
Al-Rafidain Journal of Computer Sciences and Mathematics (RJCM), Vol. 18, No. 2, 2024 (121-135) 
 

121  

 

 
 

Commutative Rings with Ideal Based Zero Divisor Graph of Orders 12,13 
and 14 

Shukur, Raad Saad1, * and Husam Q. Mohammad2 

 
1,2Department of Mathematics College of Computer Science and Mathematics University of Mosul, Mosul, Iraq 

Emails: raad.23csp29@student.uomosul.edu.iq, husamqm@uomosul.edu.iq  
  Article information  Abstract  

 
Article history: 
Received:4/7/2024 
Accepted:3/8/2024 
Available online:15/12/2024 

 
 A recent year, several studies have emerged on the graphs for commutative rings. 

Researchers have investigated ideal based zero-divisor graphs linked to commutative 
rings, delving into the characteristics of these graphs. Although significant progress has 
been made for rings with degrees up to 11, the exploration of this classification for 
degrees 12, 13, and 14 is still a subject of on-going study. In this work, we study the other 
type of graph of commutative ring called the ideal based zero divisor graph denoted by 
ГI(R ). J. Smith investigated the ideal based zero divisor graph of vertices less than or 
equal 7. In this work, also we used ГI(R )orders 12,13 and 14 to find all possible rings 
with respect to ideal I. To represent ГI(R ), utilize the characteristic 
| 𝑉𝑉(ГI(R ))| = | 𝐼𝐼 | ∙ |𝑉𝑉(Г( 𝑅𝑅 / 𝐼𝐼 ) |.
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I. Introduction  
In this paper, we consider  𝑅𝑅  as a commutative ring 

with a unit element 1. In 2003, Redmond [1] defined a new 
kind of graph on  𝑅𝑅 known as the ideal-based zero divisor 
graph, denoted by Γ𝐼𝐼(𝑅𝑅), whose vertices in  𝑅𝑅 − 𝐼𝐼 and two 
vertices  𝑟𝑟1 ≠  𝑟𝑟2 are adjacent if  𝑟𝑟1 𝑟𝑟2 ∈  𝐼𝐼, this graph 
denoted by Γ𝐼𝐼(𝑅𝑅). This kind of graph generalizes the zero 
divisor graph defined in 1999 by Anderson and 
Livingston[2], whose vertices in  𝑍𝑍(𝑅𝑅)∗  =  𝑍𝑍(𝑅𝑅) − { 0} and 
two vertices  𝑟𝑟1 ≠  𝑟𝑟2 are adjacent if and only if  𝑟𝑟1 𝑟𝑟2  =  0, 
this graph denoted by  Γ(𝑅𝑅). This field has been studied by 
numerous authors for instance, refer to sources 
[3],[4],[5],[6]. We denote to |𝑆𝑆| the cardinality of a set  𝑆𝑆 
and 𝐹𝐹𝑆𝑆 to a field of order 𝑆𝑆, where 𝑆𝑆 is a power of prime 
number 𝑝𝑝,  a field with degree 𝑆𝑆 is represented by 𝐹𝐹𝑆𝑆 . An 
ideal 𝐼𝐼 in a ring 𝑅𝑅 is called a maximal ideal if 𝐼𝐼 ≠ 𝑅𝑅 and for 

any ideal 𝐴𝐴 of 𝑅𝑅 such that 𝐼𝐼 ⊂ 𝐴𝐴 ⊆ 𝑅𝑅, then 𝐴𝐴 = 𝑅𝑅 . 
 A ring 𝑅𝑅 is called local ring if has unique maximal ideal.  
We denote 𝑅𝑅[𝑇𝑇] as a polynomial ring over coefficient 𝑇𝑇, 
which can be defined as {∑ 𝑎𝑎𝑖𝑖𝑇𝑇𝑖𝑖:𝑎𝑎𝑖𝑖 ∈ 𝑅𝑅∞

𝑖𝑖=0 }, and 𝑅𝑅/𝐼𝐼 is 
denoted by a quotient ring or (factor ring) for more details 
see [7],[8]. The ring 𝑅𝑅 is a direct product of the rings 𝑅𝑅𝑖𝑖 for 
𝑖𝑖 = 1,2, … , 𝑛𝑛 if 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 = {(𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛) ∶
 𝑟𝑟𝑖𝑖 ∈ 𝑅𝑅𝑖𝑖} see [9]. 
Redmond proved the following relationship: |𝑉𝑉(Γ𝐼𝐼(𝑅𝑅)| =
 |𝐼𝐼| ⋅  |𝑉𝑉(Γ(𝑅𝑅/𝐼𝐼))|. Using this mathematical expression, 
researchers in [10] were able to find all rings corresponding 
to the ideal  𝐼𝐼 with the number of vertices  𝑛𝑛, where  1 ≤
 𝑛𝑛 ≤  7  or 𝑛𝑛 is a prime number. Additionally, researchers in 
[11] identified these rings when  𝑛𝑛 =  8, 9, or 10. 
In this study, we identify non-local rings corresponding to 
the ideal  𝐼𝐼 with the number of vertices 12, 13, or  14 . 
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Ring with | 𝑽𝑽(Г𝑰𝑰(𝑹𝑹 ))|  = 𝟏𝟏𝟏𝟏 : 
In this section we give all possible ring with | 𝑉𝑉(ГI(R ))|  =

12 .First we give this observing. 
 
Observing 2.1: 

We consider when a non-trivial ГI(R )is the graph on 12 
vertices since |𝑉𝑉(ГI(R ))| = |𝑉𝑉(Г( 𝑅𝑅 / 𝐼𝐼 ) | ∙ | 𝐼𝐼 | 𝑎𝑎𝑎𝑎𝑎𝑎| 𝐼𝐼 | ≥  2 
we get five possibilities :- 
1- | 𝐼𝐼 |  = 12 𝑎𝑎𝑎𝑎𝑎𝑎 |𝑉𝑉 (Г ( 𝑅𝑅 /𝐼𝐼 )|  = 1. 
2- | 𝐼𝐼 |  = 6 and |V (Г ( R / I )|  = 2 . 
3- | 𝐼𝐼 |  = 2 and |V (Г ( R /I )|  = 6 . 
4- | 𝐼𝐼 |  = 4 and |V (Г ( R / I )|  = 3 . 
5- | 𝐼𝐼 |  = 3 𝑎𝑎𝑎𝑎𝑎𝑎 |𝑉𝑉 (Г ( 𝑅𝑅 /𝐼𝐼 )|  = 4 . 
Theorem 2.2: 

Let 𝑅𝑅 be a non local ring satisfied | ГI(R ) |  =  12 with 
|𝐼𝐼| = 12. Then 𝑅𝑅 corresponding the following rings in Table 1. 

 
Table 1. | ГI(R ) |  =  12 where |𝐼𝐼| = 12 

Ring Ideal Fig
ure 

𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3or 
𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1

2)⁄ × 𝑍𝑍2 ×
𝑍𝑍2 × 𝑍𝑍3 

 

(0) × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 
 

𝐾𝐾12 
 

𝑍𝑍4 × 𝑍𝑍4 × 𝑍𝑍3 or 
𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1

2)⁄ ×
𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1

2)⁄ × 𝑍𝑍3 or 
𝑍𝑍4 × 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1

2)⁄ × 𝑍𝑍3 

(0) × 𝑍𝑍4 × 𝑍𝑍3 or (0) ×
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍3 

 

𝐾𝐾12 
 

𝑍𝑍8 × 𝑍𝑍2 × 𝑍𝑍3 (4) × 𝑍𝑍2 × 𝑍𝑍3 𝐾𝐾12 
𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1

3)⁄ × 𝑍𝑍2 × 𝑍𝑍3 (𝑇𝑇12) × 𝑍𝑍2 × 𝑍𝑍3 𝐾𝐾12 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1

2,𝑇𝑇1𝑇𝑇2,𝑇𝑇2
2⁄

× 𝑍𝑍2 × 𝑍𝑍3 
(𝑇𝑇1) × 𝑍𝑍2 × 𝑍𝑍3 or (𝑇𝑇2) ×

𝑍𝑍2 × 𝑍𝑍3 or (𝑇𝑇1 +
𝑇𝑇2) × 𝑍𝑍2 × 𝑍𝑍3 

𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇1
2)⁄ × 𝑍𝑍2
× 𝑍𝑍3 

(2) × 𝑍𝑍2 × 𝑍𝑍3 or (𝑇𝑇1) ×
𝑍𝑍2 × 𝑍𝑍3 or (2 +
𝑇𝑇1) × 𝑍𝑍2 × 𝑍𝑍3 

𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇1
2 − 2)⁄
× 𝑍𝑍2
× 𝑍𝑍3 

(2) × 𝑍𝑍2 × 𝑍𝑍3 𝐾𝐾12 

𝑍𝑍16 × 𝑍𝑍3 (4) × 𝑍𝑍3 𝐾𝐾12 
𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1

4)⁄ × 𝑍𝑍3 (𝑇𝑇1
2) × 𝑍𝑍3 𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1
2,𝑇𝑇2

2)⁄
× 𝑍𝑍3 

(𝑇𝑇1) × 𝑍𝑍3 or (𝑇𝑇2) × 𝑍𝑍3 or 
(𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3 

𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1
2,𝑇𝑇2

2 − 𝑇𝑇1𝑇𝑇⁄
× 𝑍𝑍3 

(𝑇𝑇1) × 𝑍𝑍3 or (𝑇𝑇2) × 𝑍𝑍3 or 
(𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3 

𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1
3,𝑇𝑇1𝑇𝑇2,𝑇𝑇2

2⁄
× 𝑍𝑍3 

(𝑇𝑇1) × 𝑍𝑍3 or (𝑇𝑇1 + 𝑇𝑇2) ×
𝑍𝑍3 

𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)⁄
× 𝑍𝑍3 

(𝑇𝑇1,𝑇𝑇2) × 𝑍𝑍3 or (𝑇𝑇1,𝑇𝑇3) ×
𝑍𝑍3 or (𝑇𝑇2,𝑇𝑇3) × 𝑍𝑍3 

𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)⁄
× 𝑍𝑍3 

(𝑇𝑇1,𝑇𝑇2 + 𝑇𝑇3)or(𝑇𝑇2,𝑇𝑇1 +
𝑇𝑇3)or(𝑇𝑇3,𝑇𝑇1 + 𝑇𝑇2) 

𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)⁄
× 𝑍𝑍3 

(𝑇𝑇1 + 𝑇𝑇2,𝑇𝑇1+𝑇𝑇3) × 𝑍𝑍3 𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
2)⁄ × 𝑍𝑍3 (2) × 𝑍𝑍3or(𝑇𝑇1) ×

𝑍𝑍3or(2 + 𝑇𝑇1) × 𝑍𝑍3 
𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
2 + 2)⁄ × 𝑍𝑍3 (2) × 𝑍𝑍3 𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
2 + 1)⁄ × 𝑍𝑍3 (2) × 𝑍𝑍3 𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
2 + 3)⁄ × 𝑍𝑍3 (2) × 𝑍𝑍3or(1 + 𝑇𝑇1) ×

𝑍𝑍3or(1 + 3𝑇𝑇1) × 𝑍𝑍3 
𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
2 + 𝑇𝑇1 + 1)⁄

× 𝑍𝑍3 
(2) × 𝑍𝑍3 𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
3, 2𝑇𝑇1)⁄ × 𝑍𝑍3 (𝑇𝑇1) × 𝑍𝑍3or(2 + 𝑇𝑇1) ×

𝑍𝑍3or(2, 𝑇𝑇1) × 𝑍𝑍3 
𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1
2,𝑇𝑇2

2,𝑇𝑇1𝑇𝑇2⁄
× 𝑍𝑍3 

(2, 𝑇𝑇1) × 𝑍𝑍3or(2,𝑇𝑇2) ×
𝑍𝑍3or�𝑇𝑇1,𝑇𝑇2� ×

𝑍𝑍3or(2, 𝑇𝑇1 + 𝑇𝑇2) ×
𝑍𝑍3or(𝑇𝑇1, 2 + 𝑇𝑇2) ×
𝑍𝑍3or(𝑇𝑇2, 2 + 𝑇𝑇1) ×

𝑍𝑍3or(2 + 𝑇𝑇1, 2 + 𝑇𝑇2) × 𝑍𝑍3 

𝐾𝐾12 

(2, 𝑇𝑇1) × 𝑍𝑍3or(2,𝑇𝑇2) ×
𝑍𝑍3or�𝑇𝑇1,𝑇𝑇2� ×

𝑍𝑍3or(2, 𝑇𝑇1 + 𝑇𝑇2) ×
𝑍𝑍3or(𝑇𝑇1, 2 + 𝑇𝑇2) ×
𝑍𝑍3or(𝑇𝑇2, 2 + 𝑇𝑇1) ×

𝑍𝑍3or(2 + 𝑇𝑇1, 2 + 𝑇𝑇2) ×
𝑍𝑍3 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1
2 − 2, 𝑇𝑇2

2,𝑇𝑇1𝑇𝑇⁄
× 𝑍𝑍3 

𝐾𝐾12 

𝑍𝑍8[𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇1
2)⁄ × 𝑍𝑍3 (2) × 𝑍𝑍3or(4, 𝑇𝑇1) × 𝑍𝑍3 𝐾𝐾12 

