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Abstract

The nonlinear thermoviscoelastic behavior of composite thin plates is
investigated. An experimental program covers an achievement of creep tests under
different temperatures, dimensions of specimens and distribution loads to describe
the equation of creep compliance. The stress relaxation is dso determined from the
experimental creep compliance.

A new equation of creep compliance function D(5,T) and relaxation
modulus E(teT) were predicted from the experimental results to describe the
nonlinear thermoviscoelastic behavior of composite thin plates. A good agreement
has been observed between the proposed models of nonlinear behavior at different
temperatures and experimental results and between both theoretical and FEM
results.

It was found that thus the deflection is increasing at the beginning and the rate of
increase is nearly constant and increase with increasing temperature from 30 €to

60 C° with approximate rate (34.6%) for simply support plate at distributed load
(0=1.934E-3 N/mm?), relaive dimensions (a/lb)=1.0 and time=15 min.

The results indicate that the shear stress increases with rate (50.7%), so that strain
in y-axis increases with rate (19%) as a result of increase the temperature from (30
C°to 60 C°).

Keywords: Thermoviscoelastic, Stress Relaxation, Relaxation Modulus, Creep
Compliance.
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Nomenclatur e Notation
Symboal Definition Unit
a,b Plate length and width mm
A Bounded area surface mm?
Am,Bm,Cm, Constants
Dm
D Flexural rigidity of plate N.m
D(t) Creep compliance 1/MPa
E Modulus of elagticity MPa
E(t) Relaxation modulus MPa
n Exponent
q Digtributed load N/mm?
t Plate thickness mm
T Temperature °C
U Tota potential energy N.m
u Displacement in the x-axis of plate surface mm
\Y Displacement in the x-axis of plate surface mm
W Strain energy N.m
w Deflection of plate mm
DT Temperature difference °C
e Normal strain
S Normal stress N/mn?
n Poisson’sratio
F (1) Time dependent creep function mn/ N
g Shear strain
tays Ty Shear stresses N/mm?
Wi Load potentid energy N.mm
Ds Stress difference MPa
gx Rotation about x-axis Rad
S Summetion
d Deformation of creep specimer mm
{s} Stress vector.
{e} Strain vector.
{T} External loads applied to the boundary surfaces.
{k} Vector of curvature.
[B] The strain matrix
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[N] The shape functions matrix
[K] The stiffness matrix
[K(8)] Stiffness matrix as a function of strain.

Introduction

The tress-dirain relations for
creep are primarily empirical. Most
of the equation were developed to fit
the experimental creep curves
obtained under constant stress levels
and constant temperature. The actud
behavior of the viscodastic materias
has shown that the strain at a given
time depends on al of the values of
the stress in the past.
Thus, the cregp phenomenon is
affected by the magnitude and
sequence of the stress or strain in a
history of the material. Based on this
fact, various methods have been
suggested to present the time
dependence or the viscoeastic
behavior of this material [1].
Viscoelastic materiadl  as  other
metallic and non-metallic materids
can be affected by various factors
such as temperature, humidity,
history variables, etc.
In this respect, literatures related to
the viscodastic  behavior  of
composite materials under therma
effects are presented. Wenbo Luo
et.d. ,2007 [2] study the creep
behavior of commercial grade
polycarbonate was investigated in
this study. ten different constant
stress ranges from 8 MPa to 50 MPa
were applied to the specimen and the
resultant creep strains were measured
a room temperature. It was found
that the creep could be modeled
linearly below 15 MPa , and
nonlinearly above 15 MPa. Different
nonlinear viscoelastic models have
been briefly reviewed and used to fit
the test data. Marco Ferrari et. a.

2008 [3] the study aimed to estimate
the effect of insertion length of posts
with composite restoration on stress
and strain distributions in central
incisors and surrounding bone.

The typica , average geometries
were generated in FEA environment.
Dentin was considered as an elastic
orthotropic material and periodonta
ligament was coupled with nonlinear
viscoelastic mechanical properties.
B.A. Sami and H. Naima ,2009 [4] is
predicted the mechanical behavior of
yarns under various levels of strain ,
by wusing only their technical
parameters. The study of the yarn
response to tensile test and relaxation
test at different strain level has
permitted us to propose an analytical
model predicting the entire stress-
strain response of yarn. Joannie chin
et. a. , 2009 [5 studied
thermoviscod astic properties of two
commercial ambient cure structural
epoxy adhesives were anayzed and
compared. The adhesives were
formulated by the same
manufacturer, but one system
contained accelerators to shorten its
cure time.

