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Abstract

The mathematical modeling and detailed algorithms are derived in this paper
to describe the geometrical shape of end mill cutters for multi-axis milling machining.
Details of the geometry analysis techniques are presented to understand the effective
cutting shape. Three types of cutters are taken in the present paper. Finaly, the
procedures of finding the instantaneous cutting profile and local geometry anaysis are
discussed. The techniques presented in this paper can be used to eliminate errors of
milling tool path generation in the area of simultaneous multi-axis NC complex surface
machining.
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List of Acronymsand Symbolsused in the present research
Symbol Definition

CcC Shortcut of cutter contact.

CL Shortcut of cutter location.

CNC Computer Numerical Control.

ESC Effective surface curvature

h The scallop height.

H The shaft height measured along the cutter axis.
LCS Local coordinate system

NC Numerical Control.

ﬁ The normal direction at the CC point.

* Production Engineering & Metallurgy Department, University of Technology /Baghdad.
** Engineering College, University of Baghdad / Baghdad.
1581

https://doi.org/10.30684/etj.28.8.7
2412-0758/University of Technology-Iraq, Baghdad, Iraq
This is an open access article under the CC BY 4.0 license http://creativecommons.org/licenses/by/4.0



https://doi.org/10.30684/etj.28.8.7

.& Tech. Journal, Vol.28 ,No.8, 2010

The Mathematical Description of End Mill

Cuttersand Effective Radiusof Tool Geometry

on Multi-Axis milling

P The CC point.

PCS Program coordinate system

R The cutter radius.

R, The radial distance of the cutter bottom.

R, The cutter corner radius.

R/ X <0 Effective cutting radius of the cutter on the YL-ZL plane.
’ [EAY M

R/ i 7 =0 Effective cutting radius of the cutter on the XL-YL plane.
’ I

TCS Tool coordinate system

WCS Workpiece coordinate systenmr

a The angle between the Zi-axis and the Zi+1-axis measured about the

i Xi-axis.

b1 The angle from radial line through the cutter tip to the cutter bottom.

b2 The taper angle between the cutter side and the cutter axis.

AW The maximum principal curvature of the effective cutting profile.

Yy,
ro oo The minimum principal curvature of the effective cutting profile.
y . ,.mi
Y sl The surface geometry of ball cutter.
al
Y The surface geometry of flat cutter.
al
Y- The surface geometry of torus cutter.
orus

0 The angle dong the ZT -axis.

f The angle restricted between the axis of the tool and the axis which
pass through the cutter contact point which isequal to inclination angle
of the plane.

A The lead angle of the cutter relative to thelocal coordinate system.

o Thetilt angle of the cutter relative to the local coordinate system.

c The parameter value.

1. Introduction

There are seven possible types of cutter
for vertica milling applications,
cylindrica  milling cutter, toroidal
milling cutter, ball end milling cutter
with cylindrical shank, ball end milling
cutter without shank, barrel milling
cutter, conical milling cutter, and ball
end milling cutter with conical shank.
The generalized cutter geometry can be
described by several parameters as
shown in Fig.(1). [1]. In order to define
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a cutter correctly, the above parameters
must fulfill the following constrains:

R >0, R>0, 0°£b,<90°,
- 90° <b, <90° Notethat b, is
positive when dloping is outward,
negative when sloping is inward from
the cutter side.

As shown in Fig.(2), based on the
generalized cutter geometry, three
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common used cutters can be easly

defined asfollows
(a) Torus or Toriadal (Fillet-end)cutter:

R +R, =R b, =0°
b, =0°

(b) Cylindrical (Flat-end) cutter:
R=R, R,=0, b,=0" , and
b, =0°.

(c) Ball-end cutter: R, =0 , R, =R
, b, =0" and b, =0°.

, and

2. Coordinate Definition:

Before deriving the mathematical
equation to describe the end mill cutter,
the coordinate system must be
established. Four orthogonal coordinate
systems are defined to assist the
caculation; These are: Tool coordinate
syssem (TCS, Xr-Yr-Zr), local
coordinate system (LCS, Xi-Yi-Zu),
workpiece coordinate system (WCS,
Xw-Yw-Zw), and program coordinate
system (PCS, Xe-Ye-Zp), and it is
necessary for the analysis of the milling
control to describe the outer surface of
the cutter.

