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I. Introduction any ideal A of R suchthat] c AC R,then A =R .

In this paper, we consider R as a commutative ring A ring R is called local ring if has unique maximal ideal.
with a unit element 1. In 2003, Redmond [1] defined a new We denote R[T] as a polynomial ripg over coefficient T,
kind of graph on R known as the ideal-based zero divisor which can be defined as {¥2oa;T":a; € R}, and R/I is
graph, denoted by I (R), whose vertices in R — I and two denoted by a quotient ring or (factor ring) for more details
vertices 1 # 1, are adjacent if 7,1, € I, this graph see [7],[8]. The ring R is a direct product of the rings R; for
denoted by T;(R). This kind of graph generalizes the zero i=12..,n ifR=ZR; XRy X .. XRy ={(r,1p, ..., 1)
divisor graph defined in 1999 by Anderson and 7; € R} see [9].

Livingston[2], whose vertices in Z(R)* = Z(R) — { 0} and Redmond proved the following relationship: |V (I;(R)| =
two vertices 1, # T, are adjacent if and only if ; , = 0, [I| - [V(I'(R/I))|. Using this mathematical expression,
this graph denoted by T'(R). This field has been studied by researchers in [10] were able to find all rings corresponding
numerous authors for instance, refer to sources to the ideal [ with the number of vertices n, where 1 <
[31,[4],[5],[6]. We denote to |S| the cardinality of a set S n < 7 ornis a prime number. Additionally, researchers in
and F to a field of order S, where S is a power of prime [11] identified these rings when n = 8,9, or 10.

number p, a field with degree S is represented by Fg . An In this study, we identify non-local rings corresponding to
ideal I in a ring R is called a maximal ideal if I # R and for the ideal I with the number of vertices 12,13, or 14 .
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Ring with | V(T;(R))| =12:
In this section we give all possible ring with | V(T'[(R))| =
12 .First we give this observing.

Observing 2.1:

We consider when a non-trivial I';(R )is the graph on 12

vertices since |V(I/(R)| = |V(T(R /1) |-|I|and|I| = 2

we get five possibilities :-

1-11| =12 and |V (T (R /)| = 1.
2-11| =6and|V(T(R/1)| =2.
3-11] =2and [V (T (R/1)| =6.
4-11| =4and|V(T(R/1)| =3.
5-11] =3and [V (T (R/I)| =4.

Theorem 2.2:

Let R be a non local ring satisfied | T{(R) | = 12 with

|I| = 12. Then R corresponding the following rings in Table 1.

Table 1. | Ty (R

| = 12 where |I] = 12

Ring Ideal Fig
ure
Z4XZZ XZZ XZ3OI' (O)XZZXZZXZ3 K12
Z,[T11/(T1%) X Z, X
Zy X Zs
ZyXZyXZsor (0) X Zy X Z5 or (0) X Ki,
Z,[T41/(T1?) x Z,[T1]/(Ty%) % Zs
Z,[T11/(T1?) XZZ3 or
Zy X Zo[T1]1/(T1%) X Z3
Zg X Zy X7y (4) X Z, X Zq Ky,
ZyT11/(T1*) X Z, X Z3 (T1?) X Zy X Zs K1y
Zy[T1, Tl /(T4 TTy, T (T) X Zy X Zz or (T) X | Ky
X Zy X Zg Zy X Zzor (T, +
T,) X Z, X Z;
Z4[T,1/ (2T, T,?) x Z, (2) X Zy xZzor (T1) X | Ky
X Z3 ZyXZyor(2+
T X Zy X Zg
Z,[T11/(@2T,, T,* - 2) (2) XZy X Z3 K1,
X Zy
X Z3
Zyg X Z3 (4) x Z3 K1,
Z, [T1]/(T14) X Z3 (T3) x Z3 K,
Z,[T1, T,1/(T1%,T,%) (Ty) X Zzor (T,) x Zzor | Ky,
X Z3 (T1+T2)><Z3
Z,[T1, 51/ (T3 T, = Tq] (Ty) X Zzor (Ty) X Zzor | Ky
X Z3 (T, +T,) X Z,
Z,y|T1, T21/ (T3, T1To, T,% (T) X Zzor (T1 +T,) x | Ky
X Z3 Zq
Zy[T1, Ty, T3]/ (T1, Ty, T3)| (T1,Ty) X Zz or (T1,T3) X | Ky
Zy[T1, Ty, T3]/ (T1, Ty, T3)| (T4, Ty 4+ T3)or(T,, Ty + | Ky
X Z3 T3)or(T5, Ty + T,)
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Zy[Ty, Ty, T3]/ (T1, Ty, Ts)|  (Ty+ Ty, T14T3) X Z3 Ky,
X Z3
Z4[T11/(T1%) x Zs (2) x Z30r(Ty) % K,
Zgor(2 4+ Ty) X Zg
Z4[T1]/(T1* +2) x Z4 (2) x 73 Ky,
Zy[T1)/ (T + 1) x Z4 (2) x Z3 Ky,
Z4[T11/ (T4 +3) x Zs (2) x Zzor(1 +T1) X Ky,
Zsor(1+3T;) X Z4
Zy[T /(T2 + Ty + 1) (2) x Z3 K,
X Z3
Z4[T11/(T13,2T1) X Z3 (T1) X Zzor(2 + T1) x K,
Z3or(2,T,) X Z3
Zy[T1, To)/ (T3, T5 TiTy|  (2,T,) X Z30r(2,T,) X K,
X Z3 Zs0r(Ty,T,) X
Z3or(2, T, +T,) x
Zzor(Ty,2 + T,) X
Zq0or(Ty, 2 + T1) X
Zaor(2+T,2+T,) X Zy
(2,T)) x Z30r(2,T,) X | Z4[T1,T,1/(T1* = 2,T5,T,T| Ky,
Zs0r(Ty, T,) X X Z3
Z3or(2, T, + T,) x
Zgor(Ty,2 + T,) X
Z50r(T,, 2 + T1) X
Zzor(2+T1,2+T,) X
Z3
Zg[T,1/ (2T, T1%) X Z3 (2) X Zz0r(4,T1) X Z3 LEP!
Zg[T11/(2T1, T{* + 4) (2) x Z3 Ky,

X Z3

Proof:

Since | [';(R)| = 12 and |I| = 12, then |[V(T'(R/D)| = 1,
by [12],[13], R/1 = Z, or Z,[T;]/(T;*)and so |R/I| = 4

Since |R| = |I|.|R/I|, which implies that |R| = 4.12 = 48.

We note that R direct product of local rings.

SoR = Ry X R, X R; X ... X R, , where R; local ring .
Since |R| = 48, and R non local ring , then2 <n < 5.
Ifn=5,then R = R; X R, X R3 X R, X Ry . which implies
that R = Z, X Z, X Z, X Z, X Z5 . Additionally |I| = 12, then
[=(0)X(0)XZ,xXZy, XZ;

R/l = Z, X Z, % Zyor Z,[T,]/(Ty?) . whichis a

contradiction .
If n = 4, then

R=RXR, XR3; xR, ,andwehave R = Z, X Z, X Z, X

Zsor Zy[Ty]/(T1?) X Zy X Zy X Z3 ot Fyy X Zy X Zy X Z3

Hl=0XZ,XZyXZ3 ©SZyXZy)XZyXZsy then

Z,. Similarly if 1S Z,[T;]/(T1?) X Z, X Z, X Zs, then

R/l = Zz[T1]/(T12)-

If IS F,XZ,XZy,XZs,thenR/1 =F,, whichisa

contradiction .

If 1= (2) X Z, X 0 X Zs , then R/I = Z, X Z,,whichis a

contradiction .

R/1 =
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Similarly when I = (T;) X Z, X (0) X Z; ,then R/l = Z, X

Z,, which is a contradiction.

Ifn =3,then R = R, X R, X R3, so that two sub-cases

Sub case(a) R = A; X A, X Z5 ,where A,,A, =Z, or

Z,[T1]/(T,?), if I; = (0) X A, X Zs, then R/l =4,

If [, = (2)x(2) xZs,thenR/1 = Z, X Z, , whichis a

contradiction .

Sub case(b) R = A X Z, X Z3 ,where A = Zg or

Zy [711]/(7113)0r Fg or Z,[Ty, Tz]/(T12' T1Ty, Tzz) or

Z4[T1]/(2T1’T12) or Z4[T1]/(2T1:T12 - 2)~

We note that . If A = Zg ,then R = A X Z, X Z;

If] = (4) X Z, X Z3,thenR/1 = Z,

R = Fg X Z, X Z3 , which is a contradiction .

Similar rings if R = Z,[T,]/(T,*) X Z, X Zs,

Zy[Ty, T /(T2 ToTo, Ty?) X Zy X Zs

then I = (Ty%) X Zy X Zs , (Ty) X Zy X Z3 or (T,) X Z, X Z5 or

(T, + T,) X Z, X Z3, respectively , we get ,

R/1=1Z, [T1]/(T12) 2y [Tz]/(Tzz) orZ, [Tl]/(T12)~

IfA=Z,[T,]/(2T}, Ty%) , then R = A X Z, X Z3

fl=Q)XZ,XZ3,(Ty)XZyXZ5,(2+T)) XZyXZs,

respectively , and we get

R/1= Zz[Tl]/(T12) 3Ly Zy .

If A= Z,[Ty1/(2Ty, Ty — 2) X Z, X Z3 , then R =

AXZy X Zy

If] = (2) X Z, X Z3 , then R/1 = Z,[T,]/(Ty?) .

