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Abstract

In this work, we present the power series method for solving special types
of the first order nonlinear Volterra integro-differential equations of the second
kind. To show the efficiency of this method, we solve some numerica examples.
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1. Introduction

It is known that the integro-
differential equations arise in a great
many branches of sciences, for
example, in  potentid  theory,
acoustics, elasticity, fluid mechanics,
theory of population, [4], [3].

Many researchers studied the
integro-differential equations, see [4]
discussed the existence of the
solutions for specia types of integro-
differential equations, [5], devoted
some anaytic methods for solving
linear Volterra integro-differentia
equations, [6], [1] gave some
numerical methods for solving linear
and nonlinear Volterra integro-
differential equations, [5] used some
approximated methods for solving
linear Volterra integro-differentia
equations.

The power series method is
one of the important methods that can
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be used to solve the initid vaue
problem of the linear Volterra
integro-differential  equations of the
second kind, [2].

In [7], the power series
method is used to solve the nonlinear
Volterra integral equations of the
second kind of the form:

u(x)=f(x) +I ;‘j<(x,t)[u(t)]pdt, pl N

where f and k are known functions, |
is a scdar parameter and u is the
unknown function that must be
determined.

Here we use the same
method to solve the initial vaue
problem that consists of the first order
non-linear Volterra integro-
differential equations of the second
kind of the form:
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u€x)=f (x) +1 Xd((x,t)[u(t)]pdt,

pl N L (1.8

together with the initial condition:

u@0) =a ... (1.b)
where f and k are known functions,
a is aknown constant, | is a scalar
parameter and u is the unknown
function that must be determined.

2. Power SeriesMethod for Solving
Equations (1):

Consider the initial value
problem given by equations (1).
Assumed the solution of equations (1)
takes the form:

u(x) @, +ex +e,x? ... (2

Then by setting x=0 into equation (2)
one can get:

u(0) Ce,.

By using the initid condition given
by equation (1.b), one can get:

€ —a.
Then by differentiating equation (2)

with respect to x and setting x=0 in
the resulting equation on can have:

u(0) =e,.

On the other hand, from equation
(1.a), one can have:

u(0) = f(0).
Therefore
e = f(0).

Thus the approximated solution takes
the form:

u(x) @ +f(0)x +e,x? ....(3)

where €, is the unknown parameter

that must be determined. To do this,
we expand k(x,y) and f(x) as a power
series. That is,

¥ ¥ o
k(x)=Q ak; xt' ...@
j=0i=0
and

¥
fx)=8fx .. )

i=0

By substituting equations (3)-(5 into
equation (1.8) one can get:

¥ .
f(0) +2e,x=g fx +

i=0
XL "
A A kxt'la+ fOt+et?] dt

0 j=0i=0

.. (6)

But
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Therefore equation (6) becomes
¥
f(0)+2e,x=Q fx +
i=0
X ¥ ¥ o
(\)é é. kinItJa gpo a‘t""
kg

0 j=0i=0

_[f(0>] [e,t]" " dt =

1=0 I

fo+ f1x+ fox>+L+

Olkoo + KX + Kyt +L)

o
N

€ , & a0 I p-1
& goglalf(O)] et]™" +

_[f(O)]'

be Al

" L R

2 2 t°

[e ]!+
gzﬂ
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fo+fx+f,x° +L+

oo X+t +LtP{(e)? +

20 e+
4]
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2100+
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[FO)]" 2} +aPdt

Q(x?)=f x>+ fx* + L+

dkoo + klOX + k01t + I—)[t p{(ezt) P+
0
g% O)(e,t)™ ! +

9

20 ¢ (0)2(e,t) "2 + L+
gz )

[£(0)]°}+ pat*{et)** +

e
20+
15

& ol en L
2 g

(1 (01} + BB Dq 2o

(et +& 2% O en* +
g 1 g

2 20 O (e + L+
2 g

[0}
It is clear that f(0) =f_ and Q(x?)
is a polynomial of degree greater than
or equal two. By neglecting Q(x?)
and solving the equation
o = f,+kya’
? 2

parameter e, is determined and
therefore the coefficient of X* in
equation (3) is obtained.