Theoretical analysis

Bending of Simply Supported with
Uniformly L oaded Rectangular
Plates

is expressed in term of displacements
thug[6]:

1%, ﬂ2W2+'|1V:’:qB ()
x 9y Ty
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The problems of bending of
rectangular plates that have two
opposite edges simply supported take
the solution in the form of series
solution as follows[6]:

¥
w:éymgn% -2
m=1

where:

ﬂ\:\/+2 ﬂ2W2+ﬂvZ=0 ...(5)
*x Xy Ty

And it must be chosen in such a
manner as to make the sum Eq.(3)
satisfy al the boundary conditions of
the plate .

Y ,:functiononly of thedistance(y)in they - axis. Taking w2 in the form of series (2) in

It’s assumed that the sides (x=0 and
x=a) as shown in Fig.(1) are simply
supported. Hence each term of EQ.(2)
satisfiesthe boundary  conditions :
w=0 0
o w_ 0;', on thesesides

2 |
ix b
It remains to determine the function
Ym in such form as to satisfy the
boundary conditions on the sides of y
=+ b/2 and the eguation of the
deflection surface (1). The solution
of Eq.(2) for uniform load
is assumed to be in the form :

w=W, +W, ..(3)
And letting:

- 9 4. 3

=25 (X 203 +adx) ...(4)

i.e, W, represents the deflection of
uniformly loaded strip parallel to the
x-axis. It satisfies EQ.(1) and aso the
boundary conditions at the edges :

x=0 and X=a.

The expression W, evidently has to
satisfy the equation:

which, from symmetry (m=1, 3, 4...)

and substituting into Eq.(5) we obtain

mApA
aA

o m’p? . X
(Y, -2 Y@+ lY )sn T =0

...(6)

This equation can be satisfied for al
values of (x) only if the functionYm
satisfies the equation:

Ylv_ 2m2 2 m

P v+ aEf Y.=0 .(7)

a

The generd integral of this equation
can take the form:

ga’ mpy mpy ., nmpy
=— cosh—+ B —sinh—+
Yn D (A, a B- a a

Cmsinh% + Dm%cosh%) e

Observe that the deflection surface of
the plate is symmetrical with respect
to the x-axis Fig.(1) . In expression of
(8 only even functions of (y) are
kept and the integration constants
(Cm=Dm=0.0) are let. The deflection
surface (3) is then represented by the
following expression:

L IVIPAE IV Co
W—243(X4 2ax +a’x)+ =

*g(Acowm+&@§nhnﬂ)*dn@
1 a a a a
..{9)

which satisfies Eq.(1) and also the
boundary conditions a the sides
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(x=0.0 and x=3a) . It remains now to
determine the coefficients of EQ.(9)
(Am and Bm) in such a manner as to
satisfy the boundary conditions:

2

J]_\N =0
2
Ty
On the sdes y = + b/2, we begin by
developing expression of Eq.(4) in a
trigonometric series which gives::

w=0 .(10)

4 ¥y
L(X4_ 250(1">+ai">x):quial 2 ignm
24D poD m=im a
where:
m=1,3,5...

The deflection series Eq.(9) will be

represented in the form :
4y
_ga" ¢ 4 mpy
w= o rr?:l(—p 5.5 + Amcosh a +

MPY & - MPYy o o MPX
Bm 5 sinh a )sin a ...(12)

Substituting the boundary conditions

from Eq.(10) in the expression of

Eq.(11) and using the notation gaves:

PO _am .(12)
2a

We obtain the following equation for

determining the constant Am,Bm) :

+ Amcosham+ Bmamsnham=0

4
p5m5
(Am + 2Bm)cosh am + Bmamsinham=0

from which :

_ 2@mtanham+2) @
Am=* Sm®cosh am :::
P ) y ..(13)
Bm=t—F&—— I
m p °m® cosh am b

Substituting these values of
constants in Eq.(11) we obtain the
equation of the plate surface
deflection ,satisfying EQ.(1) and the
boundary conditions are given in the
following form:

4 ¥
_ 44161 3 i(l- amtanham+2 Sh2yam .
P°D 13, P 2cosmm b
L Qsinzyam)*sinm( (14)
2cosham b b a

Numerical analysis

Consider a plate subjected to
a distributed load (g) norma to its
mid surface Fig.(2). The stresses and
strain produce work that is stored in
the system as strain energy W) [7]
such that:

W =%C‘{S}T{e}dv (15)

{s}" : transposeof stressvector.