Ifn=2,then R =R, XR,,s.t|R;| =p™and |R,| = 3 since

|R,| = 16 = p¢t, then

there are 21 rings satisfied this condition , where Ry = Fi¢ , Z14

’ ZZ [Tl]/(T14) s ZZ [Tl! TZ]/(lei TZZ) s

Z,[Ty, Tl/(T1% T2* = i), Z,[T, To) /(Th T T, T

ZZ [TllTZ' T3]/(T1,T2,T3)2 s Z4-[T1]/(T12)7 Z4[T1]/(T12 + 2) ’

Z,[T)/(Ty* + 1), Zy[T11]/ (T +3) , Zo[T1]/(T* + Ty + 1),

Z4[T1]/(T13'2T1) ’ Z4[T1]/(T13 - 2'2T1) ’

Z,[Ty, o)/ (T T, Ti T, 214, 2T5)

Z4 [T1; TZ]/(T12 -2 T22, TlTZ' 2T1, ZTZ) s

Z4[Ty, T,/ (T, T2, Ty T, — 2,2T, 2T,)

Zy[Ty To)/(Th? = 2,TF = 2,TyT5, 2T, 2T,) , Zg[T11/ (2T, Ty %)

, Zg[T11/ (2T, T, + 4).

1- R=Zys X Zs,if 1= (4) X Zs, thenR/1 = Z, .

2- R=F X ZszorF, [Tl]/(le) , which is a contradiction .

3- R=2Z,[Ty)/(T\*) X Zs,if 1= (T?) X Z3 , then R/1 =
Z,[T1/(T:?).

4- R = Z,[Ty, T5]/(Ty% To%) X Zs ,if I, = (Ty) X Z3 , then
R/I; = Zz[Tz]/(Tzz)-

If I,=(Ty)xZs , then R/I, = Z,[T,]/(Ty?) , if Iz=

(T, + T,) X Z3, then R /15 = Z,[Ty]/(Ty?) .

5- R=Z,[Ty, Tl /(T2 % = TyTy) X Zg,if 1y = (Ty) X Z3,
then R/I; = Z,[T,1/(T,?), if I, = (T,) X Z3, then R/I, =
Z,[T)/(T,%),

If Iy = (Ty + T,) X Z3, then R/I3 = Z,[T1]/(T,?) .

6- R = Z,[Ty, Tl /(T 3 Ty To, T,2) X Z3 , if 1y = (Ty) X Z3,
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thenR/I; = Z,[T,]/(T,%), if
then R/I, = Z,[T,]/(T5%).

7- R = Z,[Ty, Ty, T5]/(Ty, T, T3)? X Z5 , if I = (Ty,T,) X
Zs, then R/1; = Z,[T5]/(T5°)

I, = (T, +T,) X Zs,

If I, =(Ty,Ts) X Zs, thenR/I, = Z,[T5]/(T5?) , if Iz =
(T, T3) X Zs, thenR/Iy = Z,[T,1/(Ty?) , if I, =
(Ty, Ty + T3) X Z3, thenR/I, = Z,[T5]/(T5%) , if Iy =
(To, Ty + T3) X Z3, thenR/Is = Z,[T5]/(T5%) , if I =
(T3, Ty + Ty) X Z3, thenR/Ig = Z3[T,]/(T,%) , if I, =

(Ty + Ty, Ty Ts) X Zs, then R/1, = Z,[T]/(T,?)

8- R =Z,[T)/(T\%) X Zs ,if I, = (2) X Z3, then R/, =
ZIT1/(1%)

if I,=(T))XZs, thenR/I, =27, ,if I;=2+T,)XZs,

thenR/I; = Z,.

9- R=Z,[T,]/(T\* +2) X Z3 , if 1= (2) X Zs, thenR/I =
Z,[T11/(T:?).

10-R = Z,[Ty]/(T* + 1) X Z3 , if 1= (2) X Z, then R/ =
Z,[T11/(T:?).

11-R = Z,[Ty]/(T,* + 3) X Z3 , if 1 = (2) X Z3, then R/ =
Z,[T11/(T:?).

12-R = Z,[Ty]/(T* + Ty + 1) X Z3 , if 1 = (2) X Zs,
thenR/1 = Z, [Tl]/(le) that is a contradiction .

13- R = Z,[T1]/(T,>,2Ty) X Z3 , if I = (Ty) X Zs,
thenR/I, = Z, ,

If I, = (2+Ty) X Zs, thenR/I, = Zy, Iy = (2,Ty) X Zs,

thenR/I; = Z,.

14-R = Z,[T11/(T,® — 2,2Ty) X Z5 ,if 1 = (TE) X Zs,
thenR/l = Z, [Tl]/(Tl2 - 2,2T1) that is a contradiction .

15-R = Z,[Ty, T51/(Ty, To% Ty Ty, 2T, 2T,) X Z3 , if I =
(2,Ty) X Z3, then R/, = Z,[T,]/(T,%) ,if I
(2,Ty) X Z3, then R /I, = Z,[T,1/(T,?) ,if I
(Ty, Ty) X Zs, then R/I; = Z, ,if I, = (2,Ty + T,) X Zs,
then R/1, = Z,[T,1/(T1?), if Is = (T, 2 + T,) X
ZsthenR/Is = Z, ,if I = (T, 2 + T,) X Z3, then R/l =
Zy, if I, = (24T,2+T,) XZs, thenR/I, = Z, .

16-R = Z,[Ty, T51/(Ty% — 2, T2, Ty Ty, 2Ty, 2T, ) X Z3 , if I =
(Ty) X Zs, then R/I, = Z,[T,]/(T,% 2T;) that is a
contradiction ,if I, = (T; + T,) X Z3 ,thenR/I, =
Z, [TZ]/(TZZ, ZTZ) that is a contradiction , if I3 =
(2,Ty) X Zs, then R /I = Z,[T{]/(T,?) .

17- R = Z,[Ty, 1 /(Ty2, T2, Ty Ty — 2,2T4, 2T,) X Zs , if I; =
(Ty) X Z3, then R/I; = Z,[T,]/(T,% 2T,) that is a
contradiction , if I, = (T,) X Z5,thenR/I, =
Z4T,1/ (TIZ, 2T1) that is a contradiction if I; =
(Ty + Ty) X Zs, then R/I3 = Z,[T,]/(T,%, 2T;) thatis a
contradiction .

18-R = Z,[Ty, To]/(Ty? — 2,TF — 2, T4 Ty, 2Ty, 2T,) X Z , if
I, = (Ty) X Z3, then R/I, = Z,[T,]/(T,* — 2,2T;,) that is
a contradiction , if I, = (T,) X Z;, thenR/l =
Z,[T,1/(T* — 2,2T;) that is a contradiction , if I3 =

IR
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(Ty + Ty) X Zs, then R/ I3 = Z,[T,]/ (T, — 2,2T,) .

19- R = Zg[Ty1/(2T,, T\*) x Z3 , if L=Q)xZy
then R/I, = Z,[T,1/(T?)if I, = (Q2+T,)XZs , then
R/I, = Zg that is a contradiction , if I3 = (4,T)) XZ; ,
thenR/I; = Z, .

20-R = Zg[Ty1/(2T,, T\ + 4) x Z5 , if
then R/, = Z,[T,]/(T,*)

L =Q2)x2Z;

if I, =(T;)XZ;,thenR/I, = Zg that is a contradiction , if

I3 = (2+T,) X Z3 ,then R /I3 = Zg that is a contradiction .pg
Theorem 2.3:

Let R be a non local ring satisfied | T';(R) | = 12 with
|I| = 6. Then R corresponding the following rings in Table 2.

Table 2- | T} (R) | = 12 where |I| =6

Ring Ideal Figure
Zy X ZogX Zgor Zy X Z, x (0) Ky,
Z3 [T1]/(T12) X Z3 X Z3
Zy X Zyg Z; x(9) K,
Z, x Z5[T,)/(T,*) Z, X (T,%) | Kiz
Zy X Z3 [T1'T2]/(T12'T1T2'T22) Zy X K,
(Ty)orZ, x
(T,)orZ, x
(T, +
T,)orZ, X
(2T +T,)
Zy X Z9[T1]/(3T1’T12) Zy X K,
(3)orZ, x
(T)orZ, x
G+
Ty)orZ, X
(3+2T))
Zy X Zg[T1]/(3T1'T12 - 3) Zy; % (3) K,
Zy X Z9[T1]/(3T11T12 - 6) Zy X (3) K1,
Zy X ZyX Zy X Zsg (0) x (0) Kee
X Zy X Zs
Zy X ZyXZsy or (2) x Fig 1
Zz[T1]/(T12) X Zy X Z3 (0) x
Zzor(T;) X
(0) X Z3

Proof:

Since | [;(R) | = 12 and |I| = 6, then |V(T(R/))| =2,
by [2] R/l = Zy, Z3[T,]/(T?) or Z, X Z, and so,
Sub case(a) If R/l = Z, or Z3[T;]/(T;) , then |R/I| =9 so
IRl = [1].IR/1]
|R| = 54. Therefor R = Ry X R, X ..X R, ,n=23o0r4.
Ifn=4,then R=Z,XZ3XZ3XZ;
Ifl=Z,%xZ3; Xx0x0,then R/l =Z3XZ3 % Zy or
Z3[T,]1/(T,?) thatis a contradiction .
Ifn =3, then R = Z, X Zg X Z3 or Zy X Z3[T1]/(T1*) X Zs,
Since |I| =6.
If I, =Z,%x(0)XZz,then R/I; =Zy =
Zy or Z3[Ty]1/(Ty?),if I, = Z, x (3) X (0) , then R/I, =
0 X Z3 X Z3 % Zy or Z3[T;]/(T,?), that s a contradiction .
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IfI; = Z, X (T;) X (0),then R/I; = Z; X Z5 thatis a
contradiction .
Ifn=2,then R =R, XR,,s.t|Ry] =p3and |R;| =2
.since |R,| = 27 = p™, then there are 6 rings satisfied this
condition . Ry, = Fy7,Z,7,
Z3 [Tl]/(T13) 'Z3 [TlﬁTZ]/(le'TlTZ 1T22) )
Zo[T11/(3Ty, T1?) , Zo[T11/(3Ty , Ty * = 3)
Or Zo[Ty)/(3T,, T,* — 6) .
I- R=Z,%XZy;,if 1=Z,%(9),then R/1 = Z,.
2- R =27, X Z3[Ty1/(T,°) ,if 1 = Z, X (T,?), then R/I =
Z3[T11/(T,%).
3- R =7, X Z[Ty, To]/(Ty2, Ty To, T %) L if 1y = Z, X (Ty),
then R/I, = Z3[T,1/(Tp?) , if I, = Z, X (T,), then
R/I, = Z3[Ty1/(Ty?) , if Is = Z, X (Ty + T,), then
R/1y = Z3[Ty1/(Ty?) , if I, = Z, X (2T + T), then
R/l = Z3[T1]/(T12)~
4- R =Z, X Zo[T1]/(3Ty, 1) I = Z, x (3), then
R/, = Z5[Ty1/(T4?%), if I, = Z, x (T,), then
R/I, =74 ,if I3=Z,x(3+T,), then R/I, =27, ,
if I, =7, x (3+2T,),then R/I, =Z, .
5- R =Z, X Zo[Ty]/(3Ty, Ty* = 3) ,if I = Z, X (3), then
R/I = Z5[T11/(Ty?) .
6- R =2Z,%xZ[T,]/(3T,, T,*
R/I = Z5[Ty]1/(T1?) .
7- R =Z, X F,;,which is a contradiction .
Sub case(b) If R/1 = Z, X Z, ,then |R/I| = 4, so
IRl = [1].|R/1]
|R| = 6.4 = 24. ThereforR = Ry X R, X ..X R, ,n=23or
4.
Ifn=4,then R=7,XZ, X Z, X Z3
If1=(0)x(0)XZ, X Zs,then R/l =7, X Z,
Ifn=3,then R=R; XR, XR;, > R=7Z,X7Z,XZ; or
Zz[Tl]/(T12) X Zy X Z3
Ifl; = (0) X Z, X Z3 ,then R/I; = Z, thatisa
contradiction .
If I, = (2) x (0) X Z3 , then R/I, = Z, X Z,, thus [;(R) =
Fig 1.
If I = (Ty) % (0) X Z3 € Z,[T1]/(T,?) X Z, X Z3 , then
R/1=Z, X Z,, thus[;(R) =fig 1.
Ifn=2,then R =R, XR,,st|R;| =p3and |R,| =3
.since |R;| = 8 = p', then there are 6 rings satisfied this
condition .

R, =Zg,F,7, [T1]/(T13) ,» 2 [T1:T2]/(T12’T1T2:T22) )
Z4[T,1/ (2T, T %) , Z4[T1)/ (2T, Ty = 2) X Zs .
- R=ZgXZs,ifl =(4) XZs, thenR/1 =
contradiction .

2- R = Fg X Z3 , that is a contradiction .

3- R=Z,[T]/(T\%) x Z3 ,if I = (T?) X Z3, then R/1 =
Z,[T11/ (le) , that is a contradiction .

4- R =Z,[Ty, Tl /(T2 T To, %) X Zs
if I, = (Ty) X Z3, then R/I, = Z,[T,]/(T,”) , thatis a

—6),if I =Z, % (3), then

Z, ,thatisa
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contradiction . if I, = (T,) X Z3, then
R/, =Z, [Tl]/(le) , , that is a contradiction .
if I3 = (T, + T;) X Z3, then R/13 = Z,[T,]/(T,?) , that is
a contradiction .

5- R=Z,T]/(2Ty, Ty?) X Z3 , if I; = (2) X Z3, then
R/I, = Z,[T,]/(T,?) , that is a contradiction .
if I, = (T,) X Z3,thenR/I, = Z, , ,thatis a
contradiction . if I =2+
T,) X Z3,then R/I; = Z, , that is a contradiction .

6- R=Z,[T1/(2T, T * —2) X Z4

IfI = (2) X Z3, then R/I = Z,[T,]/(T,?) , thatis a

contradiction . gg

Fig 1. T';(R), where I = (2) x (0) X Z3,(T;) x (0) X
Zsor Z, x (0) X (0) and R = Z, X Z X Z3, Z,[T1]/(T1?) x
ZyXZzorZ, X F, XF,.
Theorem 2.4:
Let R be a non-local ring satisfied | [;(R) | = 12 with
|I| = 2. Then R corresponding the following rings in Table 3.

Table 3. | T (R) | = 12 where |I| = 2

Ring Ideal Figure
Zy X Zs X ZLs Z, X (0) x (0) Fig2
Zy X Zy X Zy X Zy Z, x (0)x(0)x(0) | Fig3
Z,XF, XF, Z, x (0) x (0) Fig 1
Zy X ZygorZy, X Z, % (0) K1,
Z,[1,)/(T1?)
Proof:

Since | [;(R) | = 12 and |I| = 2, then |V(T(R/I))| = 6,
by [14] R/1 = Zyg or Z,[Ty]/(Th?) . Z, X Z; X Z; , Z3 X Zs
F, X F, , and so
Sub case(a) When R /I = Z; X Zg, then |R| = 30 . Therefor
R=RyXRyX ..XR,,n=20r3.

Ifn=3,then R=7,XZ3 X Zs, if 1=Z,x(0)x(0),
then R/1 = Z; X Zg, thus T'}(R) = figure 2.

Ifn=2,then R =7, X Z5

If 1=2Z,x0,then R/I = Z,< that is a contradiction.

Sub case(b) [FR/1 = Z, x Z, X Z,, If|R/I|=8 , |I|=2
,then |[R| = 16.Therefor R = R; X R, X .. X R,, ,n=23o0r4

Ifn=4,then R=7,X7Z,XZ, X Z,

If I1=2,%(0)x(0)x(0),then R/I = Z, X Z, X Z,, thus
I';(R) = figure 3.

Ifn=3,then R =Z, X Z, X Zy or R =Z, x Z,[T1]/(T}?) x
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Zy

If 1=2,%(0) X (0),then R/I = (0) X Z, X Z, or
Z,[T1]/(T,?) that is contradiction .

Ifn=2,then R=R; XR,,st|R,| =p3and |R;| =2
.since |R,| = 8 = p*, then there are 6 rings R, = Zg , Fg ,
ZZ[Tl]/(Tls) ] ZZ[TllTZ]/(le'TlTZITZZ) 4

Z,[T11/ (2T, Ty%) , Z4[T11/(2Ty, T,* — 2) X Z5 but they are
all contradiction .

Sub case(¢c) IfFR/I1=F, xF,, If|R/l|=16 , |l|=2,
then |R| = 32 . Therefor R=R  XRy;X..XR,,
n=234o0r5.

Ifn=5,then R=7,XZ,XZ,XZy XZ,

If 1=2,x%(0)x(0)x(0)x(0), thenR/I =

Zy X Zy X Zy X Z, that is a contradiction .

Ifn=4,then R=27,XZ, X Z, X Z,0r

Zy X Zy X Zy X Z,[Ty]/(T1?)

If 1=2,%(0)x(0)x(0),thenR/l =Z,XZ,XZ,or
Zy X Zy X Zy[Ty]/ (le) that is a contradiction.
Ifn=3,thenR =7, X Z, X Zgor Z, X A; X A, , when
Ay Ay =2y, Z,[Ty)/(T%) or Fy .

R=Z7Z,xZy XA, where A =Zg, Fy, Z,[T,]/(T,°),

Z,[T1, T/ (Ti* T T2, T2*) , Za[Th)/(2T0, T2*) or

Z,[T,)/ (2T, Ty* = 2) X Zs5 .

If 1=2,%(0)x(0),thenR/I = (0)XZ,XZg, Fg,

ZZ [Tl]/(TIS) ] ZZ [Tl'TZ]/(leﬁTlTZ'TZZ) 4

Z, [T,/ (2T, T1?) , Z4[T1]/(2Ty, Ty — 2) X Z5 thatis a
contradiction .

R =7, x Ay X Ay when Ay, Ay = Z, , Z,[T,]/(Ty?) ,if1 =
Z, X (0) X (0), then R/I = (0) X A; X A, thatis
contradiction .

R=Z7Z,xXF, XF,,ifl=2Z,x%(0) % (0),then R/l =

F, X F,, thus TI(R ) = figure 1.

Sub case(d) If R/1 = Z,q or Z,[T,]/(T,?), IfIR/1| =

49 , |I| = 2 ,then |R| =98 . Therefor R = R; X R, X ... X
R,,n=2o0r3.

Ifn=3,then R=Z,%xZ, xZ, ,If 1=2,x(0) x(0),
then R/1 = Z, X Z, that is a contradiction .

Ifn=2,then R =Z, X ZygorZ, X Z;[T1]/(T1?)