By repeating the above
procedure m-1 iterations, a power
series of the following form derives:

y(x) = ém ex e ©)

i=0

the unknown
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Equation (7) is an approximated ¥
solution of the initial value problem e*= a
given by equations (1). i I
3. Numerical Examples: and
In this section we present two y
examples that are solved by using e = é
power series method. These examples i—o !
shows the efficiency of this method. Therefore
Example (1): ¥
Consider the first order f(xX)=-8a
nonlinear integro-differential izo I 3e 3g
equation of the second kind:

¥
o]
u<(x):—e'x+l§<2+x+}9e'3x— ,a
3é 3o

» _ X 0
L Loy +numP ot ? X+ b=t
9 g

&

e

3
....(8.3
together with the initial condition:

u(0)=1 ....(8b) g‘[ s X 0 1.1
|
Here
f(x):—e'x+l8§<2+x+29e'3x- =¢- 1+—-—++g‘l+—-—+x-
3é 3g e
1.

1
=X - =, =3
3 9p

E Qo
w

D

w

Q

and
k(x,t) =x2 +t.

We solve this example by
using the power series method. To do
this, let eO:u(O) and e,l:u((O).
Therefore ;=1 and e, =f(0) =- 1.
Assume the solution of the above
initial value problem takes the form:

u(x) @e, +ex+ex’,
Hence

u(x) @- x +ex’. Hence f, = 1. On the other hand
But

" Qox

It
N

‘Qox i
—
1
W
X
=
w
N

It
N
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11 for(i,j)=(01)and

i
1 . where
k=t (,)=02
o ew 12 5 7
| 3y — 7 6 8
xXN)==x +=x% +—x° -
Q(x%) =" g
Thus Kk, = 0. Therefore &_)_16)(9 +§X4 ) 1_70)(5 )
P
:.tl;tjfggfi_ ::EE 1 2 29
? 2 2 (8)*x - 2(8) %" + e -
In this case il 121 84
1 1 = 2,11+ 3,12
Q) =5 (€,)°%° - 2(8,)°x° - 6(&) X" (&)X
6 1 1 9 20 9 .8 3 28 _
g(ez)zxug(ez)zxs—E(e2)2x6+ 15 (8) X - g&X - g(&)7X
6,1 s 4.5 3 7 = X10+£ x7-§ex5+
e,X +ge2x e —gezx - 3263 3563 5 &
7 2 4 ~
§e2x4+§x4+lx6—£x2+1+ 1e3x‘5+g- $ X LH-
4 4 4" 6 4 3 4 4
X2 X3+I_ l Ze 9 2 27 3 u
a3 } —X" x5 X+—=X"- —X" +L -
3" 8 2 3 H
%XZA —3x+§x2—§x3+L§— 1,89 2 27 s b
- 3 82 3 H
Ex(?— 3x+gx2—£x3+Lg— 1¢ 27 , 81, u
3’8 2 H of 3 X I e
] ) 98 3 H
!:géi 2 _ 221X3-+[_g4-gile
982 3 H 3 By neglecting Q(x®) then equation
Thus (9) becomes
1.0 1 1 16 5
u(x) @- x EX' ?Be3-§+1-5+§;x =0
By repeating the above argument for 1
the approximated solution: and hence g, = - 3 Thus
1 1
u(x) @.- x+%x2+%xs U() @ X+ X% - 2
one can get: By repeating the above argument for

the gpproximated sol ution:
Be, - L. Li1%2+Q(x%) =0 u(x) @- x +=x2- =x3+e,x*
é 6 3 @ 2 3

one can get:

..(9)
4821
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<?f“4e4 R B N
e 6 2 2g
Q(x*)=0 ... (10)
Where
59 7
4 9 10
X)=—x+—x"+
QO 765 320
o ll+1—3x8+§x“—
1188 64 8
i 12 _ 2X7— i(e4)2xl4+
2160 5 24
l 6_ §X5' i(e4)3xl4_
12 5 14
26 o, 9 ;1 3,15
—eX +—ex - —(€,) X -
63 % 35 ° 13( )
14 2,13 1 6 8
o X - —eX e x -
143( ) 2 *
7 2,12 31 12
— X —eX -
40( ) 720 *
1 13 2 2,11
—e, X —(€ X
132 33( )
59 11 3 2,10
— —(g)x" +
39 10( )
E 10 (Aéx_‘l_ X_SLL:J_
e
20 g4 85 ¢
1069 o 27 5 U
3" &2 3 H
16270 Bl U
3 &3 4 H
lé81 4 243 5 U
== ot L
9 g4 5 H

