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Abstract

we introduce the definition of afuzzy inner product space and discuss some
properties of this space,and we use the definition of fuzzy inner product space to
introduced anew definitions such that the definition of fuzzy Hilbert space ,Fuzzy
convergence, ,Fuzzy complete,and we studied the relation between ordinary inner
product space and fuzzy inner product space.
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1-Introduction
JR Kiderwas introduced  the
definition of fuzzy inner product [2], unit interval [0,1].Then we can writ a
which is using to study the fuzzy inner i

. : fuzzy set A as:
product spaces in detail and these ¥

A —_

gave us new results. - -
we use the definition of (DX €X, 0= 42 = 1)

fuzzy inner product space appeared in

[2] to study this space and investigate

. . : X
some properties of this  space,we X_wﬂl be denoted by [* L.e,
. . B
prove that for any fuzzy inner product YT _
[ A s fuzzy subset af X

The collection of all fuzzy subsets of

space H there exists a fuzzy Hilbert Remarks 1.2:

space Y and an isomorphism T from Following, some fundamental

H onto concept related to the basic operations

fuzzydensesubspacd¥’ of ¥.Thesp and concepts of fuzzy subsets of X.

ace Y is unique except for Let A and E be two fuzzy subsets

isomorphism's (See theorem 3.12). ofXwith

2- Basic concepts: membershipfunctiord ; and g res

Definition1.1: pectively, then:

Let X be any set of element.A fuzzy

set. AinX is characterized by - AEB if and only if

amembership function, WUz (x) = 7 E{XJ , VxekX

wi(x):X = I, wherel is the closed
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2-
A=FBifandonlyif u;(x) =
us(x), ¥vx € X.

3-  The complement of A4 (denoted
by AC) is also a fuzzy set which has

the membershipfunction

pat(x) =1—pz 00

4-

A=gdifandonlyif uz(x) =

0,¥xe

X ,where @is the empty

5-

The height of fuzzy set is the
Supremum valueof

uilxloverallx €X.  If the height
is 1, then Ais normal, otherwise it is
subnormal.

6-

The support of A is the set of all
elements x in X at which

0 < uz(x)=1 and is denoted by

supp {A}.
7-
A point x € X is said to be
crossover point of
Aifuz(x) =05 .
8-

C=ANE is a fuzzy set
with membership function
plx) = ming e xlp s G, pp (03
9.
0 = AU B is a fuzzy set with
membership function

pp(x) = max,e plp g (), us(x)].

10-
If

12-
n-th power of A(denoted by

A™ ) is also a fuzzy set which
have
a membership function
B [4i(x)]" where n is a
po§itive integer and consequently
Adcd foralln=m=10.
Theorem 1.3:

Let

{.f}. J & J,where [ 15 any index set)

be a collection of fuzzy sets in X
(a) If 4; € A;then:

() 4; NA4; = 4;

(i) 4; Ud; = 4;

(iii)d;” € 4;" wherei,j €]

(b) Commutative laws: For
LjE]

Ai W] i =A}' UAE ﬂ-’ndﬁi n
4; =4;n4

(c) Associative laws: For
i,j,ke]

A‘:‘i U (A':‘:;, U‘&‘k) =
{‘Ei U.{J}ng and

An (4nd,)=
(4; NA4;) N A,

(d). Distributive laws: for
ik €]

Uinglx) =0,¥x €
X then A and B
are said to be separated
fuzzy sets.
11-

The product of AardB
(denoted by 4E ) is also fuzzy set
which have a
membershipfunction
i 5(x) = p (g (x).

"&.I' LV} (4{;, ﬂsz} = (_r‘f: U 4{?:} n (.r‘f: U Ek:)ﬂﬂﬂ:
A (4 udy)=(And)uidio 4
(e)De Morgan’s laws: For i, j, £ ]
(d; N4;)C= AL U AL and
(A VA=A n AL
Definition 1.4 :

If £andBare fuzzy sets in

anon-emptysets{ and ¥, respectively
then the Cartesian product
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AxBofAandBisa
membership function

fuzzy set with

Wixa(%,y) = min {u;(x),us (v)} for all (x,y) in XXV

Definition 1.5:
A fuzzy point p in Xis a fuzzy set
with membership function

A e ifv=x

P {ﬂj otherwise

For all ¥ in X where 0 << @ < 1.P is
said to have support xand value a.
We  denote this fuzzy point
byx, or (x,a).