If 1=2,%(0), thenR/l = Zyoor Z,[T1]1/(T,*)m

Fig 2. T';(R), where [ = Z, X (0) x (0), Z, X Z, x (0) X
(0),Z, x (0) x (0), (2) X Z, x (0 )or (Ty) X Z; x (0) and
R=17Z,XZ3 X Zs,Z4 X Zy X Z3,Z,[T11/(T1?) X Z, X Z5 or



Al-Rafidain Journal of Computer Sciences and Mathematics (RICM), Vol. 18, No. 2, 2024 (121-135)

Zy X Zy X Zy X Z3. Z,[Ty, 1/ (T3, Ty Ty, Ty) X Z, (THxZ, | Kiz
W, [Ty, To1/ (T3 T Ty, T)7) X 2, (T) x Z, | Figd
- —_— ».. _" T o ZZ[TliTZ]/(T13!T1T2iT22) ><ZZ (T2+T12) F1g4
- — < 2
NN e — Zy[Ty, T2, T3]/ (T1, T2, T3)* X Z, (Ty) x K,
N8 Sty Z,or(T,) X
o e Z,0r(T3) X
N Z, or(T; +
o AN T3) %
° Zyor(Ty +
T;) X
Fig 3. T, (R), where I = Z, X (0) x (0) x (0) and R = Zsz)r _—
Zy X Zy X ZyXZy TZ)XZZ
Theorem 2.5: oi(T +2
Let R be a non local ring satisfied | [';(R) | = 12 with |I]| = T +1T ) x
4. Then R corresponding the following rings in Table 4. ZZ 8
2
2 2T)) X Z K
Table 4. |T;(R) | = 12 where |I] = 4 Z4[T11/(T:*) % Z, (T X Z; | Ky
Ring Ideal Figur Z4[T1]/(T12 + 2) X Z, (2T,) x Z, | Fig4
(S 2 -
Zy X Zy X ZyXZs Z, X Z, Fig 2 Z T/ (T2 + 1) x Z, E(ZZ+ 2T,) | Fig4
X (0 2
X EO% Z4[T1]/(T12 +3) X Z, (ZZ+ 2Ty) K1z
- X 4y
Zy X Zy X Zs or Z,[Ty]/(T4%) X Z, x Zy % (0) x | Fig2 - 2
Zs (0)or(2) x Z4[T1]/(T1 ) 2T1) X Zy (T{) x Z, K1,
fé)x Z,[T,)/(T%,2T)) x Z, (2) xZ, | Fig4
or -
(T x Z,[T,)/(T3,2Ty) x Z, (2+T?) |Fig4
Z, x (0) X Z, :
Zy X Zg (0) X (2) | Kag Zy[T1]/(T° = 2,2Ty) X Z, (2)xZ, |Fig4
Zs X Zy [Tl]/(T13) 0)x(Ty) | Kug Zy[T, Tz]/(T12, T,%, TyT5, 2T}, ZTz) (2) x Ki»
2 2 X Zy Zyor(Ty) X
Z3 X Z5[Ty, o)/ (117, Ti T2, T2 ) (0) Kug Z,0r(T,) X
X (T, T;) Zyor(2+
Z3 X Z, [T;1]/ 2Ty, Ty?) (0) Kug T,) X
X (2,T) Zyor(2 +
Z3 X Z, [T1]/ 2Ty, Ty = 2) (0) x(T1) | Kug T,) X Z,
Zy X 2, X Zy Z,xZ, |Fig4 ;YST;( +
2
3 x(0) : Zyor(2 +
Zy X Zy X Z,[T4]/(T1%) Zz(x)z2 Fig 4 T +T,) x
X (0
Z
2 2 2
ZZ X Z2 X ZZ [TlﬂTZ]/(Tl ’ T1T21T2 ) iZ(E)ZZ K12 Z4[T1,T2]/(T12 _ 2, TZZiTlTZﬁ 2T1, ZTZ) (2) X ZZ K12
X Z
Zy X Zy X Z, [Ty]/(2Ty, T4 2 Z, X7 K 2 :
2% 2y X 24 [T/ (21, ) XZ(O) 2 12 Z4[Ty, T21/(Ty% = 2, T2, Ty T, 2Ty, 2T,) | (To) x Z, | Fig4
; Z
Zy X Zy X Z, [T1]/ 2Ty, Ty — 2) Z,XZ, |Figs X Z, .
co T oA x (0) Zo[T0 To1/ (T — 2, T2, T\T,, 2T, 2T,) | (2+T,) | Fig4
Z,[1/(T1") x 2, (T$) x Z, | Fig4 o X2, ) ?2)2 -
Z4|Ty, T T,°,T5,T,T, — 2,2T,, 2T. X
Zz [Tl, TZ]/(TIZ, Tzz) X Zz (TlTZ) K12 4[ 1 2] 1 2>< le 2 1 2 2 12
X Z, 5 5
- — l (2)xZ K
Z[Ty, Tz]/(T12. T,” — T1T2) X Z, (T1T2) K1, i‘*ng’ TZ]/(Tl 2,T7 —2,TiTp, 2Ty, 2T} (2) X Z, 12
X Z, 2
Zg[T,1/ (2T, Ty%) X Z, 4)xZ, | Ky

127
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Zg[T11/(2Ty, T1?) % Z, (T,) x Z, | Fig4

(4+T,) |Fig4
X Z,

Zg[Ty1/(2Ty, Ty?) X Z,

Zg[T,1/ (2T, Ty + 4) X Z, 4) x 7, Ky,

Zg X Z 0)XZ Fig4
8 4 4 g

Z,[T,1/(1%) x Z, (0)x Z, |Fig4

Z,[Ty, To)/(Ty 2, Ty Ty, T, %) X Z, (0) x Z, K,

Z, 1]/ T, T,*) X Z, (0) x Z, K,

Z4 [T/ QT Ty = 2) X Z, (0)xz, |Fig4

Zy X Z x Fy[T1]/(T1?) Zy X Z, K,

X (0)

Z, X Z, Ky,
x (0)

Zy X Zy X Zy[T] /(T2 + Ty + 1)

Zy X F4[T1]/(T12) Zy % (0) K,

Z, % (0) K,

Zy X Zy[Ty /(T2 + Ty + 1)

Proof:

Since | T;(R) | = 12and |I| = 4, then |V(I'(R/D))| = 3,
by [2] R/1=Z, X Z3, Zg or Z,[T1]/(T,°),
Z4[T1]/(2T1’T12 - 2) , Zy[Ty, Tz]/(T12'T1T2'T22) or
E, [Tl]/(T12) 5 Z4[T1]/(2T1' T12) or Z4[T1]/(T12 +T+ 1)-
and so
Sub case(a) When R/l = Z, X Z; , then |R| = 24.Therefor
R=R{XR, X ..XR, n=230r4.

Ifn=4,thenR =27, XZ, X Z, X Z;

If I=Z,%xZ,x(0)x(0),then R/l = Z, X Z3, thus

[';(R) = figure 2 .

Ifn =3, then R = Z, X Z, X Z3 or Z,[T1)/(T1?) X Z, X Z3

IfI, =Z, x(0)x(0),thenR/I; =Z, X Zs,thus[}(R) =

figure 2, if I, = (2) X Z, x (0), then R/I, = Z, X Z3, thus

[;(R) = figure 2,if I3 = (Ty) X Z, X (0), thenR/I; =

Zy X Zs, thus T'j(R) = figure 2 .

Ifn=2,then R=R;XR, > R=AXZ;,whenA=Fg,

Zg . Z[T/(T1) . Z5[T0, T/ (1" Ta T, T%)

Z,[T11/(2Ty, Ty%) or Z,[Ty]/(2Ty, T, % — 2)

1- R =Z; X Fg thatis a contradiction .

2- R=Z3%XZg,ifl=(0)X (2),thenR/I = Z, X Z53,
thus I';(R) = K, .

3- R=7Z3xZ,[Ty]/(Ty?),if1 = (0) X (Ty), then R/I =
Z3 X Zy ,thusTj(R) = K, .

4- R =73 X Z,[Ty, T,1/ (T, TyT,, T,%) , if I = (0) X
(T;,T; ), thenR/I = Z3 X Z, thusI'j(R) = K,z .

5- R=17Z3;xZ,[T,]/T, T,%) ,if 1 = (0) x (2,T,),
then R/l = Z3 X Z,,thus[[(R) = K, .

6- R=1Z7Z3%xZ,[T,]/2T, T, —2),if1 = (0) x (Ty),
thenR/1 = Z3 X Z,, thus I';}(R) = K, g.
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Sub case(b) If R/1 = Zg or Z,[T,1/(T1>) , Z4[T1]/(2Ty, T,?)
,then |R/I| =8so , |R| = |1|.|R/I|

|R| = 32. Therefor R = Ry X R; X .. X R, ,n=230r5.
Ifn=5,then R=7Z,XZ, XZy, X Zy X Z,

Ifl=Z,xZ,x(0) X% (0)x(0),then R/1 =2Z, XZ, X Z,
that is a contradiction .

Ifn=4,then R =Z, X Zy X Z X Zy or Z,[T1]/(Ty?) X
Zy X Zy X Zy

Ifl;, =(0) X Z, X Z, X (0),then R/I; = Z, X Z, thatisa
contradiction .

If I, =(2)%xZ, x(0)x(0),thenR/I, =Z, X0 X Z, X
Z, that is a contradiction , if I; = Z, X (0) X (0) x (0), then
R/I; = Z, X Z, X Z,that is a contradiction .

If n = 3, then
1- R=B;XBy,XZ,, where B,B, =Z, or
Z,[T1/(T1°)-

IfI, = B, x (0) X (0), then R/1, = B, X Z, thatis a
contradiction , if I, = (0) X (2) X Z, , R/1, = B; X Z, thatis
a contradiction , if I; = (0) X (T;) X Z, ,R/13 = B; X Z,,
that is a contradiction , if I, = (2) x (2) x (0), then R/1, =
Z, X Z, that is a contradiction , if Is = (T;) X (T;) % (0),
then R /15 = Z, X Z, that is a contradiction .

2- R=Z,XZ,xAwhere A=Zg,Fy,Z,[T,]/(T%),

Zy [T1»T2]/(T12:T1T2rT22) ) Z4[T1]/(2T1:T12) or
Z,4[T11/ (2T1, T,% — 2), there are 6 rings satisfied this
condition .

1- R=17Z,XZ,XFg thatisacontradiction .

2- R=7Z,X7ZyXZg,ifly =7, xZ, % (0),then R/I; =
Zg , thus ['}(R) = figure 4 ,if I, = Z, X (0) X (4), then
R/I, = Z, X Z, thatis a contradiction , if I; =
Z, x (0) X (Ty?), then R/I; = Z, X Z, thatisa
contradiction

3- R=7,xZy x Zo[T1]/(T,°) , if Iy = Z, x Z, X (0),
then R/I; = Z,[T1]/(T,>), thus T;(R) = figure 4, if
I = Z, X (0) X (T,%), then R/I, = Z, x Z,[T1]/(T,*)
that is a contradiction .