By neglecting Q(x*)then equation
(10) becomes

e

g4e4 1

6

+1—§+ =0
2

N |-

O3
2

4822

and hence ¢ _1 Thus
‘T4
1, 1 3. 14
u(x - X+=XT- =XT+=X"
xa 2 3 I
By continuing in this manner, one can
get:

1, 1.,

u(x X+ =X =3+

(x) @l 5 3
lx“-le’t..:e'X
4 5

Note that this approximated solution
is the exact solution of the initia
value problem given by equations (8).

Example (2):
Consider the first order
nonlinear integro-differential

equation of the second kind:
2 1 8 o
ugx) =3x° - §X sinx+
gsinxufdt ...(11.9)
0

together with the initia

condition:

u(0)=0 ..(11.b)

Here f(X):3X2-%XSSinX :

p=2and kK(X,t) =tsinx.

We solve this example by
using the power series method. To do
this, let €y =u(0) and e =u(0).
Therefore g, =0 and ¢ =f(0)=0-
Assume the solution of the above
initial value problem takes the form:

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech. Journal, Vol.28, No.14, 201(

Power SeriesMethod For Solving Nonlinear

Volterrar Integro-Differential Equations
of The Second Kind

u(x) @, +ex+ex’
Hence
u(x) @e,x°.
But

¥ i 2|+l
snx= a( DX .

i=0 (2I +1)|
Therefore

f(x)=3x*- E><8sinx

l 80 ( 1) X2|+1

=3x?- .
8 ,(rflo (2i + 1!
and
i 2|+l
k(x, t)—tsmx—té CDx .
o (2 +1)!
Hence f, =0 and K , =0 and this
implies that
S fl * k_ooap =0.
2
In this case

2 6e0 ( 1) X2|+1U

Q(x*) =- 6(92) eawg

_ 2i+1
3X2 +} ngé ( 1) X E
8 & (2+D! g
Thus
u(x) €O.

By repeating the above argument for
the approximated solution:

u(x) @e,x°

4823

one can get:
(3e,- 3)x*+Q(x% =0
.. (12)

where

3 __E ) Seo ( 1)| 2|+1
QU =-g(&:)x Sao (2i +1)! § ‘4+
1 Seo ( 1)|X2|+1u

8 & @ §

By neglecting Q(x®)then equation
(12) becomes

(3e,- 3)x* =

and hence e; =1. Thus

u(x) @x3.

By repeating the above argument for
the gpproximated sol ution:

u(x) @ +e,x*
one can have:
(4e,x3*+Q(x*)=0 ...(13

where

Q) =- g5 ()X + ey
o (_ 1)iX2i+l
A @y

By neglecting Q(x4)then equation
(13) becomes
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(4e,)x3 =0
and hence €= 0. Thus
u(x) @x3.

By continuing in this manner, one can
get:

u(x) @3 +0x* +0x> +..=x3
Note that this approximated solution
is the exact solution of the initid

value problem given by equations
(12).
Remark(1):

The power series method can
be also used to solve the initial value
problem that consists of the first order

nonlinear Volterra integro-differentia
equation of the second kind:

ugx) = (x) + ¢k (x, H[u(®) Pt
: ....(14.9)

together with the initial condition:

u(a =a ....(14.b)
To do this le¢ z=1-a then
equation (14.a) becomes

u€x) =f (x) + 6<(x, z+a)u(z+a)Pdz
0

Then by setting s=x-a in the

above eguation one can have:
y&(s) = f (s+ a)+ k(s+ a,z+ a) y(2)] dz
0
.....(15.9)

where y(S) = u(s+ a). Thus

4824

y(0)=u(a)=a ....(15.b)

Therefore the initial value problem
given by equations (14) reduces to the
initial value problem given by

equations (15).
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