The TCS is used to describe the outer
surface of a generalized cutter. As
shown in Fig.(3), the Xr -axis is defined
along the cutting direction, and the ¥ -
axis is defined along the tool axis. The
Zv-axis is defined by the cross product
of the Xr-axis and the Yr-axis. The
origin islocated at the tip of the cutter.

A LCS is used to anayze the cutting
operation at the CC point. As shown in
Fig.(4), the X.-axis is aways lying in
the current cutting direction, and the
YL-axis is in the surface normal
direction. The Z-axis is determined by
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the cross product of the Yi-axis and X-
axis. In multi-axis machining, the cutter
isfirst rotated by alead angle (A) about
the Z.-axis, and then a tilt angle ()
about the Yi-axis. In general, the angles

have the following constrains: 0°< A

<90°, and 0" £w £90°.

WCS and PCS can be chosen arbitrarily
by the user. As shown in Fig.(5), WCS
is taken as the reference coordinate
system of the workpiece, and therefore
al the workpiece geometrical data can
be determined. In the generation of CC
points and CL data, the positions of
points and the corresponding tool
orientations are generated relative to
WCS. Also, asshown in Fig.(5), PCSis
taken as the reference coordinate
system of the machine controllers, and
therefore all the NC codes data can be
imported. For the convenience of the
calculation, the origin of PCS is
recommended to be located at the
intersection of two rotational axes, and
its three axes are defined aong three
trandation axes of the NC machine,
respectively.

3. Mathematical description of end
mill cutters:

The mathematical basis for
controlling milling is a description of
the outer surface of the cutting tool on
an orthogonal tool coordinate (% - Y -
Z7) basis, this basisis then moved aong
the sculptured surface to be milled. In
the following, the analytical description
of various tool surfaces in terms of a
moving tool coordinate basis (% - Y -
Z7) isintroduced.

Ball cutter: a ball-end mill cutter is
considered. As shown in Fig (6), a tool
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coordinate basis (X1 - Yt -Zr) is defined
on the cutter. The Xr -axis is defined
along the cutting direction and ¥r -axis
is defined aong the tool axis. The z# -
axisis defined by the Xr - and Y -axis,
using the right-hand rule. The boundary
of a ball-end mill cutter consists of two
essential shapes (a quarter circle and a
straight line). The surface of a ball-end
mill cutter can be described by Y,

as

@ R,singsinf ¢
Y an(@.f,0); :ng(l- COSf)+bH;

& R,cosqsinf 5

(1)

(Y z) Represents the surface

geometry of ball cutter, (f ) The angle
restricted between the axis of the tool
and the axis which passes through the
cutter contact point (the angle at the
corner of the cutter portion), (H) is the
length of the tool shaft, (R2) is the
cutter radius, (q ) is the angle from the
Zr -axis and 0° £q £360°, as shown in
Fig.(6). To understand the surface
geometry of the ball cutter from
equation (1) the magnitude of the
parameters (b,f ) must be utilized as
follows:

-When b=0° and O°£f £90°,

equation (1) represent the quarter circle
of the ball-end mill.

‘When f =p/2 and bl [0]],

equation (1) describe the shaft of the
ball-end mill.
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Using equation (1), it is important to
take carethat (f ) and (b ) are never
alowed to vary simultaneously over
their respective parameter intervals.
Either p =o° isfixed, inthiscase Y,
describes the bottom portion of a ball-
endcutter g and f vary,or f =p /2 is
fixed, in thiscase v, in equation (1)
describes a cylindrical surface whenq
and b vary.

Flat cutter: Fig.(7) shows a flat-end

mill cutter and the tool coordinate basis.
The surface of aflat-end mill cutter can

a@R;sing ¢
Yax@,a,b)r = bH —
&R cosq 5
.. (2
be described by v as.
(Y fa) Represents the  surface

geometry of flat cutter, (@ ) The angle
between Z-axis and Zi-axis measured
about Xi-axis. Also (H) isthe length of
the tool shaft, (Ru) is the cutter radius,
(q) is the angle from the Z -axis and
0" £q £ 360°, asshown in Fig.(7). To
understand the surface geometry of the
flat cutter from equation (2) the
magnitude of the parameters (b,a )
must be utilized as follows:

-When b =0°and a1 [0,1], equation
(2) describe the bottom of the flat-end
mill cutter.