4- R =7y X Zy X Zy[Ty, Ty /(T2 Ty Ty, To2) L if I =
Zy X Zy X (0), then R/Iy = Z,[Ty, T,]/(Ty% T T2, To%)
if I, = (0) X Z, X (Ty), then R/I, = Z, X
Z,[T,1/(T,?) , that is a contradiction , if I5 =
(0) X Zy X (Ty), then R/I3 = Z, X Z,[T;]/(T,?) , that
is a contradiction , if I, = (0) X Z, X (T, + T,), then
R/, =7, X Z, [TZ]/(TZZ) , that is a contradiction .

5- R=7Z,XZyXZ,[T1]/2Ty, Ty?) ,if I, = Z, X Z, X
(0), then R/I, = Z, [T,]/(2T,, T,%) , if I, =
(0) X Z, X (2), then R/I, = Z, X Z,[T,]/(Ty?), that is
a contradiction , if I3 = (0) X Z, X (T;), then R/I; =
Z, X Z, , that is a contradiction , if [, = (0) X Z, X (2 +
T,),then R/I, = Z, X Z, , that is a contradiction .

6- R=7Z,XZyxZ[T1]/(2Ty, T,? = 2) ,if I, =
Z, X Zy X (0), then R/I; = Z, [T1]/(2T,, T,* — 2),
thus I';(R) = figure 4, if I, = (0) X Z, X (2), then
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R/I, =7, X Z, [Tl]/(le) that is a contradiction .
If n =2, then
(@ R=R; XR,,st|Ry|=p™ and |R,| = 2 since |R,| =
16 = pt, then there are 21 rings satisfied this condition ,
where Ry = Fig , Z16 5 Zo[T1)/(T1*) ,
Z,[T, L1/ (1% T2*) , Z[Th, Tl /(T2 T2 = ThTy)
Z,[Ty, T,/ (T2 T Ty, To?) |, Zo[Th, To, T3]/ (Ty, To, T3)? X
Zs, Z4[T1]/(T12) X Z3, Z4[T1]/(T12 + 2) )
Z,[T)/(Ty* +1) , Z,[T1]/(T:* +3) ,
Zy[T11/ (T2 + Ty + 1), Z4[Ty]/(T:°, 2T)
Z,[T)/(T° = 2,2Ty)
4T, To1/(Ty%, T,%, Ti Ty, 2Ty, 2T5)
[
[
[

N
oy

Z,[Ty, To)/ (T, — 2,TF, Ty Ty, 2T}, 2T,)
Z4[Ty, T,1/ (T2, T2, To T, — 2,2Ty, 2T5)
Z,[Ty, To1/ (T — 2,TF — 2, Ty Ty, 2Ty, 2T,)
Zg[T11/(2T1, Ty%) . Zg[T1]/ (2T, Ty* + 4).

l- R=ZygXZ,,if 1=(4)x (0),thenR/1 =27, xZ,,
which is a contradiction .

2- R =FygxZyor F[T,]/(T,*) X Z, , whichis a
contradiction .

3- R=Z,[N/(Ty*)xZ,,if 1= (T$) X Z, , then R/ =
Z,[T11/(T,?), thus T (R) = figure 4 .

4- R =Z,[Ty, To]/(T\2, To?) X Zy , if 1 = (TyT,) X Z, , then
R/l =2Z, [Tl'Tz]/(T12'T22: T1T2) .

5- R=Z,[Ty, Tl/(T 3 T2 = TuTy) X Z, , if | =
(TyTy) X Z, , then R/I = Z,[Ty, T,1/ (T, %, T2, Ty T,)

6- R =Z,[Ty, Tl /(T T To, T,2) X Zy ,if Iy = (T X Z,,
then R/I, = Z,[Ty, To1/ (T, To% TiT,), if I, = (Ty) X
Z,, then R/I, = Z,[Ty]/(T,?), thus T;(R) = figure 4, if
I, = (T, + T2) X Z, , then R/1, = Z,[T,]/(T;?), thus
[';(R) = figure 4 .

7- R = Z5[Ty, Ty, T3]/ (T1, T2, T3)? X Zaif 1y = (Ty) X Zy,
then R/ = Z,[Ty, T,1/(Ty, T2)?

If I, = (T,) X Z, then R/I, = Z,[Ty, T3]/ (Ty, T5)? , if I3 =

(T3) X Zy, then R/I; = Z,[Ty, T,/ (Ty, T,)? ,if I, =

(Ty + T,) X Zy, then R/I, = Z,[T;, T5]/(Ty, T3)?, if Is =

(Ty + T5) X Z,, then R/Is = Z,[Ty, T,1/(Ty, T2)? , if Ig =

(T, + T3) X Z,, then R/Ig = Z,[Ty, T,1/(Ty, T,)? , if I, =

(Ty + T, + T3) X Zy, then R /1, = Z,[T,, T5]/(T5, T5)? .

8- R =Z,[T)/(T\?) X Zy ,if I, = (2Ty) X Z,, then R/, =
Z,[T1/ (T, 2Ty) .

9- R =ZT,/(T? +2) X Z,, if 1= (2Ty) X Z,,
then R/1 = Z,[T,]/(2Ty, T,* + 2), thus [;(R) = figure 4

10- R = Z,[T1]/(T,% + 1) X Z, ,if 1= (2 + 2Ty) X Z,,
then R/1 = Z,[T,]/(Ty?), thus T';(R) = figure 4 .

11- R = Z,[Ty)/(T* +3) X Zy ,if 1= (2 + 2Ty) X Zs,
then R/1 = Z,[Ty1/(T,%).

12- R=2Z, [Tl]/(Tl2 +T,+ 1) X Z, which is a contradiction
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13-

R = Z,[T,/(T,3%,2T)) X Z, ,if I = (2) X Z,,
then R/1; = Z,[T,]/(T,*), thus T;(R) = figure 4,

If I, = (T?) X Zy, then R/1, = Z,[T,]/(2T,, T,?) , Is =
(2 4+ T?) X Z,, then R /I3 = Z,[T,1/(2Ty, T,* — 2), thus
[';(R) = figure 4 .

14-

15-

17-

18-

20-

(b)

R = Z,[T /(T3 = 2,2Ty) X Z, , if 1 = (2) X Z,,
then R/1 = Z,[Ty]/(T,?), thus T';(R) = figure 4 .
R = Z,[Ty, T, /(T\%, To?, TyTy, 2Ty, 2T,) X Z, , if I
(2) X Zy, then R/1; = Z,[T1]/(T\2, T2 ThTy) L if I
(T) X Zy, then R/I, = Z,[T5]/ (2T, To?) , if I =
(Ty) X Zy, then R/I5 = Z,[T4]/(2Ty, T,?) , if 1, =
(2 +Ty) X Zy, then R/1, = Z,[T,]/(2T,, To?), if Is =
(2 + Ty) X Zythen R/Is = Z,[T1]/(2Ty, Ty?) , if 1o =
(Ty + Ty) X Zy, then R/Ig = Z,[T,]/(2T,, T%), if I, =
(2+ T, 4+ Ty) X Zy, then R/1; = Z,[T,]/ (2T, T,?) .

R = Z,[Ty, T,1/(Ty? — 2, T2, Ty Ty, 2Ty, 2T,) X Z , if

I = (2) X Zy, then R/1y = Z,[Ty]/(Ty% T,% Ty Ty) , if
I = (T,) X Z,, then R/I, = Z,[T,]/ (T, — 2,2T;), thus
TI(R) = figure 4,if I3 = (2+T,) X Z,,thenR/I; =
Z,[T,]/(Ty* — 2,2T,), thus T} (R) = figure 4 .

R = Z,[Ty, T,1/(Ti?, T2, Ty T, — 2,2Ty, 2T,) X Z, , if

I = (2) X Z,, then R/ 1y = Z,[T11/(T1% To2, Ty Ty).

R = Z,[Ty, T,)/(T? — 2, T — 2,TyTy, 2Ty, 2T,) X Z, , if
I = (2) X Z,, then R/ 1y = Z,[T1]/(T1 %, T,% ThT,) .

R = Zg[Ty)/ (2T, T\%) X Z, ,if I = (4) X Z, ,

then R/I, = Z,[T,1/(2Ty, Ty?), if I, = (Ty) X Z, , then
R/I, = Zg, thus [;(R) = figure 4, if I3 = (4 + Ty) X Z,
,then R/I; = Zg, thus I';(R) = figure 4 .

R = Zg[Ty1/ (2T, T\* + 4) X Z, ,if I = (4) X Z,,
then R/I, = Z,[T,1/(2Ty, ;%) .

R =R, XR,,st|R| =P" and |R,| = 4 since |R,| =
8 = P!, then there are 6 rings satisfied this condition .
R=ZgxZ,,ifl; = (0) X Z,, thenR/I; = Zg, thus
TI(R) = figure 4, if I, = (2) X (0), then R/I, =

Z, X Z, , that is contradiction , if I; = (4) X (2),
thenR/I; = Z, X Z, that is contradiction .

R=FyxZ, ,ifl=(0)xZ, thenR/I = Fg thatis
contradiction .