Two fuzzy points x,and ¥z are said
to be distinct if and only ifx = 7.

Remark 1.6

Two fuzzy points i, andyg are
said to be equal if and only if
x=vanda = f§,where a,f €
(0,1].

Definition 1.7
Let f be a function from a
nonempty set & to a nonempty set ¥
If B is a fuzzy set in ¥ then f£~'(5)
is a fuzzy set in X defined by:
kG =us (f(x) foralixinX

f-iE

Equivalently We-i(fy = HB o f AER.
Also if 4 is a fuzzy set in X then
F(A)is a fuzzy set in ¥ defined by

()= {g”p{";’ Gl eyl )= n

0 OtReErWwLEe

forall yinYwhere f~1 (y) =
x eX|flx) —y}

Definition 1.8

Let x, be a fuzzy point and Aa
fuzzy set in X. Then x  is said to be in
A or belongs to A denoted by x, € 4
if and only if @ = uj(x). The set of

all fuzzy points in X is denoted by
P{X).

Remark 1.9:

Let A and B be fuzzy sets in X.
Then:
(1) A= B if and only if for every
X EA implies x. € E.

(2) 4 =B if and only ifx, & A if and
only ifx, € E forall x, € P{X].

(3) x,€AUB if and only
ifx,edarc, €K

(4) x,€AnBif and  only
ifx, Edandx, €EB .

Theorem 1.10

Let {4;|j €/} be a family of
fuzzy sets in X where ] is any index.
Then x, €U;e; 4; if and only if
xo € Ay for some k &]

. Proposition 1.11
Let f:X »¥ be a function.
Then for a fuzzy point
X, inX,f{x,)is a fuzzy point in ¥
and (x_,) = (f(x)), ._Theorem 1.12
A fuzzy set A in X is a union of
all its fuzzy points.

2- Fuzzy Inner Product Spaces:
Fuzzy inner product spaces are

special fuzzy normed spaces as we
shall see. In fact fuzzy inner product
spaces are probably the most natural
generalization of fuzzy Euclidean
space and the reader should note the
great harmony and beauty of the
concepts .
Definition 2.1:[1]

Let H be a vector space over field
K, an inner product on H is a mapping
of H » Hinto the scalar field K of H,
that is with every pair of vector xand
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v there is associated a scalar which is
written (x,yyand is called the inner
product of x and y such that for all
vectors x, v, = and scalar r we have:

(TP ){x + 2,30 = (0,00 + {2, 1
(IPE}':TXJ }} = T'{.'X-', }'1:’

(IP3){x,v) — {_}": .‘C}

(I )ix,xy =0 andix,x) =0 =x=
Definition 2.2:[2]

A fuzzy inner product space
onH, where His a vector space over
the field K (where K is either B or )
is a mapping of H x Hinto the field K,
that is with every pair of fuzzy vectors
¥ .V there is associated a scalar
Which written {x 5,3 Jor (x,¥) (1),
Where i =min{af}a 8 € (o, 1]
and is called the fuzzy inner product
of x, andyg Such that for all fuzzy
Vvectors X o, ¥g, Zz With
A =minla, 8,0} and scalar r we
have:

(FIf x| 593 = v ) |z, )
(FIP; {rx, vi{1) = ri{x, v{A)
(F1P3)(x, ) (D) = (7,2 (A)
(FIP ) x,x)(e) =0 and(x,x) (@) =0=x=0
(FIP)if0=f=a<1, then
(x,x)(a) = (x,x)}(5) and then there
exists O <@, =a such that
lim o (x, x)(e,) = (x, x)(a)
Proposition 2.3:[2]