-When a = 1 andb 1 [0,1], equation
(2) describe the shaft of the flat-end
mill cutter.
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Torus cutter: Fig.(8a,b) shows a torus-
end mill cutter, the surface of a torus-
shaped cutter can be described as

Y as follows:

Totus

HaR + R sinf)sing ¢
YTorus(q!f ,a,b)T :(; Rz(l' COSf)+bH _
S(aR1+R23inf)coqu,r

- (3

(Y touse ) Represents the surface
geometry of torus cutter. From
Fig.(8a,b) it can be found that torus
cutter is described by the combination
of bal and flat end mill cutters, the
surface geometry of the torus cutter can
be described depending on the surface
geometry of the ball and flat end mill
cutters, since (f ) describes the corner
portionand 0° £f £90°, and (q ) isthe
angle from the # -axis and
0’ £q £360°. In equation (3), (a)
describes the bottom portion of the
cutter and (b ) describes the portion of
the shaft. Using equation (3), care must
be taken thatf , a and b are never

alowed to vary simultaneously over
their respective parameter intervals.
However, the points on different

portions of Y., can be described by a

different combination of parameters.
Using equation (3), the bottom portion
of the cutter can be described by

{al[01,f =0°,b =0°}  which
means surface geometry of flat cutter,
the torus portion by {a =0,
0°£f £90°,b =0°} which means
surface geometry of ball cutter, finaly
the shaft portion can be described at

{a=10, f =p/2, bi[o1}.
Actually, equation (3) is a generalized
representation for all three different end
mills. Both the descriptions v, and
Y., In equations (1) and (2) are the
special cases of the descriptiony, _ in

equation (3). If the variablesRz and f
of Y . iN equation (3) are set to be

R>=0and f =0°, then the formula
reducesto Y ., of aflat-end mill cutter
as described in eguation (2). On the
other hand, if theR1 and @ of Y
in equation (3) are set to be Ri=0 and
a =0, the formula reduces to Y, of
a ball-end mill as described in equation
(1). Starting from here,y (q.f ,a,b)$
(in tool coordinate basis) is used to

represent  the  generalized  tool
description of the different end mills

which can either be vy Yau OF

Totus ?

Y

Ball *

4, Kinematics motion of inclined
cutterson multi axis CNC machine:

In multi axis machining, besides the
three trandation axis of a NC machine,
the cutter can be rotated about one or
two trandation axis of the NC machine.
As shown in Fig.(9), this basis is then
moved along the sculptured surface to
be milled. For 5-axis machining, the
tools have two degrees of freedom in
rotation about two of the three
translation axes. Besides the inclination

angle | | about the Z.-axis, the tools
are alowed to rotate about the Y.-axis
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with a tilt angle w, . The general tool

formula y (q.f,a,b,l ,w. )¢ for
describing an inclined tool in 5-axis
machining can be derived by
multiplying the tool formulain equation
(3) with the rotation matrix describing a

rotation | | about the Z.-axis, another

rotation of w, about the Y.-axis, and a

translation matrix from the tool
coordinate basis (Xr - Yt -Z7) to the
local coordinate basis (X. - Y -Z.) The
kinematics tool motion can be derived
asfollows[2,3]

Y(@.f.a,b,l,w. ) =Rot(-w,_).Rot(-1 ).
@ R - Rsnl 9
Trang- R,(1- cosl )=+Y(q.f,a,b)¢

& 0 3
aeosw, O -sinw, gecosl | snl, 08
=¢ 0 1 0 _Eg-sinlL cosl | 0
&sinw, 0 cosw, g& O 0 1p

?aRﬁstinf)sinq- R - R,sinl LQ
¢ Ry(1- cosf)+bH- Ry(1- cosl ) +
& @R, +R, sinf ) cosq A

(4)

The function y (q,f,a,b,l ,w )¢ in
equation (4) is a generalized tool
description of a cutter oriented with
orientation (I _,w,) in the local

coordinate basis (X.-Yi-Z1) for 5-axis
machining. For 4-axis machining, the

tool formula vy (q,f,a,b,l )¢, IS
actually a special case of the
generalized tool description

y @.f,a,b,l ,w,)¢ in equation (4) by
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setting (w, =0°). Depending on the
selection of the parameters q,f ,a
andb , all the surface points of the tool
oriented with (I | ,w, ) in 4-and 5-axis
machining can be described by the
generalized tool formula
y @.f,a,b,l ,w,)¢ inequation (4).