R =Z,[T/(T\%) x Z, ,if I, = (0) X Z, , then R/I, =
Z,[T,]/(T4?), thusT; (R) = figure 4, if I, = (Ty) x (0),
thenR/I, = Z, X Z, , that is contradiction , if I; =
(Ty?) X (2), then R/I; = Z, X Z, that is contradiction .
R = Z,[Ty, T,1/(T1%, Ty Ty, Ty*) X Zy ,if I = (0) X Z, ,
then R/I; = Z,[Ty, T,1/(Ti2, TiTy, T,2) ,if I, =
(T,,T,) X (0), thenR/I, = Z, X Z, that is
contradiction , if I; = (Ty) X (2), thenR/I; =

Z, [Tz]/(Tzz) X Z, , that is contradiction , if I, =

(T) X (2), then R/I, = Z,[T,]/(T,?) X Z, , that is
contradiction if Iy = (T; + T,) X (2), thenR/I5 =
Z,|T,1/ (TZZ) X Z, that is contradiction .

noIR



Al-Rafidain Journal of Computer Sciences and Mathematics (RICM), Vol. 18, No. 2, 2024 (121-135)

5- R=1Z7,[T,]/QT, Ty*) x Z, ,if I, = (0) X Z,,
then R/, = Z, [T1]/ 2Ty, T,%), ifl, = (2,T;) x (0),
then R/I, = Z, X Z, thatis contradiction , if I; =
(Ty) X (2),then R/I; = Z, X Z, that is contradiction , if
I, = (2) x (2), thenR/I, = Z,[T1]/(T,*) X Z, thatis
contradiction , if I = (2 + T;) X (2), thenR/I5 =
Z, X Z, that is contradiction .

6- R=Z,[T,]/Q2T,, T,> — 2) x Z, ,if I; = (0) X Z,,
thenR/I; = Z, [T1]/(2Ty, T, — 2), thus T';(R) = figure
4,ifI, = (T;) X (0), thenR/I, = Z, X Z, that is
contradiction , , if I; = (2) X (2), thenR/I; =
Z,[T11/ (le) X Z, that is contradiction .

Sub case(c)
If R/1=F,[T1]/(T?) or Z[T,)/ (T2 + Ty + 1)
then |R/1| = 16, so |R| = [I|.|R/]|

|R| = 64. Therefor R = Ry X R, X ..X R, ,n=2,3450r6

Ifn=6,then R=7,XZ,XZ, XZy XZy X Zy,

If1 =2, xZ,x(0) % (0)x(0)x(0),then R/l = Z, X Z,
that is contradiction .

Ifn=5,thenR =27, XZ, X Z, X Zy X Z, or

Zy X Zy X Zy X Zy X Zo[T1]/(Ty2).

If1 =27, xZ, % (0)x(0) % (0),then R/I
Z,[Ty]/ (le) that is contradiction.
Ifn=4,then R=7,XZ,XZ, XA, ,where A=Zg,Fg,

ZZ [Tl]/(Tls) s ZZ [T1; TZ]/(lel TlTZJ TZZ) 4

Z,|T11/(2Ty, Ty %) or Z,[Ty]1/ (2T, T, — 2).

If1 =27, xZ, X (0) X (0),then R/l = Z, X A thatisa

contradiction .

Ifn=3,then R=Z,XZ, XZjgorR=7,XZ, X Zg .

IfR=Z,XZ, XA, when A = Zy¢ , Fig , Z,[T1]/(T1*)

Z[Ty, T/ (T2 1) L Z,[ Ty, To) /(T2 % T* = T4 Ty)

Z,[T1, To) /(T3 Ta T2, To?) |, Zo[Th, To, T3/ (T, T2, T3)?
Z4[T1]/(T12) > F4[T1]/(T12) ) Z4[T1]/(T12 + 2) )

Z T/ (T2 + 1), Zu [T/ (T + 3) L Zu [T/ (T2 + T + 1),
Z,[T,1/ (T3, 2Th) , Z[T1)/(Ty° — 2,2Ty)
Zu[T1)/(T1%, To2 TiTy, 211, 2T,)

Z4 [T1; TZ]/(T12 - 2' T22, TlTZ' 2T1, ZTZ) B

Z,|Ty, T.)/ (T2, T2, Ty T, — 2,2T, 2T, ,

Z,|Ty, To)/(Ty* — 2,TF — 2,1 Ty, 214, 2T,) , Zg[Ty1/ (2T, Ty )

, Zg[T11/(2T, T, + 4) .

IfI, = Z, X Z, x (0) , then R/I; = F,[Ty]/(T\?),1f I, =

Z, X Zy % (0) , then R/, = Z,[T,]/ (T2 + Ty + 1)

Otherwise it is a contradiction .

Ifn=2,then R=Z,XZigorR =7, X Z3, 0orR = 73X Zg .

IfR=Z,xA,when A = Zy,, Fie, Z,[T11/(T1*),

Z,[T1, T,/ (T2 T2%) L 2, Ty, T2l /(Ti2, T — ThTs)

Z,[T1, To) /(T3 Ta T2, To?) , Zo[Th, T, T3/ (T1, T2, T3)?

Z4[T1]/(T12) ) Z4[T1]/(T12 + 2) ) Z4[T1]/(T12 + 1) )

ZT /(T2 +3), Zy[T]/(T? + Ty + 1), Z,[Ty)/(T43, 2Ty) ,

Zy[T:1/ (T = 2,2Ty) , Zy[T1] /(T2 %, To%, TiTo, 274, 2T,)

Z,[Ty, T,/ (T\% = 2,T3, Ty T3, 2T, 2T,)

R

Zy X Zy X Z0r
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Z,[Ty, T,1/(T\2, T2, Th T, — 2,2Ty, 2T5)

Z4[Ty, 1/ (Ty* — 2, T — 2, Ty Ty, 2T}, 2T;) ,

Zg[Ty1/ (2T, %) , Zg[T1]/(2Ty, Ty + 4) .

Ifl; = Z, x (0), then R/, = Z,[T,]/(Ty%) ,IfI, =

Z, % (0),then R/I, = Z,[T,]/(Ty* + T, + 1), Otherwise it
is a contradiction . gg

B
ol o
Fig4.T;(R), where [ = Z, X Z, X (0),--and R =
Z2 X Zz X Z8' 0t
Theorem 2.6:

Let R be a non local ring satisfied | [;(R) | = 12 with
|I| = 3. Then R corresponding the following rings in Table 5.

Table 5. | T;(R) | = 12 where |I| = 3

Ring Ideal Figure

Zs X Zy X F, Z5; X (0) X (0) Fig 5
Zy X Zy X Zs (0) x (0) x Z3 Kes

Zy X ZgorZsX (0) x (3) or Ks s
Z3 [T1]/(T12) (0) x (Ty)

Zy X Zys or Zz X Z5 % (0) K1,
Zs[T,1/(T4?)

Proof:

Since | I;(R)| = 12 and |I| = 3, then |V(T'(R/1))| = 4,
by [21R/1=Z, XF, , Z3 X Z3, Zys or Zs[Ty]/(T;?), and
SO

Sub case(a) When R/1 = Z, X F,, then |R| = 24 . Therefor
R=R{XR,X..XR,,n=230r4.

Wetaken = 4,then R =7, X Z, X Z, X Z;

The only ideal of order 3 is (0) % (0) X (0) X Z3,s0 R/l =
Z, X Z, X Z, thatis a contradiction.

Second when n = 3,then R = Z3 X Z, X A, where A = Z,
2y [T1]/(T12) or Fy

So that the ideal I, [I| = 3 is I = Z5 x (0) X (0), that is
leads R/1 = Z, x A ,where A = Z,,Z,[T;]/(T,?) or F,. If
we take A = F, then R/1 = Z, X F,, thus [',(R) = figure 5.
Ifn=2,thenR = Z3; X Awhere A = Zg , Fg

2T/ (T:%) » Z,( T, T2l /(T2 T T T27)

Z,[T11/(2Ty, Ty%) or Z,[Ty]/(2Ty, T, % = 2) .
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If we take ideal I in R of order 3, then I = Z; X (0).

So R/I = A that is a contradiction.

Sub case(b) when R/I = Z; X Z5, then |R| = 27 . Therefor
R=R{XR, X ..XR,,n=2o0r3.

Ifn = 3,then R = Z3 X Z3 X Z3, and an ideal I, satisfieying
|I] = 3 must be isomorphic with (0) X (0) X Z5. Hence R/I =
Zg X Z3, thus FI(R) = K6,6

Ifn=2,then R = R; XR,, where R; = Z; and R, = Z, or
Zs [Tl]/(le). The ideals I of order 3 have a form [ = (0) X ]
where | = (3) orJ = (Ty) the only ideals I = (0) X ] satisfied
R/I = Z3 X Z3,thusT[(R) = K¢

Sub case(c) If R/1 = Z,< or Z5[T;1/(T?) , then |R| = 75 and
wehave RC R; X R, X Rzor RS Ry X R,

IfR =Ry XRy X Ry, thenR = Zc X Zg X Z5 thatis lead a
contradiction fact R/I = Z,¢ or Z3[T;]/ (le).

So that R = R; X R,, where Ry = Z3, Ry = Z,5 or
Zs[T11/(T.%).

If I ideal in R such that |I| = 3 ,then [ = Z5 X (0).

So R/1 = Zys or Zs[T11/(T)?) - m

Fig 5.T;(R), where | = Z3 X (0) X (0) and R =
Z3 X ZyXFy.

1. Ring with | V([;(R))| = 13:
In this section we give all possible ring with
| V(T (R))| = 13 .First we give this observing.
observing 3.1:

We consider when a non-trivial I';(R) is the graph on 13
vertices since | V(I;(R)| = |[V(T(R /1) |.|I]and |I| = 2
we get: -

I-|I]| =13and |V (T (R/I)| =1.
Theorem 3.2:

Let R be a non-local ring satisfied | [;(R)| = 13 with
|I] = 13. Then R corresponding the following rings in Table
6.

Table 6. | T;(R) | = 13 where |I| = 13

Z,[T11/(T1%) (0) X Zy3 K3

X Z13

Proof:

Since |T;(R) | = 13 and |I| = 13, then |V(T'(R/I))| =
1,by [12], R/1 = Z, or Z,[T,]/(T1*) and so |R/I| = 4

Since |R| = |I[|R /1| , which implies |R| = 13 X 4 =52
We note that R direct product of R
SoR=R;XR; X..XR, ,wheren =2 or3

Ifn=3 N then R EZZ XZZ XZl3, if = (0) X (0) XZl3,
then R/1 = Z, X Z,, that is a contradiction .