𝑍𝑍8[𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇1
2 + 4)⁄
× 𝑍𝑍3 

(2) × 𝑍𝑍3 𝐾𝐾12 

 
Proof: 

Since | Γ𝐼𝐼(𝑅𝑅)| = 12 and |𝐼𝐼| = 12, then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | = 1, 
by [12],[13] , 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍4 or 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄ and so |𝑅𝑅 Ι⁄ | = 4 
Since |𝑅𝑅| =  |Ι|. |𝑅𝑅 Ι⁄ |, which implies that |𝑅𝑅| = 4.12 = 48. 
We note that 𝑅𝑅 direct product of local rings. 
So 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3 × … × 𝑅𝑅𝑛𝑛 , where 𝑅𝑅𝑖𝑖 local ring . 
Since |𝑅𝑅| = 48 , and 𝑅𝑅 non local ring , then 2 ≤ 𝑛𝑛 ≤ 5 . 
If 𝑛𝑛 = 5 , then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3 × 𝑅𝑅4 × 𝑅𝑅5 . which implies 
that 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 . Additionally |Ι| = 12 , then 
Ι = (0) × (0) × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 
𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2 ≇ 𝑍𝑍4or  𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  . which is a 
contradiction . 
If 𝑛𝑛 = 4 , then  
𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3 × 𝑅𝑅4 , and we have 𝑅𝑅 ≅ 𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍2 ×
𝑍𝑍3or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 or 𝐹𝐹4 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 
If Ι ≅ 0 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 ⊆ 𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 ,then      𝑅𝑅 Ι⁄  ≅
 𝑍𝑍4. Similarly if  Ι ⊆ 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄ × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3, then 
𝑅𝑅 Ι⁄  ≅  𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄ . 
If  Ι ⊆ 𝐹𝐹4 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3, then 𝑅𝑅 Ι⁄  ≅ 𝐹𝐹4 ,  which is a 
contradiction . 
If  Ι ≅ (2) × 𝑍𝑍2 × 0 × 𝑍𝑍3 , then 𝑅𝑅 Ι⁄ = 𝑍𝑍2 × 𝑍𝑍2,which is a 
contradiction . 
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Similarly when  Ι ≅ (𝑇𝑇1) × 𝑍𝑍2 × (0) × 𝑍𝑍3 , then 𝑅𝑅 Ι⁄ = 𝑍𝑍2 ×
𝑍𝑍2, which is a contradiction. 
If 𝑛𝑛 = 3 , then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3 , so that two sub-cases 
Sub case(a)  𝑅𝑅 ≅ 𝐴𝐴1 × 𝐴𝐴2 × 𝑍𝑍3 ,where   𝐴𝐴1,𝐴𝐴2 ≅ 𝑍𝑍4  or 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ , if Ι1 ≅ (0) × 𝐴𝐴2 × 𝑍𝑍3, then   𝑅𝑅 Ι⁄ ≅ 𝐴𝐴1 
If  Ι2 ≅ (2) × (2) × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2 × 𝑍𝑍2 , which is a 
contradiction . 
Sub case(b) 𝑅𝑅 ≅ 𝐴𝐴 × 𝑍𝑍2 × 𝑍𝑍3 , where   𝐴𝐴 ≅ 𝑍𝑍8 or 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ or 𝐹𝐹8 or 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  or 
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ . 
We note that . If 𝐴𝐴 ≅ 𝑍𝑍8 , then  𝑅𝑅 ≅ 𝐴𝐴 × 𝑍𝑍2 × 𝑍𝑍3  
 If 𝐼𝐼 ≅ (4) × 𝑍𝑍2 × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4              
𝑅𝑅 ≅ 𝐹𝐹8 × 𝑍𝑍2 × 𝑍𝑍3 , which is a contradiction . 
Similar rings if 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ × 𝑍𝑍2 × 𝑍𝑍3 ,  
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇12�⁄ × 𝑍𝑍2 × 𝑍𝑍3 ,  
then 𝐼𝐼 ≅ (𝑇𝑇12) × 𝑍𝑍2 × 𝑍𝑍3 , (𝑇𝑇1) × 𝑍𝑍2 × 𝑍𝑍3 or (𝑇𝑇2) × 𝑍𝑍2 × 𝑍𝑍3 or 
(𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍2 × 𝑍𝑍3, respectively , we get , 
 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄  or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ . 
If 𝐴𝐴 ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , then  𝑅𝑅 ≅ 𝐴𝐴 × 𝑍𝑍2 × 𝑍𝑍3 
If 𝐼𝐼 ≅ (2) × 𝑍𝑍2 × 𝑍𝑍3 , (𝑇𝑇1) × 𝑍𝑍2 × 𝑍𝑍3 , (2 + 𝑇𝑇1) × 𝑍𝑍2 × 𝑍𝑍3 , 
respectively , and we get 
𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , 𝑍𝑍4 , 𝑍𝑍4 . 
If 𝐴𝐴 ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ × 𝑍𝑍2 × 𝑍𝑍3 , then  𝑅𝑅 ≅
𝐴𝐴 × 𝑍𝑍2 × 𝑍𝑍3 
If 𝐼𝐼 ≅ (2) × 𝑍𝑍2 × 𝑍𝑍3 , then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  . 
If 𝑛𝑛 = 2 , then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 , s.t |𝑅𝑅1| = 𝑝𝑝𝑛𝑛and |𝑅𝑅2| = 3 since 
|𝑅𝑅1| = 16 = 𝑝𝑝𝑡𝑡, then 
there are 21 rings satisfied this condition , where 𝑅𝑅1 ≅ 𝐹𝐹16 , 𝑍𝑍16 
, 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  
, 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ . 
1-  𝑅𝑅 ≅ 𝑍𝑍16 × 𝑍𝑍3, if  Ι ≅ (4) × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4 . 
2-  𝑅𝑅 ≅ 𝐹𝐹16 × 𝑍𝑍3 or 𝐹𝐹4[𝑇𝑇1] �𝑇𝑇12�⁄  , which is a contradiction . 
3- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄ × 𝑍𝑍3, if  Ι = (𝑇𝑇12) × 𝑍𝑍3 , then 𝑅𝑅 Ι⁄ ≅

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ . 
4- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 = (𝑇𝑇1) × 𝑍𝑍3 , then 

𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄ . 
If  𝐼𝐼2 ≅ (𝑇𝑇2) × 𝑍𝑍3 , then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , if  𝐼𝐼3 ≅
(𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  . 
5- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄ × 𝑍𝑍3,if 𝐼𝐼1 ≅ (𝑇𝑇1) × 𝑍𝑍3, 

then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄ , if  𝐼𝐼2 ≅ (𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼2⁄ ≅
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ , 

If  𝐼𝐼3 ≅ (𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  .  
6- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅ (𝑇𝑇1) × 𝑍𝑍3, 

then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄ , if  𝐼𝐼2 ≅ (𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3, 
then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄ . 

7- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅ (𝑇𝑇1,𝑇𝑇2) ×
𝑍𝑍3, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇3] �𝑇𝑇32�⁄   

If  𝐼𝐼2 = (𝑇𝑇1,𝑇𝑇3) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄  , if  𝐼𝐼3 ≅
(𝑇𝑇2,𝑇𝑇3) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , if  𝐼𝐼4 ≅
(𝑇𝑇1,𝑇𝑇2 + 𝑇𝑇3) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼4⁄ ≅ 𝑍𝑍2[𝑇𝑇3] �𝑇𝑇32�⁄  , if  𝐼𝐼5 ≅
(𝑇𝑇2,𝑇𝑇1 + 𝑇𝑇3) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼5⁄ ≅ 𝑍𝑍2[𝑇𝑇3] �𝑇𝑇32�⁄  , if  𝐼𝐼6 ≅
(𝑇𝑇3,𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼6⁄ ≅ 𝑍𝑍3[𝑇𝑇2] �𝑇𝑇22�⁄  , if  𝐼𝐼7 ≅
(𝑇𝑇1 + 𝑇𝑇2,𝑇𝑇1+𝑇𝑇3) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼7⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  
8- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅ (2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼1⁄ ≅

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , 
if  𝐼𝐼2 ≅ (𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍4 , if  𝐼𝐼3 ≅ (2 + 𝑇𝑇1) × 𝑍𝑍3, 
then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍4. 
9- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄ × 𝑍𝑍3 , if  Ι ≅ (2) × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ . 
10- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄ × 𝑍𝑍3 , if  Ι ≅ (2) × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ . 
11- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄ × 𝑍𝑍3 , if  Ι ≅ (2) × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ . 
12- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄ × 𝑍𝑍3 , if  𝐼𝐼 ≅ (2) × 𝑍𝑍3, 

then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  that is a contradiction . 
13- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅ (𝑇𝑇1) × 𝑍𝑍3, 

then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍4 , 
If  𝐼𝐼2 ≅ (2 + 𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼2⁄ ≅  𝑍𝑍4, 𝐼𝐼3 ≅ (2,𝑇𝑇1) × 𝑍𝑍3, 
then 𝑅𝑅 𝐼𝐼3⁄ ≅  𝑍𝑍2. 
14- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄ × 𝑍𝑍3 , if  𝐼𝐼 ≅ (𝑇𝑇12) × 𝑍𝑍3, 

then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 − 2,2𝑇𝑇1�⁄  that is a contradiction . 
15- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅

(2,𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄  , if  𝐼𝐼2 ≅
(2,𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , if  𝐼𝐼3 ≅
(𝑇𝑇1,𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍4 , if  𝐼𝐼4 ≅ (2,𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3, 
then 𝑅𝑅 𝐼𝐼4⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ , if  𝐼𝐼5 ≅ (𝑇𝑇1, 2 + 𝑇𝑇2) ×
𝑍𝑍3,then 𝑅𝑅 𝐼𝐼5⁄ ≅ 𝑍𝑍4 , if  𝐼𝐼6 ≅ (𝑇𝑇2, 2 + 𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼6⁄ ≅
𝑍𝑍4 ,            if  𝐼𝐼7 ≅ (2 + 𝑇𝑇1, 2 + 𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼7⁄ ≅ 𝑍𝑍4 . 

16- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅
(𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍4[𝑇𝑇2] �𝑇𝑇22, 2𝑇𝑇2�⁄  that is a 
contradiction  , if  𝐼𝐼2 ≅ (𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3 , then 𝑅𝑅 𝐼𝐼2⁄ ≅
𝑍𝑍4[𝑇𝑇2] �𝑇𝑇22, 2𝑇𝑇2�⁄  that is a contradiction , if  𝐼𝐼3 ≅
(2,𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  . 

17-  𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅
(𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍4[𝑇𝑇2] �𝑇𝑇22, 2𝑇𝑇2�⁄  that is a 
contradiction , if  𝐼𝐼2 ≅ (𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼2⁄ ≅
𝑍𝑍4[𝑇𝑇2] �𝑇𝑇12, 2𝑇𝑇1�⁄  that is a contradiction if  𝐼𝐼3 ≅
(𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍4[𝑇𝑇2] �𝑇𝑇22, 2𝑇𝑇2�⁄  that is a 
contradiction . 

18- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍3 , if  
𝐼𝐼1 ≅ (𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍4[𝑇𝑇2] �𝑇𝑇22 − 2,2𝑇𝑇2�⁄  that is 
a contradiction , if  𝐼𝐼2 ≅ (𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 − 2,2𝑇𝑇1�⁄  that is a contradiction , if  𝐼𝐼3 ≅
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(𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍4[𝑇𝑇2] �𝑇𝑇22 − 2,2𝑇𝑇2�⁄  . 
19-  𝑅𝑅 ≅ 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅ (2) × 𝑍𝑍3 , 

then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ ,if 𝐼𝐼2 ≅ (2 + 𝑇𝑇1) × 𝑍𝑍3 , then 
𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍8 that is a contradiction , if  𝐼𝐼3 ≅ (4,𝑇𝑇1) × 𝑍𝑍3 , 
then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍4 . 

20- 𝑅𝑅 ≅ 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅ (2) × 𝑍𝑍3 , 
then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  

if  𝐼𝐼2 ≅ (𝑇𝑇1) × 𝑍𝑍3 , then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍8 that is a contradiction , if  
𝐼𝐼3 ≅ (2 + 𝑇𝑇1) × 𝑍𝑍3 , then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍8 that is a contradiction .▄ 
Theorem 2.3: 

Let 𝑅𝑅 be a non local ring satisfied | Γ𝐼𝐼(𝑅𝑅) |  =  12 with 
|𝐼𝐼| = 6. Then 𝑅𝑅 corresponding the following rings in Table 2. 