5. Effective radius of tool surface
geometry:

In sculptured surface machining,
there are two major machined surface
errors. gouging and undercut [4]. As
shown in Fig.(10), if the cutter overcuts
into the part surface with negative error
during machining and the error is larger
than the required surface tolerance, it is
called gouging. In addition, materials
are left on the part surface after
machining. These excess materials
(positive error) left on the part surface
after machining are called undercuts or
cusps. If the cusps left are larger than
allowable tolerance, these cusps need to
be removed by other processes such as
grinding or polishing, which are time-
consuming and expensive operations.
The cutter gouges into the part surface
as surface point P1 with a negative
error of d between P1 and P2. In the
meantime, there is an undercut
(positive) error D below the cutter
which causes material to be left on the
surface after machining. As shown in
Fig. (10), an undercut error occurs
between surface point P4 and point P3
on the cutter.

To reduce the cusp height left on the
machined surface in multi-axis
machining, the instantaneous cutting
profile should get as close as possible to
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the local part surface. To avoid
gouging, the effective cutting radius
R, & Of the cutting profile should be no

greater than the radius (k ) of the local
surface curvature (K= [1 /7 ). Fig.
(11) shows that the local curvature r

on the instantaneous cutting plane (Y-
Z. plane) can be caculated by the
following equation: [5]

M =0 = mnCOS’S +1 . sin’s

® ®
where s =cos (C.xC,)

...(5)

An explanation is needed for finding
R, g Of the torus-end mill cutter first,

because this type of cutter includes the
property of two other cutters (ball and

flat) in shape. Then R, o for the ball

and flat end mill cutter is found
depending on equation (4) asfollows:
The two principa curvatures r and

y max

r of the torus corner of the filleted

y ,min
cutter can be found by inclining the
cutter with a non-zero |, angle
(andw, =0") as shown in Fig. (12).
The maximum curvature of the corner

portion of a filleted cutter is equivalent
to the inverse of the radius of the corner

torus, as shown in Fig.(12). The
maximal curvature r, .. can be
represented as: [5]

" _1

y .max ~ i~

R, .(6)

To find the minimum principa
curvature r, .. orthogona to the

maximum principal curvature, the tool
surface description y (q.f ., ,w )¢

of the torus shaped cutter is used, and
this means that the curvature of the
instantaneous cutting profile must be
found when the tool is inclined forward

with an inclination anglel | (and w
= 0). Also this means that the minimum
curvature r can be found by

y ,min
setting the tilting anglew, = 0 and
f =1 atthe cutter contact point, as
shown in Fig. (12 a). For the cutter
contact point, q is equivaent top /2

according to the definition of the tool
coordinate basis. From equation (4), the

following function H(q,l  ,w, =0)¢
can be found for the instantaneous
cutting profile after inclining the cutter

with agiven angle| | and setting w, =
0,a =1, b=0andf =1:

H@, I, w, =0)¢ =
Y@.f=I_a=1b=0l,,w =0)°

aecosl . snl, 00

G =
=¢-sinl . cosl 0+

g€ 0 0o 15
géRﬁstinl Jsing- R - R,sinl 6
¢ RJ(-cosl )-R(@-cosl ) =
& (R +R,sinl )cosq o

aeosl (R +R,sinl )(sing - )¢
=¢sinl (R +R,sinl )(1- sing) +
§ (R+Rsnl)cosg g

(7
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The curvature a a point on the
profileH (q,! _,w, =0)? can be found
by using equation (8) asfollows:[6].
r@.l w), =

'%H(qIL,W)oaaTH(qIL, w,)a, U
2 iy

|ée 19 o 19 a i
|

EbeﬂH(q lw, )o H°H@Q,! W) |
0/

|§ flq a ﬂqz %Y
o i

|%TH(Q W) 6. 4H@,! | ,w,)
& 1 y‘?ﬂ a4 |
... (8
Consequence, by substitute both the
first and second order derivations of
H@,! ,,w,_=0)F from equation (7)
into equation (8) the curvature of the

instantaneous cutting profile can be
found as follows:

r@.l.w =0, =
sinl |

(R +R,sinl)y/(sin’q +sinl  cos?q)?