If (4,{,)) is an ordinary inner
product space then {H, {-,-}(-}J is a
fuzzy inner product space, where
{x, () = i{&:, vy for every
XeYp EH, with A =min{e,f} and a,f € (0,1]
Proof:

Let
Xa¥pZy EH andr €
¥ where a, f,0 € (0,1]

with A — min{e, £, o} then
(FIP(x + 2,7 () =3 (x +2,)

=[x 1 =]

= (x,3){A) + {z. ¥ )
1 1
=7 {x, ) + 1{2’ y)
{FIPE}(TXJ ¥ ) = i{f"xi ¥
1
=2 [r(x. )]
=r[> ] =ree
(FIPy)(x, y)(A) =3 (x,3) =
> (7m0 = (,41(2)

) (FIP,)since (x,x) = 0 S0
- {x, x} = 0 thus {x,x¥a) =0

Also

{(x,x(z) =0= i{x, e =
0=x=10

(FIP,) If 0=f=a<1 then
E = %m’ E{x,x} = % ix,x)
Which implies that
(x, x)(a) < (x, x)(B).
[With a,, = (1 - 2)a] Such that
lim {x, x)(zx,,) = lim Lx,x)
f—Hn A f—n On

=x,x) = (x, 2)a)

Thus {H, {-;}(-}J is fuzzy inner
product space.
Example2.4:

The space ©" is an inner product
space with inner product defined by
(x,¥) = X191 + x02¥2 + - + XV
Where  x = {xy,%5, 0 Xy,)
¥y = (}’1: ¥z "'J}’n}\

Hence (T {-)(-)} is a fuzzy inner
product space with fuzzy inner
product define by

(x, () = 3{x,y)

Forevery

Xy = (x1,%5,..
(}’11 ¥y }’n}li.’

.lxn}n: J}"E =

whereg, £ € (0,1]withd = min{a, £}
by proposition 2.3
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Proposition 2.5:

If (H,{)()) is a fuzzy inner
product space then (H,{, ¥} is an
ordinary inner product space with,

— 7y, 2 + Fiz,xA)
By(FIP;)

=7 {x, vW1) + 5z, z2)(1)
By (FI Pa)

(x,v) = (x,v)(1) forezvery x,yv€H, A€(0,1]

Proof :
Let
vy, 7EFH andr e K, A F in1l,
then
(P x+zy ={x~-zy) (1)
= {x, l}(ﬂ,} +{z, }}(ﬂ,}
= {.'X.', L} + {Z, }}
(1P )rx. v) = (rx. ¥)(A)
=r{x,yM1) = ric,y)
(P v = G, () = (2D = L 1)
(IP)ix, x) = (x,x)(2) = 0 and
{(t,x) ={x,x}¥A) =0 e=x=0
Thus (&, {,y) is an arbitrary inner
product space.
Remark 2.6:
If {H {-,-}(-}J is a fuzzy inner
product space then
()
{ry + sy, z)(A) = vix, 04D + ={y, =) (4)
(i)
{x, ryi(A) = 7, y)(2)
(iii)
{x,rv + 52){4) = Flx, v} +
5, z0A)
For all
X ¥p €EH, 15E
Kwherea, 8,0 € (0,1]with A =
minfo, i, oh, Zg
Proof:

(1)

{rie + 23, 2HA) = drae, 24D + {5y, 2r )
by (FIP;)

=r{x,z)(2) +5(y, 2 vy (F1P,)

(ii)

{x, 7)) = (ry, x}A)
by (F1P5)

=7 (v, x)(4) = Fx, v)(A)
(iif)

(x,ry +5z}{(A) = (ry + 5z,x)
by (FI ?3)

Theorem 2.7:[2]

If x,,yp € Hwhere (H,(-)())
is a fuzzy inner product space then
| (x, wMA? =, x)(A) - {3, yHA)
is called fuzzy Schwarz inquality,
where o f € (U1 with 4 — min{z, 5}