 
Table 2- | ГI(R ) |  =  12 where |𝐼𝐼| = 6 

Ring Ideal Figure 
𝑍𝑍2 × 𝑍𝑍9 × 𝑍𝑍3 or  𝑍𝑍2 ×
𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍3 

𝑍𝑍2 × (0)
× 𝑍𝑍3 

𝐾𝐾12 

𝑍𝑍2 × 𝑍𝑍27 𝑍𝑍2 × (9) 𝐾𝐾12 
𝑍𝑍2 × 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇13�⁄  𝑍𝑍2 × (𝑇𝑇12) 𝐾𝐾12 

𝑍𝑍2 × 𝑍𝑍3[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  𝑍𝑍2 ×
(𝑇𝑇1)or𝑍𝑍2 ×
(𝑇𝑇2)or𝑍𝑍2 ×

(𝑇𝑇1 +
𝑇𝑇2)or𝑍𝑍2 ×
(2𝑇𝑇1 + 𝑇𝑇2) 

𝐾𝐾12 

𝑍𝑍2 × 𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1,𝑇𝑇12�⁄  𝑍𝑍2 ×
(3)or𝑍𝑍2 ×
(𝑇𝑇1)or𝑍𝑍2 ×

(3 +
𝑇𝑇1)or𝑍𝑍2 ×
(3 + 2𝑇𝑇1) 

𝐾𝐾12 

𝑍𝑍2 × 𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1,𝑇𝑇12 − 3�⁄  𝑍𝑍2 × (3) 𝐾𝐾12 
𝑍𝑍2 × 𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1,𝑇𝑇12 − 6�⁄  𝑍𝑍2 × (3) 𝐾𝐾12 

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 (0) × (0)
× 𝑍𝑍2 × 𝑍𝑍3 

𝐾𝐾6,6 

𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍3   or 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 × 𝑍𝑍3 

(2) ×
(0) ×

𝑍𝑍3or(𝑇𝑇1) ×
(0) × 𝑍𝑍3 

Fig 1 

Proof: 
Since | Γ𝐼𝐼(𝑅𝑅) |  =  12 and |𝐼𝐼| = 6, then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | = 2 , 

by [2]  𝑅𝑅 Ι⁄  ≅ 𝑍𝑍9 , 𝑍𝑍3[𝑇𝑇1] (𝑇𝑇12)⁄  or  𝑍𝑍2 × 𝑍𝑍2 and so, 
Sub case(a) If  𝑅𝑅 Ι⁄  ≅ 𝑍𝑍9 or  𝑍𝑍3[𝑇𝑇1] (𝑇𝑇1)⁄  , then |𝑅𝑅 Ι⁄ | = 9 so   
|𝑅𝑅| =  |Ι|. |𝑅𝑅 Ι⁄ | 
|𝑅𝑅| = 54. Therefor 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2,3 or 4 .  
If 𝑛𝑛 = 4, then   𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍3 × 𝑍𝑍3 × 𝑍𝑍3 
If Ι ≅ 𝑍𝑍2 × 𝑍𝑍3  × 0 × 0 , then  𝑅𝑅 Ι⁄  ≅ 𝑍𝑍3 × 𝑍𝑍3 ≇ 𝑍𝑍9  or  
𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄   that is a contradiction . 
If 𝑛𝑛 = 3, then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍9 × 𝑍𝑍3 or  𝑍𝑍2 × 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍3 , 
Since  |Ι| = 6 . 
If  𝐼𝐼1 ≅ 𝑍𝑍2 × (0) × 𝑍𝑍3 , then   𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍9  ≅
  𝑍𝑍9  or  𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  , if  𝐼𝐼2 ≅ 𝑍𝑍2 × (3) × (0) , then   𝑅𝑅 𝐼𝐼2⁄  ≅
 0 × 𝑍𝑍3  × 𝑍𝑍3 ≇ 𝑍𝑍9  or  𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  , that is a contradiction . 

If 𝐼𝐼3 ≅ 𝑍𝑍2 × (𝑇𝑇1) × (0), then  𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍3 × 𝑍𝑍3 that is a 
contradiction . 
If 𝑛𝑛 = 2, then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 , s.t |𝑅𝑅2| = 𝑝𝑝3 and  |𝑅𝑅1| = 2 
.since |𝑅𝑅2| = 27 = 𝑝𝑝𝑛𝑛 , then there are 6 rings satisfied this 
condition . 𝑅𝑅2 ≅ 𝐹𝐹27,𝑍𝑍27 ,
𝑍𝑍3[𝑇𝑇1] �𝑇𝑇13�⁄  ,𝑍𝑍3[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2 ,𝑇𝑇22�⁄  ,  

𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1,𝑇𝑇12�⁄  ,𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1 ,𝑇𝑇12 − 3�⁄   
Or  𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1 ,𝑇𝑇12 − 6�⁄  . 
1- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍27 , if  Ι ≅ 𝑍𝑍2 × (9), then  𝑅𝑅 Ι⁄  ≅ 𝑍𝑍9 . 
2-  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇13�⁄  , if  Ι ≅ 𝑍𝑍2 × (𝑇𝑇12), then  𝑅𝑅 Ι⁄  ≅

𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄ . 
3- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍3[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  , if  𝐼𝐼1 ≅ 𝑍𝑍2 × (𝑇𝑇1), 

then  𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍3[𝑇𝑇2] �𝑇𝑇22�⁄  , if  𝐼𝐼2 ≅ 𝑍𝑍2 × (𝑇𝑇2), then  
𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  , if  𝐼𝐼3 ≅ 𝑍𝑍2 × (𝑇𝑇1 + 𝑇𝑇2), then  
𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  , if  𝐼𝐼4 ≅ 𝑍𝑍2 × (2𝑇𝑇1 + 𝑇𝑇2), then  
𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄ . 

4-  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1,𝑇𝑇12�⁄  , if  𝐼𝐼1 ≅ 𝑍𝑍2 × (3), then  
𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  ,                 if  𝐼𝐼2 ≅ 𝑍𝑍2 × (𝑇𝑇1), then  
𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍9 , if  𝐼𝐼3 ≅ 𝑍𝑍2 × (3 + 𝑇𝑇1), then  𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍9 ,               
if  𝐼𝐼4 ≅ 𝑍𝑍2 × (3 + 2𝑇𝑇1), then  𝑅𝑅 𝐼𝐼4⁄  ≅ 𝑍𝑍9 . 

5-  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1,𝑇𝑇12 − 3�⁄  , if  𝐼𝐼 ≅ 𝑍𝑍2 × (3), then  
𝑅𝑅 𝐼𝐼⁄  ≅ 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  . 

6-  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍9[𝑇𝑇1] �3𝑇𝑇1,𝑇𝑇12 − 6�⁄  , if  𝐼𝐼 ≅ 𝑍𝑍2 × (3), then  
𝑅𝑅 𝐼𝐼⁄  ≅ 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  . 

7-  𝑅𝑅 ≅ 𝑍𝑍2 × 𝐹𝐹27 , which is a contradiction . 
Sub case(b) If  𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 ×  𝑍𝑍2 , then |𝑅𝑅 Ι⁄ | = 4, so 
 |𝑅𝑅| =  |Ι|. |𝑅𝑅 Ι⁄ | 
|𝑅𝑅| = 6.4 = 24. Therefor 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2,3 or 
4 .  
If 𝑛𝑛 = 4, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 
If Ι ≅ (0) × (0) × 𝑍𝑍2 × 𝑍𝑍3 , then 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2 
If 𝑛𝑛 = 3, then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3,  ⇒ 𝑅𝑅 ≅ 𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍3   or 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 × 𝑍𝑍3 
If 𝐼𝐼1 ≅ (0) × 𝑍𝑍2 × 𝑍𝑍3 , then  𝑅𝑅 𝐼𝐼1⁄  ≅  𝑍𝑍4  that is a 
contradiction .      
If  𝐼𝐼2 ≅ (2) × (0) × 𝑍𝑍3 , then  𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2 × 𝑍𝑍2, thus Γ𝐼𝐼(𝑅𝑅) ≅
 Fig 1 . 
If 𝐼𝐼 ≅ (𝑇𝑇1) × (0) × 𝑍𝑍3 ⊆ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 × 𝑍𝑍3 , then 
𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2 × 𝑍𝑍2, thus Γ𝐼𝐼(𝑅𝑅) ≅ fig 1 . 
If 𝑛𝑛 = 2, then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 , s.t |𝑅𝑅1| = 𝑝𝑝3 and  |𝑅𝑅2| = 3 
.since |𝑅𝑅1| = 8 = 𝑝𝑝𝑡𝑡 , then  there are 6 rings satisfied this 
condition . 
𝑅𝑅2 ≅ 𝑍𝑍8 , 𝐹𝐹8 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  ,  𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ × 𝑍𝑍3 . 
1- 𝑅𝑅 ≅ 𝑍𝑍8 × 𝑍𝑍3 , if 𝐼𝐼 = (4)  × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4 , that is a 

contradiction . 
2- 𝑅𝑅 ≅ 𝐹𝐹8 × 𝑍𝑍3 , that is a contradiction . 
3- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ × 𝑍𝑍3 , if  𝐼𝐼 ≅ (𝑇𝑇12) × 𝑍𝑍3, then 𝑅𝑅 Ι⁄ ≅

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , that is a contradiction . 
4- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍3  ,                                                                               

if  𝐼𝐼1 ≅ (𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄  , that is a 
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contradiction .                               if  𝐼𝐼2 ≅ (𝑇𝑇2) × 𝑍𝑍3, then 
𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , , that is a contradiction .                                  
if  𝐼𝐼3 ≅ (𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄  , that is 
a contradiction . 

5- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ × 𝑍𝑍3 , if  𝐼𝐼1 ≅ (2) × 𝑍𝑍3, then 
𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , that is a contradiction .                                 
if  𝐼𝐼2 ≅ (𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍4 , , that is a 
contradiction .                                                if  𝐼𝐼3 ≅ (2 +
𝑇𝑇1) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍4 , that is a contradiction . 

6- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ × 𝑍𝑍3 
If 𝐼𝐼 ≅ (2) × 𝑍𝑍3, then 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , that is a 
contradiction . ▄ 

 
Fig 1. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = (2) × (0) × 𝑍𝑍3,(𝑇𝑇1) × (0) ×

𝑍𝑍3or 𝑍𝑍2 × (0) × (0) and 𝑅𝑅 = 𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍3,  𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ ×
𝑍𝑍2 × 𝑍𝑍3 or 𝑍𝑍2 × 𝐹𝐹4  × 𝐹𝐹4. 

Theorem 2.4: 
Let 𝑅𝑅 be a non-local ring satisfied | Γ𝐼𝐼(𝑅𝑅) |  =  12 with 

|𝐼𝐼| = 2. Then 𝑅𝑅 corresponding the following rings in Table 3. 
 

Table 3. | ГI(R ) |  =  12 where |𝐼𝐼| = 2 
Ring Ideal Figure 

𝑍𝑍2 × 𝑍𝑍3 × 𝑍𝑍5 𝑍𝑍2 × (0) × (0) Fig 2 
𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 𝑍𝑍2 × (0) × (0) × (0) Fig 3 
𝑍𝑍2 × 𝐹𝐹4  × 𝐹𝐹4 𝑍𝑍2 × (0) × (0) Fig 1 

𝑍𝑍2 × 𝑍𝑍49 or 𝑍𝑍2 ×
𝑍𝑍7[𝑇𝑇1] �𝑇𝑇12�⁄  

𝑍𝑍2 × (0) 𝐾𝐾12 

Proof: 
Since | Γ𝐼𝐼(𝑅𝑅) |  =  12 and |𝐼𝐼| = 2, then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | = 6, 

by [14] 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍49 or 𝑍𝑍7[𝑇𝑇1] (𝑇𝑇12)⁄  , 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 , 𝑍𝑍3 × 𝑍𝑍5 , 
𝐹𝐹4 × 𝐹𝐹4 , and so 
Sub case(a) When 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍3 × 𝑍𝑍5, then |𝑅𝑅| = 30 . Therefor 
𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2 or 3 . 
If 𝑛𝑛 = 3, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍3 × 𝑍𝑍5 ,  if   Ι ≅ 𝑍𝑍2 × (0) × (0),  
then 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍3 × 𝑍𝑍5, thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 2 . 
If 𝑛𝑛 = 2, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍15  
If   Ι ≅ 𝑍𝑍2 × 0, then 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍15 that is a contradiction. 
Sub case(b) If 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 ,   If | 𝑅𝑅 Ι⁄ | = 8   ,      |Ι| = 2 
, then |𝑅𝑅| = 16.Therefor 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2,3 or 4 
. 
If 𝑛𝑛 = 4, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 
If  Ι = 𝑍𝑍2 × (0) × (0) × (0) , then  𝑅𝑅/𝐼𝐼 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2, thus 
Γ𝐼𝐼(𝑅𝑅) ≅ figure 3 . 
If 𝑛𝑛 = 3, then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍4 × 𝑍𝑍2 or   𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ ×

