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Abstract
The aim of this paper iso approximate the solution offractiond

parabolicpartial differential equations using two numerical methods which are
Bellman's method (make use of Lagrange interpolation formula) and the method
of lines. Fractional Parabolic partial differential equations are transformed to a
system of first order ordinary differentia equations that are solved using a Runge-
Kutta method. An illustrative example using thesemethodsare also presented and
compared with the exact solution.
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1. Introduction: definitions that fit the concept of a
Fractiona order partia non-integer  order integral  or
differential equations are derivative. The most famous of these
generalizations of classica partial definitions that have been
differential equations .Increasingly popularized in the word of fractional
these models are used in applications calculus are the Riemann-Liouville
such as fluid flow, financeand others andGrinwald-L etnikov definition
[Ghareeh,2007]. Also caputo,[ Podlubny,1999]
Fractional calculus is a field reformulated the more “classc"
ofmathematical study that grows out definition of the Riemann
of the traditional detentions of the Liouvillefractional derivetive in order
caculus integrd and derivative to use integer order initial conditions
operators in the same way fractional to solve his fractiona order
exponent is an outgrowth of exponent differential equations .
with integer value,[Loverro,2004]. Recently [Kolowankar, 1996]
Many found, using their own reformulated again, the Riemann-
notation and methodol ogy, Liouville fractional derivative, in
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order to differentiate  no-where
differentiable fractal functions.

Fractional partid differential
equations have been studied and
explicit solutions have been achieved
by [Manardi, 2003],[Mainardi,
2005], [Yu, 2005],[Langlands, 2006],
[Mainardi, 2006]and several other
research works can be found in the
literature.

In this paper, we shal use
some humericd methods which
areBellman's method and method of
lines to solve the fractional Parabolic
Partial differential Equations of the
form:

fuxt) _ . TFulxt)
T =axt) v

+9x1)...(1)

On a finite
domain,L <x <R ,0£t£T .Here
we consider the case 1£a £2
where the parameter a is the
fractional order of the specia
derivative and The function s(x,t) is
source/sink  term, the function
c(x,t)may be interpreted as transport
related coefficient. We will dso
assume that c(Xt)3 Oover the

region L <x <R,0E£tET . We
assume  an initial condition
u(x,0)=f(x) for L <x <R and zero
Dirichlet boundary conditions.

This paper consists  of
foursections, In section two
Bellman’s methodwill be considered
to solve equation (1), while in section
three the method of lines will be
presented to solve equation (1) this
method was proposed by Richard
Bellman for solving originally Partia
differential equations, which has the
general idea of evaluating the
solution at certain lines of the
independent variable of the Partial
differential Equations.

An illustrative example was
given in section four in order to
compare these two methods with the
exact solution.
2.Bellman's Method for Solving
Fractional Parabolic Partial
Differential Equations:

Consider the fractional order
parabolic partia differential
equations of the form:

a
UOCY) _ oy 1y TUY
fit e
L<x<R,0£t£T...(29

Together with the initial and
zero Dirichlet boundary conditions:

+ s(x,t)

u(x,0) = f(x) ,LEXER
u(L,t)=0 LOELET
u(Rit)=0 LOELET
een(2.0)
Where% denote the Ileft
X

handed partid fractional derivative of
order o of the functionu with respect
tox and 1£a £2Now we solve
problem (2.a, 2.b) using Bellmar's
method[ AbidM echi, 1991];let
u(x,t) =u (t) and suppose that

u(x,t) = é [ (X)u, (t) )]

wherel (X) is the Lagrange

interpolation  functions  satisfying
i1 i=]

L (xi) =i

|( ]) ’:‘O, i1 J

After substituting (3) into (2.9)
we have

&1090 =Cx0& L LI +0)
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And substituting x = X;in equation

(4),j=1,2, ...,n-1 in order to get the
number of unknowns equals to the
number of equations therefore we
have a system of first order
differentia equati ons asfollows :

ult) =o(x, t)a |(X)H(t)+5(X,,t)

ji=1,2,...,n-1 VN (5)|
After using the Runge-Kutta
method [Burden, 1981]the system (5)
will be solved and then we get the
values of u, (t) j=1,2, ..., n- Lwhich

represent the approximate vaues of
u(xt) at thepointsgand OEtE£T.