..(99)

Since the angle g is equivalent to
p/2 at the cutter contact point, the
minimum curvature r of point CC

can be found by substitutingq=p /2
into equation (9 a) as:

erm—ra P ||_,W —OE44
cc’

y ,min

sinl |
(Rl +R Snl L)
..(9b)
On the torus portion of the tool surface,
the principal directions of the maximal
and minimal curvatures occur whenw,

= 0, as shown in Fig.(12). In 5-axis
machining, a tool is oriented with an
orientation (I _,w,). The angle
between the instantaneous cutting
direction (X. -axis) and the principal
direction (Xp-axis) is equivalent tow,
angle (s =w_ ), as shown in Fig.(11).
Substituting equations (9b) and (6) into
H@,l ,,w,_=0)Pcan be found,
which is on the Yi-Z. plane norma to
equation (5), the curvature of the

instantaneous cutting profile the current
cutting direction XL-axis with an

arbitrary tool orientation (I | ,w, ), aso
using equation (5), the curvature
r(l W), x = on the Yi.-Z. plane

that is norma to cutting direction X
can be calculated, and the effective

cutting radius R, ¢ x o Of the torus

shaped cutter on the Yi-Z. plane can
then be derived asfollows:

= [I’ (I ’WL)Y,XL=O]-1

. -1
L Sinfw ]

R( LW )y et x =0
:[ . cosPw, +r

_&e snl o u
=g————7cos’ WL+(—)SH’] W
LR +R,snl 4 R, 0

R, (R +R,sinl )

R,sinl  cos’w, +(R, +R,sinl )sin®w,

(10)

On the other hand, the curvature
r(h w2 - of a torusshaped
cutter on the Xc-Y. plane can be found
by using equation (5) and setting
(s =w,_ +p/2) asfollow:
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— 2 i
M50 =T pin XCOS°S +T1 >6in®s

For the case of the tilt anglew, = 0,

=t . xcos?(w, +p/2)+r . ssn?(w, +p/2) equations (10) and (12) become the

=1 i {cosiw, ) >cos(p /2) - sinfw, )>sin(p /2)]

s{cos(w, ) xcos(p /2) - sin(w, )>sin(p /2)]

+r . Asin(w, ) xcos(p / 2) +sin(p / 2) xcosw)]x R LW =0)y g x -0 =

[sin(w, ) xcos(p / 2) +sin(p / 2) xcos(w)]
=r . >sn*w+r _ xcos’w
=r . >€§n’s +r __ >cos’s

..(11)

So, the effective cutting radius
R, &iz,=0 Of atorus-shaped cutter on

the X.-YL plane can then be found as
follows:

RO W)y g 20 = |0 (LW )y 2 o)

_€e dnl, 0.

Tsin‘w &L Qcoszw 7
- inl - L §_+ Lu
LR tRysin L@ Rzﬂ G

u

..(12)

By using equations (10) and (12), the
effective cutting radii R & x -, and
R e z-0 Of a torusshaped milling
cutter can be found with an arbitrary
tool orientation (I, ,w,) for 5-axis
sculptured surface machining.

Foracaseof w, =0and | | =p/2,
the R, g x obecomes (R1 + R2)
which is equivalent to the shaft radius.
If w =0and |, =0,the R/YEﬁYXLZO

becomes (¥ ) which reflects the flat
bottom of the torus-shaped cuitter.
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-1
u

following:

_(R+Rsinl,)

sinl

= p rmin:g-n—ll_-
r.min (R1+R29nIL)
...(13)

1

R(I  ,w, = O)y,Eff,ZLZO =R, = I’_

max

Prox= i
R,
.....(14)
Ball-end cutter R =0 , R,=R
so the effective cutting radius
R, e x o Of the ball shaped cutter on

the Y.-Z. plane can be written as
follows, depend on equation (10):

R( ’WL)Y,Eff,XL =0

- R(R +Rsinl,)

" R,sinl _cos’w, + (R +R,sinl )sin*w,
_ R* sinl L
R,sinl  cos’w, +R,sinl  sinw,

.....(158)
For(w =0):
R, sinl
R(l L!WL)Y,Eff,X,_:O Z#
L
1
=R, =—
? rmin
...... (15b)
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On the other hand the effective cutting
radius R g4, -, of a ball-shaped

cutter on the X.-YL plane can then be
written as follows:

RO W)y 2,20 =

R(R+Rsnl,)

R(I W =0)y e x, =0
=R( L, W)y &z, =0
sinl |

" Rocost(a- (W- Py)

(17)
a : The angle between the Zi-axis and
the Zi+1-axis measured about the Xi-

. . 2 .
R,sinl  sinw, +(R +R,sinl  )cos’w,
_ R* sinl L
- . . 2 .
R,sinl  sinw, +R,sinl | cos’w,

....(16 a)
For(w =0):

sinl
R( L W)y e 2, =0 :%

L
1
:R2 :m
....(16b)

Flat-end cutter: the equations (10),(12)
are true when the curvatures of the
corresponding surface are continuous.
Therefore, these equations are suitable
for a torus-end cutter and a ball-end
cutter, but are not suitable for a flat-end
cutter which has infinite curvature at
the torus portion. So for a flat-end
cutter, the effectiveI cutter radius at the

CC point in the X direction can be
calculated using equation (17) as
follows:[7].

R=R,R,=0

axis. The equations (13), (14), (15 ab),

(16 ab) and (17) are general solution
for torus, ball and flat cutters and it can

be used in 3-axis machining and also in
multi-axis machining, also it must be
noticed that in three axis machining the
angle (w) isequal to zero and the angle
(I ) means the angle between tool axis
and the surface normal to the workpiece
in each point at CC point. Whereas, in
multi axis machining the magnitude of
(w,l ) depends on the number of

trandation motions and rotation
motions.

6. Results:

This research presents the
caculation of the cutter radius, as
follows:

Derivation of equations that
describing mathematically three
types of cutters used in the
present work.
Describe the kinematics motion
of inclined cutters on multi axis
CNC machine using transmtion
matrix.
Derive the equations to get the
effective cutter radius of the
tool surface geometry.
Finally, from these above procedures
the selection of suitable cutter for
milling operation in 3 and multi-axis

1590

PDF created with pdfFactory Pro trial version www.pdffactory.com


http://www.pdffactory.com
http://www.pdffactory.com

.& Tech. Journal, Vol.28 ,No.8, 2010

The Mathematical Description of End Mill
Cuttersand Effective Radiusof Tool Geometry
on Multi-Axis milling

machine can be made depending on the
reducing values of errors on machining
surface.

7. Conclusions:

From the present research and the
derived equations, it was noticed that
the cutter radius is not responsible for
making machining on the plane of the
workpiece, but there is an effective
cutter radius which is responsible for
this machining. Each cutter has an
effective radius and this radius is
change according to the shape of cutter
and to the curvature of workpiece, aso
to the number of axes that the milling
machine can be moved (three or multi-
axis machine), and the effective cutter
radius can be calculated depending on
equations (13, 14) for tours cutter,
equations (15, 16) for ball cutter and
equation (17) for flat cutter.
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Figure (2) Different typesof theend
milling cutters
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Figure (3) Thedefinition of tool
coordinate system (TCS) Figure (4) The definition of local coor dinate
system (LCS)
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Figure (5) The definition of workpiece Fig (6) Ball-end mill cutter in thetool

coordinate system (WCS) and program coordinate basis (XT-YT-ZT).
coordinate system (PCYS)
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Figure (7) Flat-end mill cutter in thetool N

coordinate basis (Xr-Yr-Zr)

Figure (8a) Torus mill cutter in the tool
coordinatebasis(XT-YT-ZT)
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Figure (8 b) Torus mill cutter results Figure(9) Toolsrotated with both the

from the collection of ball and flat end inclination anglé L and thetilt angle™. ,[3]
mill cutters

Figur e(10). Show gouging and undercut Figure (11) Local surface curvature K ) on
theYL - ZL plane normal to cutting
error.[4] direction (XL),[5]
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ML IhterLction of H(,l ,,w, =0)°and Z.-Y.

=

= O)S and X.-Y.

Intersection of H(q,| ,,w, =0)FandZ.-Y. Intersection of H(q, |, ,w, =0)CandX.-Y.

Figure (12) Describes minimum and maximun
curvaturesat CC point on thetorus cor ner.
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