𝑍𝑍2 
If  Ι = 𝑍𝑍2 × (0) × (0) , then  𝑅𝑅/𝐼𝐼 ≅ (0) × 𝑍𝑍2 × 𝑍𝑍4 or 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄   that is contradiction . 
If 𝑛𝑛 = 2, then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 , s.t |𝑅𝑅2| = 𝑝𝑝3 and  |𝑅𝑅1| = 2 
.since |𝑅𝑅2| = 8 = 𝑝𝑝𝑡𝑡 , then there are 6 rings  𝑅𝑅2 ≅ 𝑍𝑍8 , 𝐹𝐹8 , 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  ,  𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ × 𝑍𝑍3 but they are 
all contradiction . 
Sub case(c) If 𝑅𝑅 Ι⁄ ≅ 𝐹𝐹4 × 𝐹𝐹4 ,   If | 𝑅𝑅 Ι⁄ | = 16   ,      |Ι| = 2 , 
then |𝑅𝑅| = 32 . Therefor                   𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 
𝑛𝑛 = 2,3,4 or 5 . 
If 𝑛𝑛 = 5, then   𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2   
If   Ι = 𝑍𝑍2 × (0) × (0) × (0) × (0),   then 𝑅𝑅 Ι⁄ ≅
𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 that is a contradiction . 
If 𝑛𝑛 = 4, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 or 
𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  
If   Ι = 𝑍𝑍2 × (0) × (0) × (0) , then 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 or 
𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  that is a contradiction. 
If 𝑛𝑛 = 3, then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍8 or 𝑍𝑍2 × 𝐴𝐴1 × 𝐴𝐴2 , when 
𝐴𝐴1,𝐴𝐴1 ≅ 𝑍𝑍4 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  or 𝐹𝐹4 . 
 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝐴𝐴 , where 𝐴𝐴 ≅ 𝑍𝑍8 , 𝐹𝐹8 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  ,  
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ × 𝑍𝑍3 . 
If   Ι = 𝑍𝑍2 × (0) × (0) , then 𝑅𝑅 Ι⁄  ≅ (0) × 𝑍𝑍2 × 𝑍𝑍8 , 𝐹𝐹8 , 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ × 𝑍𝑍3 that is a 
contradiction . 
 𝑅𝑅 ≅ 𝑍𝑍2 × 𝐴𝐴1 × 𝐴𝐴2 when 𝐴𝐴1,𝐴𝐴1 ≅ 𝑍𝑍4 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄   , if Ι =
𝑍𝑍2 × (0) × (0) , then 𝑅𝑅 Ι⁄  ≅ (0) × 𝐴𝐴1 × 𝐴𝐴2 that is 
contradiction . 
𝑅𝑅 ≅ 𝑍𝑍2 × 𝐹𝐹4  × 𝐹𝐹4 , if Ι = 𝑍𝑍2 × (0) × (0) , then 𝑅𝑅 Ι⁄  ≅
𝐹𝐹4 × 𝐹𝐹4, thus Г𝐼𝐼(𝑅𝑅 ) ≅ figure 1 . 
Sub case(d) If 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍49 or 𝑍𝑍7[𝑇𝑇1] �𝑇𝑇12�⁄  ,   If |𝑅𝑅 Ι⁄ | =
49  ,   |Ι| = 2 , then |𝑅𝑅| = 98 . Therefor    𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … ×
𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2 or 3 . 
If 𝑛𝑛 = 3, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍7 × 𝑍𝑍7 , If   Ι = 𝑍𝑍2 × (0) × (0),   
then 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍7 × 𝑍𝑍7 that is a contradiction . 
If 𝑛𝑛 = 2, then    𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍49 or 𝑍𝑍2 × 𝑍𝑍7[𝑇𝑇1] �𝑇𝑇12�⁄  
If   Ι = 𝑍𝑍2 × (0) ,   then 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍49 or 𝑍𝑍7[𝑇𝑇1] �𝑇𝑇12�⁄ .▄ 

 
Fig 2. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = 𝑍𝑍2 × (0) × (0), 𝑍𝑍2 × 𝑍𝑍2 × (0) ×

(0),𝑍𝑍4 × (0) × (0), (2) × 𝑍𝑍2 × (0 )or (𝑇𝑇1) × 𝑍𝑍2 × (0 ) and 
𝑅𝑅 = 𝑍𝑍2 × 𝑍𝑍3 × 𝑍𝑍5, 𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍3,𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1

2)⁄ × 𝑍𝑍2 × 𝑍𝑍3 or 
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𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3. 

 
Fig 3. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = 𝑍𝑍2 × (0) × (0) × (0) and 𝑅𝑅 =

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 
Theorem 2.5: 

Let 𝑅𝑅 be a non local ring satisfied | Γ𝐼𝐼(𝑅𝑅) |  = 12 with |𝐼𝐼| =
4. Then 𝑅𝑅 corresponding the following rings in Table 4. 

 
Table 4. | ГI(R ) |  =  12 where |𝐼𝐼| = 4 

Ring Ideal Figur
e 

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 𝑍𝑍2 × 𝑍𝑍2
× (0)
× (0) 

Fig 2 

𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍3 or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 ×
𝑍𝑍3 

𝑍𝑍4 × (0) ×
(0)or(2) ×
𝑍𝑍2 ×
(0 )or
(𝑇𝑇1) ×
𝑍𝑍2 × (0 ) 

Fig 2 

𝑍𝑍3 × 𝑍𝑍8 (0) × (2 ) 𝐾𝐾4,8 

𝑍𝑍3 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  (0) × (𝑇𝑇1 ) 𝐾𝐾4,8 

𝑍𝑍3 × 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  (0)
× (𝑇𝑇1,𝑇𝑇2 ) 

𝐾𝐾4,8 

𝑍𝑍3 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  (0)
× (2,𝑇𝑇1) 

𝐾𝐾4,8 

𝑍𝑍3 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄  (0) × (𝑇𝑇1) 𝐾𝐾4,8 

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍8 𝑍𝑍2 × 𝑍𝑍2
× (0) 

Fig 4  

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  𝑍𝑍2 × 𝑍𝑍2
× (0) 

Fig 4 

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  𝑍𝑍2 × 𝑍𝑍2
× (0) 

𝐾𝐾12 

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  𝑍𝑍2 × 𝑍𝑍2
× (0) 

𝐾𝐾12 

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄  𝑍𝑍2 × 𝑍𝑍2
× (0) 

Fig 4 

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄ × 𝑍𝑍2 (𝑇𝑇13) × 𝑍𝑍2 Fig 4 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄ × 𝑍𝑍2 (𝑇𝑇1𝑇𝑇2)
× 𝑍𝑍2 

𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄ × 𝑍𝑍2 (𝑇𝑇1𝑇𝑇2)
× 𝑍𝑍2 

𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍2 (𝑇𝑇12) × 𝑍𝑍2 𝐾𝐾12 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍2 (𝑇𝑇2) × 𝑍𝑍2 Fig 4 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍2 (𝑇𝑇2 + 𝑇𝑇12)
× 𝑍𝑍2 

Fig 4 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄ × 𝑍𝑍2 (𝑇𝑇1) ×
𝑍𝑍2or(𝑇𝑇2) ×
𝑍𝑍2or(𝑇𝑇3) ×
𝑍𝑍2 or(𝑇𝑇1 +
𝑇𝑇2) ×
𝑍𝑍2or(𝑇𝑇1 +
𝑇𝑇3) ×
𝑍𝑍2or(𝑇𝑇2 +
𝑇𝑇3) × 𝑍𝑍2 
or(𝑇𝑇1 +
𝑇𝑇2 + 𝑇𝑇3) ×
𝑍𝑍2 

𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 (2𝑇𝑇1) × 𝑍𝑍2 𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄ × 𝑍𝑍2 (2𝑇𝑇1) × 𝑍𝑍2 Fig 4 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄ × 𝑍𝑍2 (2 + 2𝑇𝑇1)
× 𝑍𝑍2 

Fig 4 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄ × 𝑍𝑍2 (2 + 2𝑇𝑇1)
× 𝑍𝑍2 

𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄ × 𝑍𝑍2 (𝑇𝑇12) × 𝑍𝑍2 𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄ × 𝑍𝑍2 (2) × 𝑍𝑍2 Fig 4 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄ × 𝑍𝑍2 (2 + 𝑇𝑇12)
× 𝑍𝑍2 

Fig 4 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄ × 𝑍𝑍2 (2) × 𝑍𝑍2 Fig 4 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄
× 𝑍𝑍2 

(2) ×
𝑍𝑍2or(𝑇𝑇1) ×
𝑍𝑍2or(𝑇𝑇2) ×
𝑍𝑍2 or(2 +
𝑇𝑇1) ×
𝑍𝑍2or(2 +
𝑇𝑇2) × 𝑍𝑍2 
or(𝑇𝑇1 +
𝑇𝑇2) ×
𝑍𝑍2or(2 +
𝑇𝑇1 + 𝑇𝑇2) ×
𝑍𝑍2 

𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄
× 𝑍𝑍2 

(2) × 𝑍𝑍2 𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄
× 𝑍𝑍2 

(𝑇𝑇2) × 𝑍𝑍2 Fig 4 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄
× 𝑍𝑍2 

(2 + 𝑇𝑇2)
× 𝑍𝑍2 

Fig 4 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄
× 𝑍𝑍2 

(2) × 𝑍𝑍2 𝐾𝐾12 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2⁄
× 𝑍𝑍2 

(2) × 𝑍𝑍2 𝐾𝐾12 

𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ × 𝑍𝑍2 (4) × 𝑍𝑍2 𝐾𝐾12 
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𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ × 𝑍𝑍2 (𝑇𝑇1) × 𝑍𝑍2 Fig 4 

𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ × 𝑍𝑍2 (4 + 𝑇𝑇1)
× 𝑍𝑍2 

Fig 4 

𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ × 𝑍𝑍2 (4) × 𝑍𝑍2 𝐾𝐾12 

𝑍𝑍8 × 𝑍𝑍4 (0) × 𝑍𝑍4 Fig 4 

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ × 𝑍𝑍4 (0) × 𝑍𝑍4 Fig 4 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄ × 𝑍𝑍4 (0) × 𝑍𝑍4 𝐾𝐾12 

𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄ × 𝑍𝑍4 (0) × 𝑍𝑍4 𝐾𝐾12 

𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄ × 𝑍𝑍4 (0) × 𝑍𝑍4 Fig 4 

𝑍𝑍2 × 𝑍𝑍2 × 𝐹𝐹4[𝑇𝑇1] �𝑇𝑇12�⁄  𝑍𝑍2 × 𝑍𝑍2
× (0) 

𝐾𝐾12 

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  𝑍𝑍2 × 𝑍𝑍2
× (0) 

𝐾𝐾12 

𝑍𝑍4 × 𝐹𝐹4[𝑇𝑇1] �𝑇𝑇12�⁄  𝑍𝑍4 × (0) 𝐾𝐾12 

𝑍𝑍4 × 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  𝑍𝑍4 × (0) 𝐾𝐾12 

Proof: 
Since | Γ𝐼𝐼(𝑅𝑅) |  =  12 and |𝐼𝐼| = 4, then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | = 3 , 

by [2]  𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2 × 𝑍𝑍3 ,   𝑍𝑍8  or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , 
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  or 
𝐹𝐹4 [𝑇𝑇1] (𝑇𝑇12)⁄  , 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄ . 
and so 
Sub case(a) When  𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2 × 𝑍𝑍3  , then |𝑅𝑅| = 24.Therefor 
𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 ,𝑛𝑛 = 2,3or 4 .  
If 𝑛𝑛 = 4, then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3 
If  Ι ≅ 𝑍𝑍2 × 𝑍𝑍2 × (0) × (0) , then  𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 × 𝑍𝑍3, thus 
Γ𝐼𝐼(𝑅𝑅) ≅ figure 2  . 
If 𝑛𝑛 = 3, then 𝑅𝑅 ≅ 𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍3 or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 × 𝑍𝑍3      
If 𝐼𝐼1 ≅ 𝑍𝑍4 × (0) × (0) , then 𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍2 × 𝑍𝑍3 , thus Γ𝐼𝐼(𝑅𝑅) ≅
 figure 2, if 𝐼𝐼2 ≅ (2) × 𝑍𝑍2 × (0 ), then 𝑅𝑅 𝐼𝐼2⁄  ≅  𝑍𝑍2 × 𝑍𝑍3, thus 
Γ𝐼𝐼(𝑅𝑅) ≅ figure 2, if 𝐼𝐼3 ≅ (𝑇𝑇1) × 𝑍𝑍2 × (0 ), then 𝑅𝑅 𝐼𝐼3⁄  ≅
 𝑍𝑍2 × 𝑍𝑍3, thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 2 . 
If 𝑛𝑛 ≅ 2, then   𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2   ⇒   𝑅𝑅 ≅ 𝐴𝐴 × 𝑍𝑍3 , when 𝐴𝐴 ≅ 𝐹𝐹8 , 
𝑍𝑍8 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄  
1- 𝑅𝑅 ≅ 𝑍𝑍3 × 𝐹𝐹8    that is a contradiction . 
2- 𝑅𝑅 ≅ 𝑍𝑍3 × 𝑍𝑍8 , if I ≅ (0) × (2 ), then 𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍2 × 𝑍𝑍3 , 

thus Γ𝐼𝐼(𝑅𝑅) ≅ 𝐾𝐾4,8 . 
3- 𝑅𝑅 ≅ 𝑍𝑍3 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , if I ≅ (0) × (𝑇𝑇1 ), then 𝑅𝑅 𝐼𝐼⁄  ≅

 𝑍𝑍3 × 𝑍𝑍2 , thus Γ𝐼𝐼(𝑅𝑅) = 𝐾𝐾4,8 . 
4- 𝑅𝑅 ≅ 𝑍𝑍3 × 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  , if I ≅ (0) ×

(𝑇𝑇1,𝑇𝑇2 ), then 𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍3 × 𝑍𝑍2, thusΓ𝐼𝐼(𝑅𝑅) ≅ 𝐾𝐾4,8 . 
5- 𝑅𝑅 ≅ 𝑍𝑍3 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  , if I ≅ (0) × (2,𝑇𝑇1), 

then 𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍3 × 𝑍𝑍2, thus Γ𝐼𝐼(𝑅𝑅) ≅ 𝐾𝐾4,8 . 
6- 𝑅𝑅 ≅ 𝑍𝑍3 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄  , if I ≅ (0) × (𝑇𝑇1), 

then 𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍3 × 𝑍𝑍2, thus Γ𝐼𝐼(𝑅𝑅) = 𝐾𝐾4,8. 
 