3. The Method of Lines for
Solving  Fractional Parabalic
Partial Differential Equations:

Consider the fractional order
parabolic partial differential equation
of the form:

ﬂU(X,t) =c ( )ﬂ U(X t) +S(X t)
it
LEXER OEtET ... 6.3)

together with theinitial and
zero Dirichlet boundary conditions:

u(x,0) = f(x) ,LEXER
u(L,t)=0 LOELET
u(Rit) =0 LOELET
...... (6.b)
WhereM denote the
e
left-handed partial fractional

derivative of order o of the functionu
with respect tox and 1< a <2.

In this section, we shall use
explicit finite difference

T u(x,t)

qIx

approximation for to solve

this initial-boundary value problem
(6.a, 6.b) by the method of
linegAmes 1977]. To do this,
suppose that u(x,t)=u(tand
subgtituting x=x; into equation (6.4
we shall get:

A = o,

TPu(x,
dt 1

- t +5(X,1).

(1)

Where x=iAx, i=0,1,...,n, and
n isthe number of subintervals of the
interval [L,R].

The | eft-handed shifted
Grinwald estimate to the left-handed
derivativeas illustrated in [Ghareeb,
2007]is:

Pfx)_ 1 4 e
e Dy &0 fx- (k=309

Where n is the number of
subintervals of the interval [L,R] and
a isthe fractional number.

Therefore:

T[au()g,t) 1 |+l

" O 9} g u(x - (k- )Dx 1)

ﬂaU()g ,t) B 1 |+l t
ﬂ)ﬂa (DX) kao gk i- k+1()
....(8)

Wherego=1 and

- -k+
6 =(1 20D gy
the derivation of equation (8) is given
by details in [Ghareeb, 2007], by
substituting equation(8) into
equation(7) and seek the values of i
from 1 to n-lin order to get the
number of unknowns equals to the
numbers of equations as it get in
section two, one can have:

4o _ox.h) & C_ »
¢ oy & , 1=12..,n-1
.(9)
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then the system(9) is of first order
differential equation and can be
solved usng Runge-Kutta method in
order to get an approximate value of
u(t), i=1,2,...,n- lat the point x; and
O£t £T of problem (6.a, 6.b).
4. Illustrative Example:
In the present section, the result of the
Bellman's method and the method of
lines which were discussed in section
two and three respectively will be
given and implemented on the same
example. The exact solutionis aso
given for comparison purpose.

The next example appeared in
[Ghareeb, 2007] which is solved by
using finite difference method.

Example:
Consgder the initial-boundary

value problem:

1.8
%:xg Exll:+X(X— 1) - @(mx— D),
OE£EXE£LOE£LEL
u(x,0)=0
u(0,t)=0 0EX£1L0£t£1
u,t)=0

Following table (1) and table
(2) prescribed the result of the
Bellman's method and the method of
lines respectively for h=0.2with the
exact solution of the above example
which isu(x,t)=x(x- L)t.
5. Conclusions:

From the results of table (1)
and table (2) respectively it seems
that the method of lines is more
accurate than Bellmaris method.
Taking h large for the Bellmans
method will reduces the number of
bass [i(x) and hence reduce the

caculation of which aso

T
e
gives reasonabl e solution.
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Table (1) The approximate solution of Example (1) using Bellman's method

Approximate solution x= 0.2

Exact solution x= 0.2

Approximate solution x= 0.4

Exact solution x=0.4

Approximate solution x= 0.6

Exact solution x= 0.6

Approximate solution x= 0.8

Exact solution x= 0.8
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Table (2) The approximate solution of Example (1)
using the method of lines

Approximate
solution
x=0.2

Exactsol ution
x=0.2

Approximate
solution
x=0.4

Exact
solution
x=0.4

Approximate
solution
x=0.6

Exact
solution
x=0.6

Approximate
solution
x=0.8

Exact
solution
x=0.8
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