Proof:
If x=0 then (1) is obvious. Put
& = {x,y)(1) then
0= (yx+yyx+yH2)
= (rx, yx + (A + (v, yx + ¥4

(ox+y,000 ) +{x +y, y)( )

9> (%X 0)+(y. 800 )+a{x ) 1) +{y )

9 ()0 +a(x )0 )+aley) ()+{yy))

0 = |r{xxHA) + 2Re(ys) + {y,yH{A)

-
Take y = vy
Now with this ¥ (2) becomes
|5]2
0= {y () - u;w , or
|32

= {}", _}}(ﬂ,} , Or

<xa=lA) T ) i
1812 = (x, x)(2) - {y,3)(2)

Thus
|G, v = (x, x)(4) - (v, 902D

Theorem 2.8:[2]

Every fuzzy inner product space is
a fuzzy normed space.
Proof:

Let (H,()-)) be a fuzzy inner
product space. Define
N1l (el = [, %) ()] ¥
Foreach 1, € H, where u € {0,1],
let x ., vp.z. EH
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where a,f§, ¢ € (0,1]with
A =min{a, B, 0} am‘i:r" ek
(FNg)lxf () = 0 = [, el & (1)) = 0 @ 2 =0
(FNlrxll{e) = [rx, rx)(a)]z
= [r7 (x, x}(nx}]f_
= [Ir]?(x, x}a)]z
7| [{x, x)(e) 12
i 7| 121 Cer)
(Fogllx + 1200 = x + v, x +0(4)
= {x,z + yMA) + (v, x +3)(2)
(x +y, 2004 + (x + v, )
X))+ (v, x) (1) +(x y) (1) +{y.y)(1 )

-
Zx,x>(| )+ (% YY)+ (% y) (1) +(y, y)(1)

= |lx|* () + 2Re {x.y){(2) +
v (3)

= |x|[*(a) + 2| {x, ¥}A)|* +
llylI*(4)

= [lxll* Card + 2 [l CA Il (AT +
lyl%(2)

Thus

12 + Il 2CA) = [llxll () + [yl (2)]?
Hence

llx + Il (A) = N/l () + [lvIl{A)
(FN,)if U < f = < 1then

Il Ca) = [tx, (@] = [, (B = N1xI|(B)
And there exist 0 <@, < a such
that

for each Xe¥p €EH where
a, fE(0,1] with A = minla, £}

llx +y12(2) = {x + y.x + ¥}

= (x,x + 34 + (v, x + yHA)

<x+ y,x>(| )+<x+y,y>(| )
(X)) + () (1) +(x, y) (1) +{y.y) (1)

= (x,0(3) + {x, ) (A) +
{(x, () + (D)

(x+y. ) () +{x+y.y)(1)

(A +Hy) ) +(xy) O +{yy) 1)

Sl x||2<| )+ vy +{x )i+ y||2<| )

Similarly, we have

by 04 0- (eypr- (- o0
e (2)

Thus by adding these two equations

we get

[+ 12 (2) + 1 =yl 2(2) = 2001xl12(2) + IyI2(2)]

Remark 2.10:

Not all fuzzy normed spaces are
fuzzy inner product spaces, for
example, the space C[a, b] is a fuzzy
normed space with fuzzy norm
defined by

lxll{e) = —mazx|x(t)] ,
wief

J=lab]

lim [17]](a) = lim [, ) (eI = [, ) (@B 5 IR it is not a fuzzy inner

Theorem 2.9:

Let '[H, {','}('}J be a fuzzy inner
product space then the fuzzy norm
lx]|(e) = [{x,x)(a)]z Satisfies the
fuzzy parallelogram equality

llx + ¥112(2) + llx — yl12(4) =
2[l1x11*(A) + Iyll* (4]

product space

We shows that the fuzzy norm cannot
be obtained from a fuzzy inner
product since this fuzzy norm does not
satisfy the fuzzy parallelo-gram
equality.