Sub case(b) If  𝑅𝑅 Ι⁄ ≅ 𝑍𝑍8  or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  
, then |𝑅𝑅 Ι⁄ | = 8 so  , |𝑅𝑅| =  |Ι|. |𝑅𝑅 Ι⁄ | 
|𝑅𝑅| = 32. Therefor 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2,3 or 5 .  
If 𝑛𝑛 = 5, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2       
If Ι ≅ 𝑍𝑍2 × 𝑍𝑍2 × (0) × (0) × (0) , then  𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2  
that is a contradiction . 
If 𝑛𝑛 = 4, then  𝑅𝑅 ≅ 𝑍𝑍4 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 or  𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ ×
𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 
If 𝐼𝐼1 = (0) × 𝑍𝑍2 × 𝑍𝑍2 × (0) , then  𝑅𝑅 𝐼𝐼1⁄  ≅  𝑍𝑍4 × 𝑍𝑍2 that is a 
contradiction .      
If  𝐼𝐼2 = (2) × 𝑍𝑍2 × (0) × (0) , then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2 × 0 × 𝑍𝑍2 ×
𝑍𝑍2 that is a contradiction , if 𝐼𝐼3 = 𝑍𝑍4 × (0) × (0) × (0) , then 
 𝑅𝑅 𝐼𝐼3⁄  ≅  𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2that is a contradiction . 
If 𝑛𝑛 = 3, then  
1- 𝑅𝑅 ≅ 𝐵𝐵1 × 𝐵𝐵2 × 𝑍𝑍2 ,  where 𝐵𝐵1,𝐵𝐵2 ≅ 𝑍𝑍4  or 

𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ . 
If Ι1 ≅ 𝐵𝐵1 × (0) × (0) , then 𝑅𝑅 Ι1⁄ ≅ 𝐵𝐵2 × 𝑍𝑍2 that is a 
contradiction , if Ι2 ≅ (0) × (2) × 𝑍𝑍2 , 𝑅𝑅 Ι2⁄ ≅ 𝐵𝐵1 × 𝑍𝑍2  that is 
a contradiction , if Ι3 ≅ (0) × (𝑇𝑇1) × 𝑍𝑍2 , 𝑅𝑅 Ι3⁄ ≅ 𝐵𝐵1 × 𝑍𝑍2 , 
that is a contradiction , if Ι4 ≅ (2) × (2) × (0) , then 𝑅𝑅 Ι4⁄ ≅
𝑍𝑍2 × 𝑍𝑍2 that is a contradiction , if Ι5 ≅ (𝑇𝑇1) × (𝑇𝑇1) × (0) , 
then 𝑅𝑅 Ι5⁄ ≅ 𝑍𝑍2 × 𝑍𝑍2 that is a contradiction . 
2-  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝐴𝐴 where 𝐴𝐴 ≅ 𝑍𝑍8 , 𝐹𝐹8 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ , there are 6 rings satisfied this 
condition . 

1-  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝐹𝐹8    that is a contradiction . 
2- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍8 , if 𝐼𝐼1 ≅ 𝑍𝑍2 × 𝑍𝑍2 × (0), then  𝑅𝑅 𝐼𝐼1⁄  ≅

𝑍𝑍8 , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 , if 𝐼𝐼2 ≅ 𝑍𝑍2 × (0) × (4), then  
𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍2 × 𝑍𝑍4  that is a contradiction , if 𝐼𝐼3 ≅
𝑍𝑍2 × (0) × (𝑇𝑇12), then  𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍2 × 𝑍𝑍4  that is a 
contradiction 

3- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  ,  if 𝐼𝐼1 ≅ 𝑍𝑍2 × 𝑍𝑍2 × (0), 
then  𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4, if 
𝐼𝐼2 ≅ 𝑍𝑍2 × (0) × (𝑇𝑇12), then  𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄   
that is a contradiction . 

4- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  , if 𝐼𝐼1 ≅
𝑍𝑍2 × 𝑍𝑍2 × (0), then  𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  , 
if 𝐼𝐼2 ≅ (0) × 𝑍𝑍2 × (𝑇𝑇1), then  𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍2 ×
𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄  , that is a contradiction , if 𝐼𝐼3 ≅
(0) × 𝑍𝑍2 × (𝑇𝑇2), then  𝑅𝑅 𝐼𝐼3⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , that 
is a contradiction ,  if 𝐼𝐼4 ≅ (0) × 𝑍𝑍2 × (𝑇𝑇1 + 𝑇𝑇2), then  
𝑅𝑅 𝐼𝐼4⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄  , that is a contradiction . 

5- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  , if 𝐼𝐼1 ≅ 𝑍𝑍2 × 𝑍𝑍2 ×
(0), then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  , if 𝐼𝐼2 ≅
(0) × 𝑍𝑍2 × (2), then  𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , that is 
a contradiction , if 𝐼𝐼3 ≅ (0) × 𝑍𝑍2 × (𝑇𝑇1), then  𝑅𝑅 𝐼𝐼3⁄  ≅
𝑍𝑍2 × 𝑍𝑍4 , that is a contradiction ,  if 𝐼𝐼4 ≅ (0) × 𝑍𝑍2 × (2 +
𝑇𝑇1), then  𝑅𝑅 𝐼𝐼4⁄  ≅ 𝑍𝑍2 × 𝑍𝑍4 , that is a contradiction . 

6- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄  , if 𝐼𝐼1 ≅
𝑍𝑍2 × 𝑍𝑍2 × (0), then  𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄ , 
thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4, if 𝐼𝐼2 ≅ (0) × 𝑍𝑍2 × (2), then  
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𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄    that is a contradiction . 
If 𝑛𝑛 = 2 , then 

(a) 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 , s.t |𝑅𝑅1| = 𝑝𝑝𝑛𝑛  and |𝑅𝑅2| = 2 since |𝑅𝑅1| =
16 = 𝑝𝑝𝑡𝑡, then there are 21 rings satisfied this condition , 
where 𝑅𝑅1 ≅ 𝐹𝐹16 , 𝑍𝑍16 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄ ×
𝑍𝑍3 , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍3, 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ . 

1- 𝑅𝑅 ≅ 𝑍𝑍16 × 𝑍𝑍2 , if  Ι = (4) × (0) , then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4 × 𝑍𝑍2 , 
which is a contradiction . 

2- 𝑅𝑅 ≅ 𝐹𝐹16 × 𝑍𝑍2 or 𝐹𝐹4[𝑇𝑇1] �𝑇𝑇12� × 𝑍𝑍2⁄  , which is a 
contradiction . 

3- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄ × 𝑍𝑍2 , if  Ι = (𝑇𝑇13) × 𝑍𝑍2 , then 𝑅𝑅 Ι⁄ ≅
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 .    

4- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄ × 𝑍𝑍2 , if  𝐼𝐼 = (𝑇𝑇1𝑇𝑇2) × 𝑍𝑍2 , then 
𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2�⁄  . 

5- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅
(𝑇𝑇1𝑇𝑇2) × 𝑍𝑍2 , then 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2�⁄  

6- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍2 , if  𝐼𝐼1 ≅ (𝑇𝑇12) × 𝑍𝑍2 , 
then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2�⁄ , if  𝐼𝐼2 ≅ (𝑇𝑇2) ×
𝑍𝑍2, then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4, if  
𝐼𝐼2 ≅ (𝑇𝑇2 + 𝑇𝑇12) × 𝑍𝑍2 , then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ , thus 
Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 . 

7- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄ × 𝑍𝑍2,if  𝐼𝐼1 = (𝑇𝑇1) × 𝑍𝑍2, 
then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1,𝑇𝑇2)2⁄   

If  𝐼𝐼2 = (𝑇𝑇2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇3)2⁄  , if  𝐼𝐼3 =
(𝑇𝑇3) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1,𝑇𝑇2)2⁄  , if  𝐼𝐼4 =
(𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼4⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇3)2⁄ , if  𝐼𝐼5 =
(𝑇𝑇1 + 𝑇𝑇3) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼5⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1,𝑇𝑇2)2⁄  , if  𝐼𝐼6 =
(𝑇𝑇2 + 𝑇𝑇3) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼6⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇1,𝑇𝑇2)2⁄  , if  𝐼𝐼7 =
(𝑇𝑇1 + 𝑇𝑇2 + 𝑇𝑇3) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼7⁄ ≅ 𝑍𝑍2[𝑇𝑇2,𝑇𝑇3] (𝑇𝑇2,𝑇𝑇3)2⁄  . 
8- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 , if  𝐼𝐼1 ≅ (2𝑇𝑇1) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼1⁄ ≅

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12, 2𝑇𝑇1�⁄  . 
9- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄ × 𝑍𝑍2, if  Ι ≅ (2𝑇𝑇1) × 𝑍𝑍2, 

then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 2�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 
. 

10- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄ × 𝑍𝑍2 , if  Ι ≅ (2 + 2𝑇𝑇1) × 𝑍𝑍2, 
then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 . 

11- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄ × 𝑍𝑍2 , if  Ι ≅ (2 + 2𝑇𝑇1) × 𝑍𝑍2, 
then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ . 

12- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄ × 𝑍𝑍2 which is a contradiction 
. 

13- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄ × 𝑍𝑍2 , if  𝐼𝐼1 ≅ (2) × 𝑍𝑍2, 
then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4, 

If  𝐼𝐼2 ≅ (𝑇𝑇12) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼2⁄ ≅  𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , 𝐼𝐼3 ≅
(2 + 𝑇𝑇12) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ , thus 
Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 . 
14- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅ (2) × 𝑍𝑍2, 

then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 . 
15- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 , if  𝐼𝐼1 ≅

(2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2�⁄  , if  𝐼𝐼2 ≅
(𝑇𝑇1) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍4[𝑇𝑇2] �2𝑇𝑇2,𝑇𝑇22�⁄  , if  𝐼𝐼3 ≅
(𝑇𝑇2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , if  𝐼𝐼4 ≅
(2 + 𝑇𝑇1) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼4⁄ ≅ 𝑍𝑍4[𝑇𝑇2] �2𝑇𝑇2,𝑇𝑇22�⁄ , if  𝐼𝐼5 ≅
(2 + 𝑇𝑇2) × 𝑍𝑍2,then 𝑅𝑅 𝐼𝐼5⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , if  𝐼𝐼6 ≅
(𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼6⁄ ≅ 𝑍𝑍4[𝑇𝑇2] �2𝑇𝑇2,𝑇𝑇22�⁄ , if  𝐼𝐼7 ≅
(2 + 𝑇𝑇1 + 𝑇𝑇2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼7⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  . 

16- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 , if  
𝐼𝐼1 ≅ (2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2�⁄  , if  
𝐼𝐼2 ≅ (𝑇𝑇2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 − 2,2𝑇𝑇1�⁄ , thus 
Г𝐼𝐼(𝑅𝑅 ) ≅ figure 4, if  𝐼𝐼3 ≅ (2 + 𝑇𝑇2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼3⁄ ≅
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 − 2,2𝑇𝑇1�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 . 

17-  𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 , if  
𝐼𝐼1 ≅ (2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2�⁄ . 

18- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 , if  
𝐼𝐼1 ≅ (2) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2�⁄  . 

19-  𝑅𝑅 ≅ 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ × 𝑍𝑍2 , if  𝐼𝐼1 ≅ (4) × 𝑍𝑍2 , 
then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ , if 𝐼𝐼2 ≅ (𝑇𝑇1) × 𝑍𝑍2 , then 
𝑅𝑅 𝐼𝐼2⁄ ≅ 𝑍𝑍8, thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4, if  𝐼𝐼3 ≅ (4 + 𝑇𝑇1) × 𝑍𝑍2 
, then 𝑅𝑅 𝐼𝐼3⁄ ≅ 𝑍𝑍8, thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 4 . 

20- 𝑅𝑅 ≅ 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ × 𝑍𝑍2 , if  𝐼𝐼1 ≅ (4) × 𝑍𝑍2 , 
then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  . 

(b) 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 , s.t |𝑅𝑅1| = 𝑃𝑃𝑛𝑛  and |𝑅𝑅2| = 4 since |𝑅𝑅1| =
8 = 𝑃𝑃𝑡𝑡, then there are 6 rings satisfied this condition . 

1- 𝑅𝑅 ≅ 𝑍𝑍8 × 𝑍𝑍4 , if 𝐼𝐼1 ≅ (0) × 𝑍𝑍4, then 𝑅𝑅 𝐼𝐼1⁄  ≅  𝑍𝑍8, thus 
Г𝐼𝐼(𝑅𝑅 ) = figure 4, if 𝐼𝐼2 ≅ (2) × (0), then 𝑅𝑅 𝐼𝐼2⁄  ≅
𝑍𝑍2 × 𝑍𝑍4 , that is contradiction , if 𝐼𝐼3 ≅ (4) × (2), 
then 𝑅𝑅 𝐼𝐼3⁄  ≅  𝑍𝑍4 × 𝑍𝑍2 that is contradiction .  