If n=2 , then R =Ry XR, where R; =
Z,or Z,[Ty]/(Ty?) and R, = Zy5

If 1= (0)xZ3,then R/l = Z, .

2. Ring with | V(T;(R))| = 14:

In this section we give all possible ring with
| V(T'1(R))| = 14 First we give this observing.

observing 4.1:

We consider when a non-trivial I';(R) is the graph on 14
vertices since | V(I;(R)| = |[V(T(R /1) |.|I|and || = 2
we get three possibilities :-

1I- |I| =14and |V (T (R/1)| = 1.
2- |I| =7and |V T (R/I)| =2
3- |1l =2and|V('(R/I)| =7.
Theorem 4.2:

Let R be a non-local ring satisfied | I;(R) | = 14 with
[I] = 14. Then R corresponding the following rings in Table
7.
Table 7. | Ty(R) | = 14 where |I| = 14

Ring Ideal Figure
Zy X Ly X7, Z; X Z, X(0) K4
Z7 X Zy X Z,[T11/(T1) Z7 X Z, X (0) Ky
Z7 X Zg Z7 X (4) Ky
Zy X Z,[T1]/(T1%) Z; X (T1%) Kig
Z7 Z7 X K14
X Zy[Ty, To1/(T1%, Ty Ty, To%) (T,)orZ, X
(Ty)or

Z; X (T1 +T,)

Z; X Z4 [T1]/ (2T, Ty Z7 X (2)orZ; X K14
(Ty)or

Z; X (2+T)

Z; X Z, [T}]/(2Ty, T,* — 2) Z7 X (2) K

Ring Ideal Figure

Z4_XZI3 (O)XZ13 K13

Proof :

Since | [;(R) | = 14 and |I| = 14, then |[V(T'(R/D))| =
1, by [12], R/l = Z, or Z,[T;]/(T1?), F, we note that if
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R/1 = F, we have a contradiction for all case and so |R/]|
4

Since |R| = |I||R /1| , which implies |R| = 14 X 4 =56
We note that R direct product of local ring R;, where 2 < i
4

SoIf R=R;{ XR, XR3 X Ry, thenR =Z, X Z, X Z, X Z,
Therefore [ =7, %xZ, X% (0)x(0) , and we get R/I
Z, X Z, that is a contradiction.

Addition if R = Z, X Z, X Z4 or Z,[T;]/(Ty*), then I =

Z, X Zy % (0), then we have R/1 = Z, or Z,[T;]/(T;%) .
Similarly If R = Z; X A, whenever A = Fg , Zg ,
Zo[Ti/(T2%) . Zo[T0, T,)/ (T2 T To, T2°)

Z,[T,)/ (2T, %) or Z,[T1)/ (2T, T, % = 2) .

Clearly if A = Fg we have a contradiction. Otherwise all rings

satisfied all conditions corresponding , |I| = 14 are Z; X Zg,
1 =27,%(4)

IR

1- R =7, X Fg thatis a contradiction .

2- R=Z,%XZg,ifl=7Z,%x(4),thenR/1 = Z,

3- R=7Z,xZ,[T/(T%) ,if 1 =Z, x (T,%) , then R/1 =
Z,[T1)/(T1?)

4- R =Z; X Z,[Ty, T,1/ (T2, i T, T,%) L if Iy = Z; X (Ty)
,then R/1; = Z,[T,1/(T2%), ifl, =Z, x (T,) , then
R/, = Z,[Ty/(Ty?) , if I3 =Z; x (Ty +T,) , then
R/I; = ZZ[TI]/(TIZ)-

5- R=17Z,XxZ,[T,]/QT,T%) ,ifI, = Z; x (2) , then
R/I = Zz[T1]/(T12) > ifl, =27, x(Ty),
thenR/I, = Z, ,ifl; =Z, x(2+T,),thenR/I; =
Zy .

6- R=7Z,XZ,[T1]/(QT,,Ty>=2) ,if I = Z, X (2) , then

R/1 = Z,[T]/(T\?) . m
Theorem 4.3:

Let R be a non-local ring satisfied | [;(R) | = 14 with
|I| = 7. Then R corresponding the following rings in Table 8.

Table 8. | T;(R) | = 14 where |I| = 7

Ring Ideal Figure
Z; X ZgorZ; X Z; % (0) K4
7311/ (T,%)
Z; X Zy X Zy Z; % (0) x (0) K, ;

Proof :

Since | T;(R) | = 14 and |I| = 7, then |V(T'(R/D))| = 2,
by [2]1 R/1 = Zy , Z3[T,]/(T1%) or Z, X Z,.
Sub case(a) If R/1 = Z, or Z3[T;]/(T1?) , then |R/I| =9

132

Since |R| = |I||R/1|, which implies |R| =7 X9 =63 we
note that R direct product of ring
SoR=R;XR,X..XR,,wheren=2o0r3.
If R=R;XR,XR; then R=Z,X7Z3XZ3
contradiction

If R=Ry XR, then Ry, =Z, , R, = Zy or Z3[T1]/(T\?) ,
and we have I =2Z,Xx(0) , therefore R/1=Zy, or
Z3[T,1/(Ty*).

Sub case(b) IfR/I = Z, X Z, ,then |R/I| = 4,

Since |R| = |I||R /1|, which implies |R| =7 X 4 = 28 we
note that R direct product of ring

that is a

SoR=R;XRy; X..XR, ,wheren=2or3.
Ifn=3,thenR=27Z,XZ, X Z,

If I =Z,%(0)x(0),then R/l = Z, X Z,.
Ifn=2,thenR = Z, x Z, or Z,[T,]/(T,?),

If 1=2,%x(0),then R/l = Z, or Z,[T,]/(T,?) that is a
contradiction. gy

Theorem 4.4:

Let R be a non local ring satisfied | [;(R)| = 14 with
|I| = 2. Then R corresponding the following rings in Table 9.

Table 9. |T;(R) | = 14 where |I| = 2

Ring Idea | Figur
1 e
Z16 X Zo0tZy[Ty]/(Ty*) % Z, (0) | Fig6
X Z,
Z,[Ty, 51/ (T, To°) X Z, (0) | Fig7
X Z,
Z,[Ty, T,/ (T2, To? — TiT,) X Z, (0) | Fig8
X Z,
Z,[Ty, o1 /(T3 Th Ty, To) X Z, (0) | Fig9
X Z,
Zy[Ty, T5, T3]/ (Ty, T, T3)? X Z, (0) Ky
X Z,
Z4[T1]/(T12) X Z, (0) Fig
X Z, | 10
Z T/ (T +2) x Z, (0) | Fig6
X Z,
Z,[T,1/(T%,2Ty) x Z, (0) | Fig9
X Zy
Z[T,)/(T® = 2,2T)) X Z, (0) | Fig6
X Z,
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Z4-[T1P TZ]/(lel TZZI TlTZJ 2T1; 2T2) X ZZ (0) K14
X Z,
Z,|Ty, T,)/(Ty* — 2,TF, Ty Ty, 2T}, 2T,) (0) Fig
X Z, xZ, |11
Z,[Ty, To1/(T\ 2, T2, TyT, — 2,2Ty, 2T5) (0) | Fig
X Z, xZ, | 10
Z,[Ty, T,)/(Ty — 2,T} — 2,T,T,, 2T, 2T;) | (0) | Fig
X Z, xZ, | 12
Zg[T11/ (2T, Ti?) X Z, (0) | Fig9
X Z,
Zg[Ty]/ (2T, T, + 4) X Z, (0) |Fig 8
X Zy

Proof:

Since |I;(R) | = 14 and |I| = 2, then |V(I'(R/D))| = 7,
by [13] R/l =Zys, Zo[Ty)/(TH),  Z4[T1]/(TE +2),
ZT)/ (T2 + 2T +2) . ZT)/(Tf —2,2T¢,2T)
25Ty, To1/ (T, T1 T, T3) ; Zg[T1]/( 2Ty, T?D),
Zy [Tl]/(T13' 2T12' ZTI)’ Z, [Tl: Tz]/(T12 —2,T,Ty, Tzz' 2Ty, ZTZ),
Z,[Ty1/(T¢ + 2Ty) . Zg[T1]/ (2T, TE + 4),

Zo[Ty, To) / (T, TZ — ThTy),
Zy[T, To]/ (T, T3 = T Ty, Ty Ty — 2,2T4, 2T),
Z|Ty, Tl /(T2 T2, Th Ty — 2,214, 2T5) , Zo[Th, Tol/ (T2, ),

Zy[Ty]/(T7) ) Zz[TpTz'Ts]/(Tp T,, Ts)?
Z,4[Ty, Tz]/(T1 , Tz 1Ty, 2T, 2T,)  Fg [T1]/(T12) or Z4[T1]/
(T2 +T,+1) andso |R/I| = 16

Since |R| = |I||R /1| , which implies |R| =
We note that R direct product of local rings.
SoR=R;XR,X..XR,,wheren=2,340r5.
Ifn=5,thenR=7,X7Z,XZy, X Zy X Z,
If 1 =27Z,%x(0)x(0)x(0)x(0) |,

Z, X Z, X Zy X Z, that is a contradiction .
Ifn=4,then R = Z, X Z, X Zy X Zy or Z,[T11/(T1?)

If I1=2Z,%(0)x(0)x(0), then R/l = Z,XZ,XZ, ,
that is a contradiction .
If n=3, then R=Z,XZ, XA , when A=F; , Zg ,
Zo[T11/(T2%) Zo[ Ty, To) /(T T T2, T2 )
Z,[T,)/ (2T, %) or Z,[T,)/ (2T, T, % = 2) .
- R=Z,XZ,XFg
2- R=7Z,%X7Z,XZg , if 1 =Z, x (0) %X (0), then R/l =
Z, X Zg that is a contradiction .