Indeed, if we take

(x(®) = 1,0) and (y() =

~—.B| where a,BE(01]

withd = min{a, §}
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We have Definition 3.2:
1 1 A fuzzy sequence {(x,,&,)} in a
llxll (2) = 2 vl (2) = 1 fuzzy inner product spac(H, (,-)(-))
(@B +y(t) =1+ L @ is said to be a fuzzy Cauchy if for
b:__ﬂﬂ every £ = (1, there is an M = 0 such
x(t) —y(t)=1- P that||xc,,, — x,, | < &
Hence For every m,n = M where
x4l D = 2 1%/l (e) = [(x, 1) (@)= with
: A4 A=infla; €(0,1]|i € M}
llx =yl (3) =7 Definition 3.3:
A fuzzy inner product space
e+ 712D + lx =712 ==, oAy ter P P
but Az {H, {-,-,Hl:'}J is said to be fuzzy
_:l 1 L a complete if every fuzzy Cauchy
20117 CA) + 1117 (O] — 2z sequence in H converges, that is, has a
Thus fuzzy limit which is a fuzzy vector of

e 1 120 1 1% ylI2) = - =
= = 2=l + 12 ]
Definition 2.11:

A fuzzy element x, of a fuzzy
inner product space H is said to be
orthogonal to a fuzzy -element
vp €H if (x, (1) =0 where
a, § €(0,1] withi = min{e, £}.

We also say that x, and y; are
orthogonal, and we write x, L yp.
Similarly for a fuzzy two sets
ABmH  we write .18 if
Xg L ygforall g E Band AL B

If x5Llyy for all x, in
A and Yein B

3- Fuzzy Convergence, Fuzzy
Cauchy Sequence, Fuzzy Complete

Definition 3.1:

A fuzzy sequence [{x,,e,)] in a
fuzzy inner product space
{H, {-,-}(-}J is said to be fuzzy
convergent if there is a fuzzy vector
X »1n H such that
lim, . |lx, —z[|(A) =0, where
llxll(a) =
[x,xMea)]z and {a, o; € (0,1]]i € M}
with
A=infla, a,|n € M}

H.
Proposition 3.4:

Let '[H, {-,-}{-}) be a fuzzy inner
product space, if {(x,,a,)} fuzzy
sequence converges to x, and
f{v,.. 6.0} fuzzy sequence converges
to ygthen
e WA} fuzzy
converges to {x, vy {A) where
A=infla, a;,f 6 € (0,1]]i EN}
Proof:

Subtracting and adding a term,
using triangle inequality for numbers
and finally, the fuzzy Schwarz in
equality,

We obtain

me ¥r }(*1} - ':.'X.', }}(ﬂ,:ll =
(1, 9, 0020 — (%, (2] +
{xn,}-‘}{,l} - {.'X.', }} (.-1}'

sequence

= Hxnf}"n —}}(ﬂ,}l + Hxn -
x, ¥y(A4)]

= ||.'an " (‘1}“}?2 - }”(-‘1:' +
lx,, — <l l¥lI () — O

Since {{y,, —», A)} converges to zero
and {(x,, — x,A)} converges to zero as
n— o
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Definition 3.5:

A fuzzy inner product space
(H,-7()) is said to be a fuzzy
Hilbert space if it is fuzzy complete
with respect to the fuzzy normed

llxll{e) = [{x,x) (2)]z where
xEH
Theorem 3.6:

If (H, {-,-¥) is an ordinary Hilbert
space, then (H.()-)) is a fuzzy
Hilbert space where
{x,v}1) = j—t{x, vy , for every
Xe¥p €H with
A =mnia 5 (0,1]}

Proof:

(H, {-,-}{-}J is a fuzzy inner
product space by proposition 2.3 since
(H.1-13 is complete normed space
where ||x]| = {x,x)]3, so
'[HJ ||'||'|:'}J is a fuzzy complete
normed space where:

Ixl1(@) == lixll for all x, € H.
Thus (H.(-}-)) is a fuzzy Hilbert
space

Theorem 3.7:

If (H,¢-))] is a fuzzy Hilbert
space then (H,{-,}) is an ordinary
Hilbert space where {x, v} = {(x, y)(1)
where 4 € {0,1]