2- 𝑅𝑅 ≅ 𝐹𝐹8 × 𝑍𝑍4  , if I ≅ (0) × 𝑍𝑍4, then 𝑅𝑅 𝐼𝐼⁄  ≅  𝐹𝐹8  that is 
contradiction . 

3- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ × 𝑍𝑍4 , if 𝐼𝐼1 ≅ (0) × 𝑍𝑍4 ,  then 𝑅𝑅 𝐼𝐼1⁄  ≅
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ , thusΓ𝐼𝐼(𝑅𝑅) ≅ figure 4, if 𝐼𝐼2 ≅ (𝑇𝑇1) × (0), 
then 𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍2 × 𝑍𝑍4 , that is contradiction , if 𝐼𝐼3 ≅
(𝑇𝑇12) × (2), then 𝑅𝑅 𝐼𝐼3⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2 that is contradiction . 

4- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄ × 𝑍𝑍4 , if 𝐼𝐼1 ≅ (0) × 𝑍𝑍4 , 
then 𝑅𝑅 𝐼𝐼1⁄  ≅  𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  , if 𝐼𝐼2 ≅
(𝑇𝑇1,𝑇𝑇2) × (0) ,  then 𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍2 × 𝑍𝑍4 that is 
contradiction , if 𝐼𝐼3 ≅ (𝑇𝑇1) × (2), then 𝑅𝑅 𝐼𝐼3⁄  ≅
𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄ × 𝑍𝑍2 , that is contradiction , if 𝐼𝐼4 ≅
(𝑇𝑇2) × (2), then 𝑅𝑅 𝐼𝐼4⁄  ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 , that is 
contradiction if 𝐼𝐼5 ≅ (𝑇𝑇1 + 𝑇𝑇2) × (2), then 𝑅𝑅 𝐼𝐼5⁄  ≅
𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄ × 𝑍𝑍2 that is contradiction . 
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5- 𝑅𝑅 ≅ 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄ × 𝑍𝑍4 , if 𝐼𝐼1 ≅ (0) × 𝑍𝑍4, 
then 𝑅𝑅 𝐼𝐼1⁄  ≅ 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  ,  if 𝐼𝐼2 ≅ (2,𝑇𝑇1) × (0) ,  
then 𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍2 × 𝑍𝑍4   that is contradiction , if 𝐼𝐼3 ≅
(𝑇𝑇1) × (2), then 𝑅𝑅 𝐼𝐼3⁄  ≅ 𝑍𝑍4 × 𝑍𝑍2 that is contradiction , if 
𝐼𝐼4 ≅ (2) × (2), then 𝑅𝑅 𝐼𝐼4⁄  ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2  that is 
contradiction , if 𝐼𝐼5 ≅ (2 + 𝑇𝑇1) × (2), then 𝑅𝑅 𝐼𝐼5⁄  ≅
𝑍𝑍4 × 𝑍𝑍2 that is contradiction . 

6- 𝑅𝑅 ≅ 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄ × 𝑍𝑍4 , if 𝐼𝐼1 ≅ (0) × 𝑍𝑍4, 
then 𝑅𝑅 𝐼𝐼1⁄  ≅  𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 
4, if 𝐼𝐼2 ≅ (𝑇𝑇1) × (0) ,  then 𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍4 × 𝑍𝑍4 that is 
contradiction , , if 𝐼𝐼3 ≅ (2) × (2), then 𝑅𝑅 𝐼𝐼3⁄  ≅
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 that is contradiction . 
Sub case(c) 

If  𝑅𝑅 Ι⁄ ≅ 𝐹𝐹4 [𝑇𝑇1] (𝑇𝑇12)⁄  or 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄   , 
then |𝑅𝑅 Ι⁄ | = 16, so |𝑅𝑅| =  |Ι|. |𝑅𝑅 Ι⁄ | 

|𝑅𝑅| = 64. Therefor 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2,3,4,5 or 6 
If 𝑛𝑛 = 6, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2, 
If Ι = 𝑍𝑍2 × 𝑍𝑍2 × (0) × (0) × (0) × (0) , then  𝑅𝑅 Ι⁄  ≅  𝑍𝑍2 × 𝑍𝑍2  
that is contradiction . 
If 𝑛𝑛 = 5, then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 or 
𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄ .  
If Ι = 𝑍𝑍2 × 𝑍𝑍2 × (0) × (0) × (0) , then  𝑅𝑅 Ι⁄  ≅  𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4or 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  that is contradiction. 
If 𝑛𝑛 = 4, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝐴𝐴 , where 𝐴𝐴 ≅ 𝑍𝑍8 , 𝐹𝐹8 , 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄ . 
If Ι = 𝑍𝑍2 × 𝑍𝑍2 × (0) × (0) , then  𝑅𝑅 Ι⁄  ≅  𝑍𝑍2 × 𝐴𝐴  that is a 
contradiction . 
If 𝑛𝑛 = 3, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍16 or 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍4 × 𝑍𝑍8 . 
If 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝐴𝐴 , when 𝐴𝐴 ≅ 𝑍𝑍16 , 𝐹𝐹16 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄  , 𝐹𝐹4[𝑇𝑇1] �𝑇𝑇12�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  
, 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄  . 
If 𝐼𝐼1 = 𝑍𝑍2 × 𝑍𝑍2 × (0) , then  𝑅𝑅 𝐼𝐼1⁄  ≅  𝐹𝐹4[𝑇𝑇1] �𝑇𝑇12�⁄  , If 𝐼𝐼2 =
𝑍𝑍2 × 𝑍𝑍2 × (0) , then             𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  . 
Otherwise it is a contradiction . 
If 𝑛𝑛 = 2, then  𝑅𝑅 ≅ 𝑍𝑍4 × 𝑍𝑍16 or 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍32 or 𝑅𝑅 ≅ 𝑍𝑍8 × 𝑍𝑍8 . 
If 𝑅𝑅 ≅ 𝑍𝑍4 × 𝐴𝐴 , when 𝐴𝐴 ≅ 𝑍𝑍16 , 𝐹𝐹16 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄  . 
If 𝐼𝐼1 = 𝑍𝑍4 × (0) , then  𝑅𝑅 𝐼𝐼1⁄  ≅  𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄  , If 𝐼𝐼2 =
𝑍𝑍4 × (0) , then 𝑅𝑅 𝐼𝐼2⁄  ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  , Otherwise it 
is a contradiction . ▄ 

 
Fig 4. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = 𝑍𝑍2 × 𝑍𝑍2 × (0), ⋯ and 𝑅𝑅 =

𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍8,⋯. 
Theorem 2.6: 

Let 𝑅𝑅 be a non local ring satisfied | Γ𝐼𝐼(𝑅𝑅) |  =  12 with 
|𝐼𝐼| = 3. Then 𝑅𝑅 corresponding the following rings in Table 5. 

 
Table 5. | ГI(R ) |  =  12 where |𝐼𝐼| = 3 

Ring Ideal Figure 
𝑍𝑍3 × 𝑍𝑍2 × 𝐹𝐹4 𝑍𝑍3 × (0) × (0) Fig 5 
𝑍𝑍3 × 𝑍𝑍3 × 𝑍𝑍3 (0) × (0) × 𝑍𝑍3 𝐾𝐾6,6 

𝑍𝑍3 × 𝑍𝑍9 or 𝑍𝑍3 ×
𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  

(0) × (3) or 
(0) × (𝑇𝑇1) 

𝐾𝐾6,6 

𝑍𝑍3 × 𝑍𝑍25 or 𝑍𝑍3 ×
𝑍𝑍5[𝑇𝑇1] �𝑇𝑇12�⁄  

𝑍𝑍3 × (0) 𝐾𝐾12 

Proof: 
Since | Γ𝐼𝐼(𝑅𝑅)|  =  12 and |𝐼𝐼| = 3, then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | = 4, 

by [2] 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2  × 𝐹𝐹4  ,   𝑍𝑍3  × 𝑍𝑍3 ,  𝑍𝑍25 or 𝑍𝑍5[𝑇𝑇1] �𝑇𝑇12�⁄ , and 
so 
Sub case(a) When 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2  × 𝐹𝐹4, then |𝑅𝑅| = 24 . Therefor  
𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2,3 or 4 . 
We take 𝑛𝑛 = 4, then  𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍3   
The only ideal of order 3 is (0) × (0) × (0) × 𝑍𝑍3 , so  𝑅𝑅 Ι⁄  ≅
 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2  that is a contradiction. 
Second when  𝑛𝑛 = 3, then  𝑅𝑅 ≅ 𝑍𝑍3 × 𝑍𝑍2 × 𝐴𝐴 , where 𝐴𝐴 ≅ 𝑍𝑍4 
, 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  or 𝐹𝐹4 

So that the ideal 𝐼𝐼, |𝐼𝐼| = 3 is Ι ≅ 𝑍𝑍3 × (0) × (0) , that is 
leads 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 × 𝐴𝐴 ,where 𝐴𝐴 ≅ 𝑍𝑍4 ,𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  or 𝐹𝐹4. If 
we take 𝐴𝐴 ≅ 𝐹𝐹4 then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍2 × 𝐹𝐹4, thus Γ𝐼𝐼(𝑅𝑅) = figure 5 . 
If 𝑛𝑛 = 2, then 𝑅𝑅 ≅ 𝑍𝑍3 × 𝐴𝐴 where 𝐴𝐴 ≅ 𝑍𝑍8 , 𝐹𝐹8 , 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄  . 
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If we take ideal 𝐼𝐼 in 𝑅𝑅 of order 3, then 𝐼𝐼 ≅ 𝑍𝑍3 × (0). 
So 𝑅𝑅 Ι⁄ ≅ 𝐴𝐴 that is a contradiction. 
Sub case(b) when 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍3 × 𝑍𝑍3, then |𝑅𝑅| = 27 . Therefor 
𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , 𝑛𝑛 = 2 or 3.  
If 𝑛𝑛 = 3, then  𝑅𝑅 ≅ 𝑍𝑍3 × 𝑍𝑍3 × 𝑍𝑍3, and an ideal 𝐼𝐼, satisfieying 
|𝐼𝐼| = 3 must be isomorphic with (0) × (0) × 𝑍𝑍3. Hence 𝑅𝑅 Ι⁄ ≅
𝑍𝑍3 × 𝑍𝑍3, thus Γ𝐼𝐼(𝑅𝑅) = 𝐾𝐾6,6 

If 𝑛𝑛 = 2, then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2, where 𝑅𝑅1 ≅ 𝑍𝑍3 and 𝑅𝑅2 ≅ 𝑍𝑍9 or 
𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄ . The ideals 𝐼𝐼 of order 3 have a form  𝐼𝐼 = (0) × J 
where 𝐽𝐽 = (3) or 𝐽𝐽 = (𝑇𝑇1) the only ideals 𝐼𝐼 = (0) × J satisfied 
𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍3 × 𝑍𝑍3, thus Γ𝐼𝐼(𝑅𝑅) = 𝐾𝐾6,6 

Sub case(c) If 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍25 or 𝑍𝑍5[𝑇𝑇1] (𝑇𝑇2)⁄  , then |𝑅𝑅| = 75 and 
we have 𝑅𝑅 ⊆ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3 or  𝑅𝑅 ⊆ 𝑅𝑅1 × 𝑅𝑅2  
If 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3, then 𝑅𝑅 ≅ 𝑍𝑍5 × 𝑍𝑍5 × 𝑍𝑍3 that is lead a 
contradiction fact 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍25 or 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄ . 

So that  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2, where 𝑅𝑅1 ≅ 𝑍𝑍3, 𝑅𝑅1 ≅ 𝑍𝑍25 or 
𝑍𝑍5[𝑇𝑇1] �𝑇𝑇12�⁄ . 

If Ι ideal in 𝑅𝑅 such that |𝐼𝐼| = 3 , then 𝐼𝐼 ≅  𝑍𝑍3 × (0). 

So 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍25 or 𝑍𝑍5[𝑇𝑇1] �𝑇𝑇12�⁄  . ▄ 

 
Fig 5. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = 𝑍𝑍3 × (0) × (0) and 𝑅𝑅 =

𝑍𝑍3 × 𝑍𝑍2 × 𝐹𝐹4. 
1. Ring with | 𝑽𝑽(Г𝑰𝑰(𝑹𝑹 ))|  = 𝟏𝟏𝟏𝟏: 

In this section we give all possible ring with 
| 𝑉𝑉(ГI(R ))|  = 13 .First we give this observing. 

observing 3.1: 

We consider when a non-trivial Γ𝐼𝐼(𝑅𝑅) is the graph on 13 
vertices since | 𝑉𝑉(Γ𝐼𝐼(𝑅𝑅)| = |𝑉𝑉(Г( 𝑅𝑅 / 𝐼𝐼 ) |. | 𝐼𝐼 | and | 𝐼𝐼 |  ≥  2 
we get: - 
1- | 𝐼𝐼 |  = 13 and |𝑉𝑉 (Г ( 𝑅𝑅 /𝐼𝐼 )|  = 1. 
Theorem 3.2:  

Let 𝑅𝑅 be a non-local ring satisfied | Γ𝐼𝐼(𝑅𝑅)|  =  13 with 
|𝐼𝐼| = 13. Then 𝑅𝑅 corresponding the following rings in Table 
6. 

