+=

+=

a

a

dttutxKxfxu

dttutxKxfxu

αααα

αααα

The symbols +−
αα KandK  are used 

to denote the integral operator of the 

above equations, which are given by 

the formula  

( )( )( ) ( ) ( )

( )( )( ) ( ) ( )∫

∫

+++

−−−

=

=

a

a

dttutxKxKu

dttutxKxKu

0

0

,

,

ααα

ααα

 
Then the original integral equations 

written in operators form as  

( )( )
( )( ) ++

−−

=−

=−

αα

αα

fuKI

fuKI
 

The wavelet approximation to the so-

lutions ( ) ( )xuandxu +−
αα  at the scale 

m are: 

( ) ( ) ( )
( ) ( ) ( )kxcxu

kxcxu

m

K

m
K

m

K

m
K

−=

−=

+++

−−−

∑

∑
22~

22~

2/

2/

ααα

ααα

φ

φ

Where ( ) ( )+−
αα KK candc ~~  are the 

wavelet coefficients of 
+−

αα uandu  respectively.  

We make substitute on y=2mx, to 

write  

( ) ( ) ( )

( ) ( ) ( )kycxu

kycxu

K
K

K
K

−=

−=

+++

−−−

∑

∑

ααα

ααα

φ

φ

 

where 
( ) ( )

( ) ( ) .2~
2~

2/

2/

m
kk

m
kk

ccand

cc
++

−−

=

=

αα

αα  

Similarly, the wavelet expansion 

for ( ) ( ) ( )txKxfxf ,,, −+−
ααα  and 

( )txK ,+
α are  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )lskyctxK

lskyctxK

K L
lk

K L
lk

−−=

−−=

++++

−−−−

∑∑

∑∑

αααα

αααα

φφ

φφ

,

,

,

,

where
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( ) ( ) ( ) ( ) .2~2,~2
2/

,,,,

m

lk
m

lklk
m

lk tsandcccc === ++−−

αααα

And 

( ) ( ) ( )

( ) ( ) ( ),

,

kygxf

kygxf

K
K

K
K

−=

−=

+++

−−−

∑

∑

ααα

ααα

φ

φ

 

Where 
( ) ( )

( ) ( ) .~2

~2
2/

2/

++

−−

=

=

αα

αα

K
m

K

K
m

K

ggand

gg
 

Now, substitute the expansion of 

( ) ( ) ( ),,, xfxuxu −+−
ααα  

( ) ( ) ( )txKandtxKxf ,,, +−+
ααα

 in the original equations, to obtain 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )kygcc

kykyc

kygcc

kykyc

K
K

L
LLK

K

m

K
K

K
K

L
LLK

K

m

K
K

−=

−−−

−=

−−−

++++

+−++

−−−−

−−−−

∑∑
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∑∑

∑∑

αααα

ααα

αααα

ααα

φ

φφ

φ

φφ

,

,

2

2

 

Taking the inner product of both sides 

of the above equations with 

( )jy −−
αφ  and ( )jy −+

αφ  respec-

tively, to obtain 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ,

2

,

2

0

,
0

0

0

,
0

0

dyjykyg

ccdyjyky

dyjykyc

dyjykyg

ccdyjyky

dyjykyc
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a
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a
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a
m

a

K
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−−−

−−

−−=

−−−
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+++
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+++

−−−

−−−−−

−−−

∫∑

∑∑∫

∫∑
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∫∑
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φφ

φφ

φφ

φφ
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then 

( ) ( ) ( )

( ) ( ) ( ) ,

,

,
0

,
0

+++

−−−

=−−

=−−

∫

∫

ααα

ααα

δφφ

δφφ

kj

a

kj

a

dyjyky

dyjyky

 

and   

( ) ( ) ( ) ( ) ,2 ,
−−−−− =− ∑ αααα jL

L
Lj

m
j gccc

( ) ( ) ( ) ( ) .2 ,
+++−+ =− ∑ αααα jL

L
Lj

m
j gccc

 
This completes the solution of 

+−
αα uandu . 

7.2 If each function in equation (1.1) or 

in equation (1.2) has the form of the 

function in definition (5.3), then for 
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all [ ]1,0∈iα , the wavelet solution dis-

cussed as follow: 

Consider a linear Fredholm integral 

equation of the second Kind which is 

of the form  

( )( ) ( )( ) ( )( ) ( )( )dttutxkxfxu ii

a

iiiiii αααα ,,,,,
0
∫+=

 
where i=1,2,……,m  

( )iiK α,  used to denote the integral 

operator of the above equation, which 

given by the formula  

( )( )( )( ) ( )( ) ( )( )dttutxkixKu ii

a

iii ααα ,,,,
0
∫=

 
Then the original integral equation 

written in operator form as  

( )( )( ) ( )iii fiuKI αα ,, =−  

The wavelet approximation to the so-

lution ui(x) at scale m is  

( )( ) ( )( ) 













 −= ∑ i

m

i
m

K
iiKii kxcxu αφαα ,22,~, 2/

 
where ( )iKC~  is the wavelet coeffi-

cients of ui. 

We make the substitute on 
m
ty 2= , 

then we may write  

( )( ) ( )( ) ( )( )ii
K

iiKii kycxu αφαα ,,, −= ∑
 

where  

( )( ) ( )( ) 2/2,~, m
iikiik cc αα = . 

Similarly, the wavelet expansion for 

fi(x) and ki(x,t) are  

( )( ) ( )( )
( )( ) ( )( ),,,

,,, ,

iiii

K L
iiLKii

lsky

ctxk

αφαφ

αα

−−

= ∑∑
 

where 

( )( ) ( )( ) ,2,~2,
2/

,,

m

iilk

m

iilk tsandcc == αα

 
and  

( )( ) ( )( ) ( )( )ii
K

iiKii kygxf αφαα ,,, −= ∑  

Where 
( )( ) ( )( ) 2/2,~, m

iikiik gg αα =  
Now, if we substitute the expansion of 

( ) ( )xfxu ii ,  and ( )txki ,  into our 
original integral equation, we have  

( )( ) ( )( )

( )( ) ( )( )
( )( ) ( )( ).,,

,,

2,,

,

ii
K

iiK

L
iiLK

K
ii

m

ii
K

iiK

kyg

cky

kyc

αφα

ααφ

αφα

−=

−

−−

∑

∑∑

∑
−

 

Taking the inner product of both sides 
with ( )( )ii jy αφ ,−  to obtain  
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( )( ) ( )( )

( )( )

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )( ) ,,,

,,

,,

2,

,,

0

,

0

0

∫

∑∑

∑∫

∫∑

−−

=

−−

−−

−

−

a

iiii

K
iiK

L
iiLK

ii
K

a

ii

m
ii

a

ii
K

iiK

dyjyky

gc

dyjyky

dyjy

kyc

αφαφ

αα

αφαφ

αφ

αφα

 
 
and  

( )( ) ( )( ) ( )( )iikjii

a

ii dyjyky αδαφαφ ,,, ,
0

=−−∫
 

 
so 
( )( ) ( )( ) ( )( )iij

L
iiLLj

m
iij gccc ααα ,,2, , =− ∑−

 
This completes the solution of  
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