Proof:

First (H, {-,"}) is an ordinary inner
product space by proposition 2.6,
since {HJ [I-1(-)} is fuzzy complete
normed space where
llxll(ed = [ x)(e)]z so (. |I-1I) is
complete normed space where
x|l = |lx||{e) where & € {0,1]

Thus (H,{-}) is an ordinary Hilbert
space.
Example3.8:

The space iC* is a Hilbert space
with inner product defined by
(,3) =01 + 1V + -+

Fuzzy Hilbert Space
Where
X = (x]_JxZJ ---an}i y=
(}’11 Y2,y }’n}
See [1]

Hence (%, {-}(-)) is a fuzzy Hilbert
space with fuzzy inner product
defined by

1
) =2 ()

Where A =min{a,f € (0,1]} by
theorem 3.6

Theorem 3.9: [3]

Let (X,1-1 () be a fuzzy normed
space. Then there is a fuzzy Banach
space ¥ and a fuzzy isometry T from
X onto a fuzzy subspace W of¥
which is fuzzy dense ir¥. The space ¥
is unique except for fuzzy isometries.
Definition 3.10:

An isomorphism Tof a fuzzy inner
product Honto a fuzzy inner product
¥over the same field is abijective
linear operator T:H — Y which
preserves the fuzzy inner product that
is for all x,,vp € H with
A=mmia g € (0,1]}
< T(x),T(y) > (1) = ix, yHa)
Where we denote the fuzzy inner
product on H and ¥ by the same
symbol, for simplicity,¥ is then called
isomorphism with H and H,¥ are
called isomorphic fuzzy inner product
space.

Note that the bijectivity and linearity
guarantees that T is a vector space
isomorphism of H onto ¥, so that T
preserves the whole structure of fuzzy
inner product. T is also an isometry of
H onto ¥ because fuzzy distances in
and ¥ are determined by the fuzzy
norms defined by the fuzzy inner
products on H and ¥.

The theorem about the fuzzy
completion of a fuzzy inner product
can now stated as follows:
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Theorem 3.11:

For any fuzzy inner product space
H there exists a fuzzy Hilbert space ¥
an isomorphismT fromH onto a

fuzzy dense fuzzy subspace Jj7 of Y.
the space Y is unique except for
isomorphisms.

Proof:

By theorem 3.10 there exists a
fuzzy Banach space ¥ and an isometry
T from H onto a fuzzy subspace W
of ¥ which is fuzzy dense in¥. for
reasons of continuity, under such an
isometry, sums and scalar multiples of
elements in H and w correspond to
each other, so that T is even an
isomorphism of II onto W , both
regarded as a fuzzy normed spaces.
Proposition 3.4 shows that we can
define a fuzzy inner product on¥ by
setting:
< [Z,[Fl =) =

lirns, o (g, Vi 0D

The notation being as in theorem
3.10, that is {(x,,a,)} and {(,, )]
are representative of
[%¥] €Y and [§] € Y respectively we
see that T is an isomorphism of H
onto ¥, both regarded as fuzzy inner
product spaces.

Theorem 3.10 also guarantees that ¥
is unique except for isometries that is,
two completions ¥ and Z of H are
related by an isometry A:¥ — Z.
Reasoning as in the case of T, we
conclude that A4 must be an
isomorphism of the fuzzy Hilbert
space ¥ onto the fuzzy Hilbert space
Z.

Lemma 3.12:
Let (H,{}-)) be a fuzzy inner
product space.
If
xq L g thenl|x+ y12(2) =
17 () + 1lx1” ()

where A = min{e, § € (0,1]}.
Proof: o N
I + w1 2(A) = {x + v, x + »)(1)

= {x,x + A + {v,x + )2

={x +y, x}A)+ {(x +v. ()

= {x,00() + {x,y)(A) +
(e, v + (v (4D

Then

llx + yI12(2) = [lx12(0) + llylI* ()
Since {x,y){1) = 0.
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