Table 6. | ГI(R ) |  =  13 where |𝐼𝐼| = 13 
Ring Ideal Figure 

𝑍𝑍4 × 𝑍𝑍13 (0) × 𝑍𝑍13 𝐾𝐾13 

𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1
2)⁄

× 𝑍𝑍13 
(0) × 𝑍𝑍13 𝐾𝐾13 

Proof: 
Since |Γ𝐼𝐼(𝑅𝑅) |  =  13 and |𝐼𝐼| = 13, then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | =

1, by [12], 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4 or 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄  and so |𝑅𝑅 Ι⁄ | = 4 
Since |𝑅𝑅| = |𝐼𝐼||𝑅𝑅 Ι⁄ | , which implies  |𝑅𝑅| =  13 × 4 = 52   
We note that 𝑅𝑅 direct product of 𝑅𝑅  
So 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , where 𝑛𝑛 = 2 or 3  
If 𝑛𝑛 = 3 , then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍13, if  𝐼𝐼 = (0) × (0) × 𝑍𝑍13, 
then 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2, that is a contradiction . 
If 𝑛𝑛 = 2 , then  𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2   where 𝑅𝑅1 ≅
𝑍𝑍4or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  and 𝑅𝑅2 ≅ 𝑍𝑍13  

If  Ι ≅ (0) × 𝑍𝑍13 , then  𝑅𝑅 Ι⁄  ≅  𝑍𝑍4 . ▄ 

2. Ring with | 𝑽𝑽(Г𝑰𝑰(𝑹𝑹 ))|  = 𝟏𝟏𝟏𝟏: 
In this section we give all possible ring with 

| 𝑉𝑉(ГI(R ))|  = 14 .First we give this observing. 
observing 4.1: 

We consider when a non-trivial Γ𝐼𝐼(𝑅𝑅) is the graph on 14 
vertices since | 𝑉𝑉(Γ𝐼𝐼(𝑅𝑅)| = |𝑉𝑉(Г( 𝑅𝑅 / 𝐼𝐼 ) |. | 𝐼𝐼 | 𝑎𝑎𝑎𝑎𝑎𝑎 | 𝐼𝐼 |  ≥  2 
we get three possibilities :- 
1- | 𝐼𝐼 |  = 14 and |𝑉𝑉 (Г ( 𝑅𝑅 /𝐼𝐼 )|  = 1. 
2- | 𝐼𝐼 |  = 7 and |𝑉𝑉 (Г ( 𝑅𝑅 /𝐼𝐼 )|  = 2. 
3- | 𝐼𝐼 |  = 2 and |𝑉𝑉 (Г ( 𝑅𝑅 /𝐼𝐼 )|  = 7. 

Theorem 4.2:  
Let 𝑅𝑅 be a non-local ring satisfied | Γ𝐼𝐼(𝑅𝑅) |  =  14 with 

|𝐼𝐼| = 14. Then 𝑅𝑅 corresponding the following rings in Table 
7. 

Table 7. | ГI(R ) |  =  14 where |𝐼𝐼| = 14 
Ring Ideal Figure 

𝑍𝑍7 × 𝑍𝑍2 × 𝑍𝑍4 𝑍𝑍7 × 𝑍𝑍2 ×(0) 𝐾𝐾14 

𝑍𝑍7 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄  𝑍𝑍7 × 𝑍𝑍2 × (0) 𝐾𝐾14 

𝑍𝑍7 × 𝑍𝑍8 𝑍𝑍7 × (4) 𝐾𝐾14 

𝑍𝑍7 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  𝑍𝑍7 × (𝑇𝑇12) 𝐾𝐾14 

𝑍𝑍7
× 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  

𝑍𝑍7 ×
(𝑇𝑇1)or𝑍𝑍7 ×

(𝑇𝑇2)or 
𝑍𝑍7 × (𝑇𝑇1 + 𝑇𝑇2) 

𝐾𝐾14 

𝑍𝑍7 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  𝑍𝑍7 × (2)or𝑍𝑍7 ×
(𝑇𝑇1)or 

𝑍𝑍7 × (2 + 𝑇𝑇1) 

𝐾𝐾14 

𝑍𝑍7 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄  𝑍𝑍7 × (2) 𝐾𝐾14 

Proof : 
Since | Γ𝐼𝐼(𝑅𝑅) |  =  14 and |𝐼𝐼| = 14, then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | =

1, by [12], 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍4 or 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄  , 𝐹𝐹4 we note that if  



Al-Rafidain Journal of Computer Sciences and Mathematics (RJCM), Vol. 18, No. 2, 2024 (121-135) 
 

132  

𝑅𝑅 Ι⁄ ≅ 𝐹𝐹4 we have a contradiction for all case  and so |𝑅𝑅 Ι⁄ | =
4 
Since |𝑅𝑅| = |𝐼𝐼||𝑅𝑅 Ι⁄ | , which implies  |𝑅𝑅| =  14 × 4 = 56   
We note that 𝑅𝑅 direct product of local ring 𝑅𝑅𝑖𝑖, where 2 ≤ 𝑖𝑖 ≤
4   
So If 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3 × 𝑅𝑅4, then 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 
Therefore  𝐼𝐼 ≅ 𝑍𝑍7 × 𝑍𝑍2 × (0) × (0) , and we get 𝑅𝑅 Ι⁄  ≅
 𝑍𝑍2 × 𝑍𝑍2 that is a contradiction. 

Addition if  𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍2 × 𝑍𝑍4 or 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄ , then 𝐼𝐼 ≅
𝑍𝑍7 × 𝑍𝑍2 × (0), then we have 𝑅𝑅 Ι⁄  ≅  𝑍𝑍4 or 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄  . 
Similarly If 𝑅𝑅 ≅ 𝑍𝑍7 × 𝐴𝐴 , whenever 𝐴𝐴 ≅ 𝐹𝐹8 , 𝑍𝑍8 , 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  ,  
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄  . 

Clearly if 𝐴𝐴 ≅ 𝐹𝐹8 we have a contradiction. Otherwise all rings 
satisfied all conditions corresponding , |𝐼𝐼| = 14 are 𝑍𝑍7 × 𝑍𝑍8, 
𝐼𝐼 ≅ 𝑍𝑍7 × (4) 
1- 𝑅𝑅 ≅ 𝑍𝑍7 × 𝐹𝐹8    that is a contradiction . 
2- 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍8 , if Ι = 𝑍𝑍7 × (4) , then 𝑅𝑅 Ι⁄  ≅  𝑍𝑍4 

3- 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄   , if Ι = 𝑍𝑍7 × (𝑇𝑇12) , then 𝑅𝑅 Ι⁄  ≅
 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  

4- 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄    , if 𝐼𝐼1 = 𝑍𝑍7 × (𝑇𝑇1) 
, then 𝑅𝑅 𝐼𝐼1⁄  ≅  𝑍𝑍2[𝑇𝑇2] �𝑇𝑇22�⁄  ,    if 𝐼𝐼2 = 𝑍𝑍7 × (𝑇𝑇2) , then 
𝑅𝑅 𝐼𝐼2⁄  ≅  𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  , if 𝐼𝐼3 = 𝑍𝑍7 × (𝑇𝑇1 + 𝑇𝑇2) , then 
𝑅𝑅 𝐼𝐼3⁄  ≅  𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  .  

5- 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  , if 𝐼𝐼1 = 𝑍𝑍7 × (2) , then 
𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  ,                   if 𝐼𝐼2 = 𝑍𝑍7 × (𝑇𝑇1) , 
then 𝑅𝑅 𝐼𝐼2⁄  ≅  𝑍𝑍4 , if 𝐼𝐼3 = 𝑍𝑍7 × (2 + 𝑇𝑇1) , then 𝑅𝑅 𝐼𝐼3⁄  ≅
 𝑍𝑍4 .  

6- 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄  , if 𝐼𝐼 = 𝑍𝑍7 × (2) , then 
𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  . ▄ 

Theorem 4.3:  
Let 𝑅𝑅 be a non-local ring satisfied | Γ𝐼𝐼(𝑅𝑅) |  =  14 with 

|𝐼𝐼| = 7. Then 𝑅𝑅 corresponding the following rings in Table 8. 
 
 
 

Table 8. | ГI(R ) |  =  14 where |𝐼𝐼| = 7 
Ring Ideal Figure 

𝑍𝑍7 × 𝑍𝑍9 or 𝑍𝑍7 ×
𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  

𝑍𝑍7 × (0) 𝐾𝐾14 

𝑍𝑍7 × 𝑍𝑍2 × 𝑍𝑍2 𝑍𝑍7 × (0) × (0) 𝐾𝐾7,7 

Proof : 
Since | Γ𝐼𝐼(𝑅𝑅) |  =  14 and |𝐼𝐼| = 7 , then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | = 2, 

by [2] 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍9 , 𝑍𝑍3[𝑇𝑇1] (𝑇𝑇12)⁄  or 𝑍𝑍2 × 𝑍𝑍2. 

Sub case(a) If 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍9 or 𝑍𝑍3[𝑇𝑇1] (𝑇𝑇12)⁄  , then  |𝑅𝑅 Ι⁄ | = 9  

Since |𝑅𝑅| = |𝐼𝐼||𝑅𝑅 Ι⁄ | , which implies  |𝑅𝑅| = 7 × 9 = 63  we 
note that 𝑅𝑅 direct product of ring  
So 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , where 𝑛𝑛 = 2 or 3 . 
If 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × 𝑅𝑅3 then 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍3 × 𝑍𝑍3 that is a 
contradiction  

If 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 then 𝑅𝑅1 ≅ 𝑍𝑍7 , 𝑅𝑅2 ≅ 𝑍𝑍9 or 𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄  , 
and we have 𝐼𝐼 = 𝑍𝑍7 × (0) , therefore  𝑅𝑅 Ι⁄ ≅ 𝑍𝑍9 or 
𝑍𝑍3[𝑇𝑇1] �𝑇𝑇12�⁄ . 

Sub case(b) If 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍2 × 𝑍𝑍2 , then  |𝑅𝑅 Ι⁄ | = 4, 
Since |𝑅𝑅| = |𝐼𝐼||𝑅𝑅 Ι⁄ | , which implies  |𝑅𝑅| = 7 × 4 = 28  we 
note that 𝑅𝑅 direct product of ring  
So 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , where 𝑛𝑛 = 2 or 3 . 
If 𝑛𝑛 = 3 , then 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍2 × 𝑍𝑍2  
If  𝐼𝐼 ≅ 𝑍𝑍7 × (0) × (0), then  𝑅𝑅 Ι⁄  ≅  𝑍𝑍2 × 𝑍𝑍2 . 

If 𝑛𝑛 = 2 , then 𝑅𝑅 ≅ 𝑍𝑍7 × 𝑍𝑍4 or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  ,  

If  𝐼𝐼 ≅ 𝑍𝑍7 × (0) , then  𝑅𝑅 Ι⁄  ≅ 𝑍𝑍4 or 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇12�⁄  that is a 
contradiction. ▄ 
Theorem 4.4:  

Let 𝑅𝑅 be a non local ring satisfied | Γ𝐼𝐼(𝑅𝑅)|  =  14 with 
|𝐼𝐼| = 2. Then 𝑅𝑅 corresponding the following rings in Table 9. 

 
Table 9. | ГI(R ) |  =  14 where |𝐼𝐼| = 2 

Ring Idea
l 

Figur
e 

𝑍𝑍16 × 𝑍𝑍2or𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 6 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 7 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 8 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 9 

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

𝐾𝐾14 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 
10 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 6 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 9 

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 6 
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𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

𝐾𝐾14 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄
× 𝑍𝑍2 

(0)
× 𝑍𝑍2 

Fig 
11 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄
× 𝑍𝑍2 

(0)
× 𝑍𝑍2 

Fig 
10 

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄
× 𝑍𝑍2 

(0)
× 𝑍𝑍2 

Fig 
12 

𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig 9 

𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ × 𝑍𝑍2 (0)
× 𝑍𝑍2 

Fig  8 

Proof: 
Since | Γ𝐼𝐼(𝑅𝑅) |  =  14 and |𝐼𝐼| = 2, then |𝑉𝑉(Г(𝑅𝑅 𝐼𝐼))⁄ | = 7, 

by [13] 𝑅𝑅 Ι⁄  ≅ 𝑍𝑍16, 𝑍𝑍2[𝑇𝑇1]/(𝑇𝑇14), 𝑍𝑍4[𝑇𝑇1]/(𝑇𝑇12 + 2), 
𝑍𝑍4[𝑇𝑇1] (𝑇𝑇12 +  2𝑇𝑇1 + 2)⁄  , 𝑍𝑍4[𝑇𝑇1] (𝑇𝑇13 − 2, 2𝑇𝑇12, 2𝑇𝑇1)⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  , 𝑍𝑍8[𝑇𝑇1] ( 2𝑇𝑇1,𝑇𝑇12)⁄ , 
𝑍𝑍4[𝑇𝑇1] (𝑇𝑇13, 2𝑇𝑇12, 2𝑇𝑇1)⁄ , 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12 − 2,𝑇𝑇1𝑇𝑇2,𝑇𝑇22, 2𝑇𝑇1, 2𝑇𝑇2)⁄ , 
𝑍𝑍4[𝑇𝑇1] (𝑇𝑇12 +  2𝑇𝑇1)⁄  , 𝑍𝑍8[𝑇𝑇1] ( 2𝑇𝑇1,𝑇𝑇12 + 4)⁄ , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2)⁄ ,   
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2)⁄ , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2)⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇22)⁄ , 
𝑍𝑍4[𝑇𝑇1]/(𝑇𝑇12) , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2)⁄  ,𝐹𝐹8[𝑇𝑇1]/(𝑇𝑇12) or 𝑍𝑍4[𝑇𝑇1]/
(𝑇𝑇13 + 𝑇𝑇1 + 1)  and so |𝑅𝑅 Ι⁄ | = 16 
Since |𝑅𝑅| = |𝐼𝐼||𝑅𝑅 Ι⁄ | , which implies  |𝑅𝑅| =  2 × 16 = 32   
We note that 𝑅𝑅 direct product of local rings. 
So 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 × … × 𝑅𝑅𝑛𝑛 , where 𝑛𝑛 = 2,3,4 or 5 . 
If 𝑛𝑛 = 5 , then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 
If  𝐼𝐼 = 𝑍𝑍2 × (0) × (0) × (0) × (0) , then  𝑅𝑅 Ι⁄  ≅
 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 that is a contradiction . 