3- R=Z,XZ,xZ,[T,]/(T,%) , if 1=2,x(0)%(0),
thenR/1 = Z, X Z, [Tl]/(Tlg) , that is a contradiction.
R =27, X Zy X Zy[Ty, T,/ (T2, Ty T,, T, %) , if 1=
Z, % (0) x (0), then R/l = Z, X
Z,[Ty, T,/ (T, %, Ty T,, T,?) that is a contradiction .

2 x16 =32

then R/l =

that is a contradiction .

4-
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5- R=17Z,XZyXZ,[T,]/(2Ty, T,?) ,if I, =
Z, X (0) X (0) , then R/I; = Z, X Z, [T1]/(2Ty, T1%)
that is a contradiction .

6- R=7Z,XZ,x7Z,[T1]/Q2T, T, =2) , if 1I=
Z, x (0) x (0), then R/l =7, X
Z, [T1]1/(2T,, T, — 2) that is a contradiction .
Ifn=2,thenR =7, X ZijgorZ, X Zg .

(@) R{XR, , st |Ry|=p™ and |R,| =2 since |R,| =

16 = pt
there are 21 rings satisfied this condition , where Ry = Fy¢ ,
Zyy s Zz[Tll/(T;*) . LT T)/(TAT?)
Z,ITu T/ (T2 T2 = ThTy)  Zo[Ty, Tl /(TP TiTe, T2%)
Zy[Ty, Tp, T3]/ (Ty, T2, T3)? X Z3 ) Z4[Ty] /(T12) X Zs,
Z /(T2 +2) , ZT)/ (T + 1), Zy[T]/ (T2 +3)
Z T/ (T2 + Ty + 1) , Z4[Ty] /(T1 ,2T;) ,

al
[
[
[
[

, then

Z T/ (T = 2,2Ty) , Zy[Ty, To1/(Ty%, To%, Ty Ty, 2Ty, 2T5)
Z4[Ty, 1/ (T — 2, T2, Ty Ty, 2T}, 2T,) ,
Z,[Ty, To)/(T\, T2, TyT, — 2,2Ty, 2T5) ,
Z4[Ty, T1/(Ty* — 2, T2 — 2, Ty Ty, 2Ty, 2T;) ,
Zg[Ty1/ (2T, %) , Zg[Ty1/ (2T, Ty + 4).

1- R=Z(XZ,,if 1=(0)xZ,,thenR/1 = Z,, , thus
I''(R) =Figo.

2- R=F¢xZ, or F[T/(T\*)xZ, , which is a
contradiction .

3- R=Z,[N]/(Ty*)xZ, ,if 1=(0)XZ, , then R/I =
Z,[T,]1/(Ty*), thus T;(R) =Fig6.

4- R =Z,[Ty, T)/(T% T,%) X Z, , if 1=(0) X Z, , then
R/I = Z,[Ty, T,]/(Ty%, T2%), thus T, (R) = Fig 7.

5- R=Z,[T,Tl/(T\° T, —TT,) x Z, , if I =
(0)XZ, , thenR/I=Z,[T,T,]/(T*,T,° — TyT,),
thus I';(R) = Fig 8.

6- R =Z,[Ty, To]/ (T, TiTy, To%) X Zy ,if 1= (0) X Z, ,
then R/I = Z,[Ty, T5]/(T,3, Ty T, T,%), thus T (R) =
Fig9.

T- R =Z,[Ty, Ty, T3]/ (Ty, Ty, T3)? X Zy,if [ = (0) X Z, ,
then R/I = Z,[Ty, Ty, T5]/(Ty, T2, T5)? .

8- R =Z,[T1/(Th?) X Z, ,if I = (0) X Z,, then R/, =
Z4[T,1/(T4?), thusT,(R) = figure 10 .

9- R =Z,[T/(Ty* +2) X Z, ,if 1=(0) x Z,,
then R/1 = Z,[T,]/(T,* + 2), thus T;(R) = figure 6.

10- R = Z,[T1]/(T,* + 1) X Z, , if 1= (0) X Z,,
then R/1 = Z,[T,]/(Ty* + 1) that is a contradiction. .

11- R = Z,[T1]/(T,* +3) X Z, , if 1= (0) X Z,,

then R/1 = Z,[T,]/(T,* + 3) that is a contradiction.
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12- R = Z,[T1]/(T? + Ty + 1) X Z, , if 1= (0) x Z,,

then R/1 = Z,[T,]/(Ty2 + Ty + 1) that is a S==A

contradiction. e v ”
13- R = Z,[T11/(T,%,2Ty) X Z, , if 1 = (0) X Zs, o — "

then R/I = Z,[T,]1/(T,*,2T;), thus T, (R) = figure 9 . = i
14- R = Z,[T1]/(T,® = 2,2Ty) X Z, , if 1 = (0) X Z,, @ ° =

hen R/1 = Z,[T,1/(T,% — 2,2T,), thus T',(R) = fi
then R/1 = Z,[T1]/(Ty” — 2,2T), thus T (R) = figure 6 Fig 6. T, (R), where I = (0) X Z, and R = Zy¢ X Z,,

Z,[T11/(T1*) x 2y, Z,[T,1/ (T, + 2) x Z,0r

15- R = Z,[Ty, T,1/(T1%, T,% Ty Ty, 2Ty, 2T, ) X Z, , if I =
4[ 1 2]/( 1 2 142 1 2) 2 Z4[T1]/(T13 _ 2,2T1) XZZ

(0) X Z, ,then R/I =
Z4[Ty, To1/(T2%, To%, T T, 2T1, 2T5) - e
16- R = Z,[Ty, T,/ (T4 > = 2, T, Ty T, 2Ty, 2T,) X Z, , if o )
I =(0)XZ,,thenR/I = *— P : S
Z,Ty, T,1/(Ty? — 2, T2, Ty Ty, 2T}, 2T;), thus T (R) = P’
figure 11 . . e
17- R = Z,[Ty, To1/(Ty%, T2, TyTy — 2,2Ty,2T,) X Z, , if °
I =(0)xZ,,thenR/I =

24Ty, Tyl /(T2 T2, Ty T, — 2,2T,, 2T, ), thus Ty (R) = Fig 7.T;(R), where I = (0) X Z; and R =

Z,[T0, T)/(Th*, T2*) X Z,.

figure 10 .
[ -]
18- R = Z,[Ty, To]/(Ty? — 2,T# — 2, Ty Ty, 2Ty, 2T, ) X Z, , if e
I =(0)%XZ,,thenR/I = z o
Z4[Ty, 1/ (T,* = 2, T — 2, Ty Ty, 2Ty, 2T ), thus » ——— 7
o \
I';(R) = figure 12. S o o
19- R = Zg[T,)/(2Ty, Ty?) X Z, ,if 1= (0) X Z, , ° @
then R/I = Zg[T,1/ (2T, T,%), thus T';(R) = Fig 9.
en R/1= Zol 1]/(2 1 T2%), thus T (R) = Fig Fig 8. T, (R), where I = (0) X Z, and R =
20- R = Zg[T1]/(2Ty, T\ + 4) X Z, ,if 1 = (0) X Z3, Z,[T0 T,/ (T2, Ty? — TyTy) X Z, or
then R/I = Zg[T,]1/(2Ty, T,* + 4), thus T, (R) = Fig 8. Zo[T11/ 2Ty T2 + 4) X Z,.
(b) R=R, XR,,st|R|=p" and |R,| = 4 since |R,| = e °
8 = pt, then
there are 6 rings satisfied this condition . . =1 0
1- ZgxZ,,ifI=(0)x (2), thenR/I = Zg X Z, that is a S~
contradiction . o— ‘°
2- R=FgxZ, ,if I=(0)x(2), thenR/I = F3XZ, &
that is a contradiction . -
3- R=Z,[N]/(T\®) x Zy ,if 1=(0)%X(2), thenR/I = Fig 9. T;(R), where | = (0) X Z, and R =
Z,[T11/(T,*) x Z, that is a contradiction . Z,[Ty, To)/ (T3, Ty Ty, To%) X Z,,
4- R =Z,[Ty, T, /(T2 TiT,, T,2) x Z, , if 1= (0) % (2) Z,[T,1/(13,2T,) x Z, or Zg[T,1/ (2T, T,%) x
then R/I = Z,[T;,T,]/(Ty%, TyT,, T,?) X Z, that is a Z,
contradiction .
5- R=Z7,[T\]/QT,T\>)xZ, , if 1=(0)x(2),
then R/I = Z, [T1]/(2T,, T,%) X Z, that is a
contradiction .

6- R=7Z,[T]/QT,T,>*=2)xZ,, if I1=(0)x(2) ,
thenR/I = Z, [T,]1/ 2Ty, T,% —2) x Z, that is a
contradiction . g
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*
Fig 10. T, (R), where I = (0) X Z, and R =
Zy[11/(Ty*) X Z,.

[ ]
o
o—
—Q
. = A°
::}_5:.
°o ° -

Fig 11.T,(R), where I = (0) X Z, and R =
Z4[Ty, T51/(Ty? — 2, T2, Ty Ty, 2Ty, 2T,) X Z,

Fig 12.T,(R), where I = (0) X Z, and R =
Z4[Ty, Tl /(Ty? — 2, T — 2, Ty Ty, 2T4, 2T, X Z,.

II. Conclusion

In this work, we introduce the notion if |[V([;(R))| = 12,
then there are eight graphs (Fig(1) , Fig(2),  Fig(3), Fig(4),
Fig(5), K12, Kg 6, K4 g) realized a ring R with respect ideal I, if
|[V([;(R))| = 13, then there are one graphs (K;3) realized a
ring R with respect ideal I and if |V(I;(R))| = 14, then there
are nine graphs ( K4, K7, Fig (6), Fig(7), Fig(8), Fig(9),
Fig(10), Fig(11), Fig(12)) realized a ring R with respect ideal I.
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