If 𝑛𝑛 = 4 , then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 or 𝑍𝑍2[𝑇𝑇1] (𝑇𝑇12)⁄  
If  𝐼𝐼 = 𝑍𝑍2 × (0) × (0) × (0) , then  𝑅𝑅 Ι⁄  ≅  𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 , 
that is a contradiction . 
If 𝑛𝑛 = 3 , then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝐴𝐴 , when 𝐴𝐴 ≅ 𝐹𝐹8 , 𝑍𝑍8 , 
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  ,𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  , 
𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  or 𝑍𝑍4[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 − 2�⁄  . 

1- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝐹𝐹8    that is a contradiction . 
2- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍8 , if Ι = 𝑍𝑍2 × (0) × (0), then 𝑅𝑅 Ι⁄  ≅

 𝑍𝑍2 × 𝑍𝑍8 that is a contradiction . 

3- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄   , if Ι = 𝑍𝑍2 × (0) × (0) , 
then 𝑅𝑅 Ι⁄  ≅  𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄  , that is a contradiction. 

4- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄    , if Ι =
𝑍𝑍2 × (0) × (0), then 𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍2 ×
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄  that is a contradiction . 

5- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  , if 𝐼𝐼1 =
𝑍𝑍2 × (0) × (0) , then 𝑅𝑅 𝐼𝐼1⁄ ≅ 𝑍𝑍2 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄  
that is a contradiction .  

6- 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍2 × 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄  , if 𝐼𝐼 =
𝑍𝑍2 × (0) × (0), then 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2 ×
𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄  that is a contradiction . 
If 𝑛𝑛 = 2 , then 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍16 or 𝑍𝑍4 × 𝑍𝑍8 . 

(a) 𝑅𝑅1 × 𝑅𝑅2 , s.t |𝑅𝑅1| = 𝑝𝑝𝑛𝑛  and |𝑅𝑅2| = 2 since |𝑅𝑅1| =
16 = 𝑝𝑝𝑡𝑡, then 

there are 21 rings satisfied this condition , where 𝑅𝑅1 ≅ 𝐹𝐹16 , 
𝑍𝑍16 , 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄  , 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄  , 
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄ × 𝑍𝑍3 , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍3, 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  , 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄  , 
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄  , 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  , 
𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄  , 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ . 

1- 𝑅𝑅 ≅ 𝑍𝑍16 × 𝑍𝑍2 , if  Ι = (0) × 𝑍𝑍2 , then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍16 , thus 
Γ𝐼𝐼(𝑅𝑅) ≅ Fig 6 . 

2-  𝑅𝑅 ≅ 𝐹𝐹16 × 𝑍𝑍2 or 𝐹𝐹4[𝑇𝑇1] �𝑇𝑇12� × 𝑍𝑍2⁄  , which is a 
contradiction . 

3- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄ × 𝑍𝑍2 , if  Ι = (0) × 𝑍𝑍2 , then 𝑅𝑅 Ι⁄ ≅
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇14�⁄ , thus Γ𝐼𝐼(𝑅𝑅) = Fig 6 .    

4- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄ × 𝑍𝑍2 , if  𝐼𝐼 = (0) × 𝑍𝑍2 , then 
𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ Fig 7 . 

5- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅
(0) × 𝑍𝑍2 , then 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄ , 
thus Γ𝐼𝐼(𝑅𝑅) ≅ Fig 8 . 

6- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅ (0) × 𝑍𝑍2 , 
then 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅
 Fig 9 . 

7- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄ × 𝑍𝑍2,if  𝐼𝐼 = (0) × 𝑍𝑍2 , 
then  𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2,𝑇𝑇3] (𝑇𝑇1,𝑇𝑇2,𝑇𝑇3)2⁄  . 

8- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2 , if  𝐼𝐼1 ≅ (0) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼1⁄ ≅
𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ , thusΓ𝐼𝐼(𝑅𝑅) = figure 10 . 

9- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄ × 𝑍𝑍2 , if  Ι ≅ (0) × 𝑍𝑍2, 
then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 2�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 6 . 

10- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄ × 𝑍𝑍2 , if  Ι ≅ (0) × 𝑍𝑍2, 
then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 1�⁄  that is a contradiction. . 

11- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄ × 𝑍𝑍2 , if  Ι ≅ (0) × 𝑍𝑍2, 
then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 3�⁄  that is a contradiction. 
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12- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄ × 𝑍𝑍2 , if  Ι ≅ (0) × 𝑍𝑍2, 
then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12 + 𝑇𝑇1 + 1�⁄  that is a 
contradiction. 

13- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅ (0) × 𝑍𝑍2, 
then 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13, 2𝑇𝑇1�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 9 . 

14- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅ (0) × 𝑍𝑍2, 
then 𝑅𝑅 Ι⁄ ≅ 𝑍𝑍4[𝑇𝑇1] �𝑇𝑇13 − 2,2𝑇𝑇1�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ figure 6 
. 

15- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅
(0) × 𝑍𝑍2 , then  𝑅𝑅 𝐼𝐼⁄ ≅
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄  . 

16- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 , if  
𝐼𝐼 ≅ (0) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼⁄ ≅
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅
 figure 11 . 

17-  𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 , if  
𝐼𝐼 ≅ (0) × 𝑍𝑍2, then 𝑅𝑅 𝐼𝐼⁄ ≅
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22,𝑇𝑇1𝑇𝑇2 − 2,2𝑇𝑇1, 2𝑇𝑇2�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅
 figure 10 . 

18- 𝑅𝑅 ≅ 𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 , if  
𝐼𝐼 ≅ (0) × 𝑍𝑍2 , then 𝑅𝑅 𝐼𝐼⁄ ≅
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ , thus 
Γ𝐼𝐼(𝑅𝑅) ≅ figure 12 . 

19- 𝑅𝑅 ≅ 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅ (0) × 𝑍𝑍2 , 
then 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12�⁄ , thus Γ𝐼𝐼(𝑅𝑅) = Fig 9 . 

20- 𝑅𝑅 ≅ 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ × 𝑍𝑍2 , if  𝐼𝐼 ≅ (0) × 𝑍𝑍3 , 
then 𝑅𝑅 𝐼𝐼⁄ ≅ 𝑍𝑍8[𝑇𝑇1] �2𝑇𝑇1,𝑇𝑇12 + 4�⁄ , thus Γ𝐼𝐼(𝑅𝑅) ≅ Fig 8 . 

(b) 𝑅𝑅 ≅ 𝑅𝑅1 × 𝑅𝑅2 , s.t |𝑅𝑅1| = 𝑝𝑝𝑛𝑛  and |𝑅𝑅2| = 4 since |𝑅𝑅1| =
8 = 𝑝𝑝𝑡𝑡, then 

there are 6 rings satisfied this condition . 
1- 𝑍𝑍8 × 𝑍𝑍4 , if 𝐼𝐼 ≅ (0) × (2), then 𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍8 × 𝑍𝑍2 that is a 

contradiction .  
2- 𝑅𝑅 ≅ 𝐹𝐹8 × 𝑍𝑍4  , if I ≅ (0) × (2), then 𝑅𝑅 𝐼𝐼⁄  ≅  𝐹𝐹8 × 𝑍𝑍2   

that is a contradiction . 

3- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ × 𝑍𝑍4 , if  𝐼𝐼 ≅ (0) × (2) ,  then 𝑅𝑅 𝐼𝐼⁄  ≅
𝑍𝑍2[𝑇𝑇1] �𝑇𝑇13�⁄ × 𝑍𝑍2   that is a contradiction . 

4- 𝑅𝑅 ≅ 𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄ × 𝑍𝑍4 , if 𝐼𝐼 ≅ (0) × (2) 
then 𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] (𝑇𝑇12,𝑇𝑇1𝑇𝑇2,𝑇𝑇22)⁄ × 𝑍𝑍2  that is a 
contradiction . 

5- 𝑅𝑅 ≅ 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄ × 𝑍𝑍4 , if 𝐼𝐼 ≅ (0) × (2), 
then 𝑅𝑅 𝐼𝐼⁄  ≅ 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12)⁄ × 𝑍𝑍2   that is a 
contradiction . 

6- 𝑅𝑅 ≅ 𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄ × 𝑍𝑍4, if 𝐼𝐼 ≅ (0) × (2) , 
then 𝑅𝑅 𝐼𝐼⁄  ≅  𝑍𝑍4 [𝑇𝑇1] (2𝑇𝑇1,𝑇𝑇12 − 2)⁄ × 𝑍𝑍2   that is a 
contradiction . ▄ 

 
Fig 6. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = (0) × 𝑍𝑍2 and 𝑅𝑅 = 𝑍𝑍16 × 𝑍𝑍2, 
𝑍𝑍2[𝑇𝑇1] (𝑇𝑇1

4)⁄ × 𝑍𝑍2, 𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
2 + 2)⁄ × 𝑍𝑍2or 

𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
3 − 2,2𝑇𝑇1)⁄ × 𝑍𝑍2 

 
Fig 7. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = (0) × 𝑍𝑍2 and 𝑅𝑅 =

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22�⁄ × 𝑍𝑍2. 

 
Fig 8. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = (0) × 𝑍𝑍2 and 𝑅𝑅 =
𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12,𝑇𝑇22 − 𝑇𝑇1𝑇𝑇2�⁄ × 𝑍𝑍2 or  

𝑍𝑍8[𝑇𝑇1] (2𝑇𝑇1, 𝑇𝑇1
2 + 4)⁄ × 𝑍𝑍2. 

 
Fig 9. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = (0) × 𝑍𝑍2 and 𝑅𝑅 =

𝑍𝑍2[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇13,𝑇𝑇1𝑇𝑇2,𝑇𝑇22�⁄ × 𝑍𝑍2,  

𝑍𝑍4[𝑇𝑇1] (𝑇𝑇1
3, 2𝑇𝑇1)⁄ × 𝑍𝑍2 or 𝑍𝑍8[𝑇𝑇1] (2𝑇𝑇1, 𝑇𝑇1

2)⁄ ×
𝑍𝑍2 



Al-Rafidain Journal of Computer Sciences and Mathematics (RJCM), Vol. 18, No. 2, 2024 (121-135) 
 

135  

 
Fig 10. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = (0) × 𝑍𝑍2 and 𝑅𝑅 =

𝑍𝑍4[𝑇𝑇1] �𝑇𝑇12�⁄ × 𝑍𝑍2. 

 
Fig 11. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = (0) × 𝑍𝑍2 and 𝑅𝑅 =
𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2 

 
Fig 12. Γ𝐼𝐼(𝑅𝑅), where 𝐼𝐼 = (0) × 𝑍𝑍2 and 𝑅𝑅 =

𝑍𝑍4[𝑇𝑇1,𝑇𝑇2] �𝑇𝑇12 − 2,𝑇𝑇22 − 2,𝑇𝑇1𝑇𝑇2, 2𝑇𝑇1, 2𝑇𝑇2�⁄ × 𝑍𝑍2. 
 

II. Conclusion 
In this work, we introduce the notion if  |V(Γ𝐼𝐼(𝑅𝑅))| = 12, 

then there are eight graphs (Fig(1) , Fig(2),     Fig(3), Fig(4), 
Fig(5), 𝐾𝐾12, 𝐾𝐾6,6, 𝐾𝐾4,8) realized a ring 𝑅𝑅 with respect ideal 𝐼𝐼, if  
|V(Γ𝐼𝐼(𝑅𝑅))| = 13, then there are one graphs (𝐾𝐾13) realized a 
ring 𝑅𝑅 with respect ideal 𝐼𝐼 and if |V(Γ𝐼𝐼(𝑅𝑅))| = 14, then there 
are nine graphs ( 𝐾𝐾14, 𝐾𝐾7,7, Fig (6), Fig(7), Fig(8), Fig(9), 
Fig(10), Fig(11), Fig(12)) realized a ring 𝑅𝑅 with respect ideal 𝐼𝐼. 
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