{S} ' :{S X’S y’t Xy} (16)
Where:
{e} : strain vec tor

i a

1€ I

| |
ej=ie, vy an
teh=tey ¥

19% b

v :volume of plate

Using the assumption of the classical
theory for plate bending, the strain
displacement can be written as
follows:
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_u _fw_
eX_ﬂX eZ 1z

_v _w, fu_
y_ﬂ_y gXZ_&*_E_O (18)
VLI U |
Yoy xo Yy Tz
ex = - zkx
ey = - &y (19)
gy = - 27y
SX:l- 2(ex+ney)
s, = > (e, +ne ) (20)

1-v

t, =Gg,

sub Eq.(16) and EQ.(17) in Eq.(15)

the strain energy W) may be
expressed as:

i 1]

.I.eX .I.
Wzlc‘}s st U':"e gdv—

25 XY XYh Y

19%vp
1, o
202% Ex TS eyt xygxy;,dv .(21)

The applied load (g) acting norma to
the plate surface area produces the

load potentia energy W), that is:
W=- c{T} {u}dA=- ¢awdA  ..(22)

Substituting the strains and stresses
from Eg. (19) and Eq. (20) into Eq.
(21) and performing the integration
over plate thickness (t) gives:

w=+Z 4 Tl dA=

1 i-kx @

Sd- ko - ky - 200Dl Ky yv..(23)
- 2o,

Where for the isotropic case, the
elasticity matrix [D] can be written as
in[8]:

RO
D=——% 1 o0 Y.22
(D] 12(1-n2)g1 u (2%

@ 0 051-n)j
or in another form:
éDx D, 00
[D]:gDl Dy O 3 ....(25)
g0 0 Dxyg

For the nonlinear thermoviscoelastic
case (E) was predicted from
experimenta results as following.

E(t,e,T)=E(e,T)*t"®" .(26)

so that , the stress relaxation
expressed asfollowing :

tns(e,T)
..(27)
The curvature displacement Eqs.(17)
can be expressed in a matrix form as
follows :

s(t,eT)= s(eT)*

{K =[Blw=

@D D> D> D> D> (D> D> D~

The nodal displacements of the plate
eement with (n=4) (four node) is
shown in Fig.(3). Each node gives
the following three degrees of

freedom The transverse deflection wy
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rotations about x-axis gx and
rotations about y-axisqy.
The element deformed shape can be
approximated with a suitable set of
shape functions Ni (x,y) :

wix,y) = A Ni(x, y)ui =[N{u} ..(29)

where the nodal displacements (i)
are:

{U}T = } Wi,y Oy ,WZ,qZX,sz""'.‘.':] (30)
T....,\/vn,qnx’qny g

Substituting Eq.(29) and (30) into the
strain noda displacement Eq.(28) ,
the matrix [B],Eq.(28), can be written
in the expanded form :

RO R ) g
R PR pe
[B]z‘:e. ﬂi\ll - ﬂZ—NZ m .......... - ﬂan@...(Sl
HE T ] o
e N TN, PN PALLY
g ™y ™y ™y ™y e

Sub Eq.(29) in Eq.(28) and the result
in Eq.(23) the strain energy equation
can be written as:

w =2 " (8" DBl A (32

Sub Eg. (29) in (20), the load
potential equation can be written
as[8]:

W=- ¢q(x )IN{uldA  .(33)

the shape function [N] shown in
appendix (A)

Since the total potential energy is
given by[8]:

U=W+W ..(34)

Substituting of E@s.(32,33) into the
total potential energy expression
Eq.(34) gives 8:

U = g BI [DIBIu}dA -

(X, Y)[N{u}dA .(35)

According to the condition for
equilibrium for the minimization of
the total potential energy U.,
differentiation of Eq.(35) w.r.t. noda
displacement  (ui) ,yeilds the

following system of equilibrium
equation [8] :

(gB17 DI BIdA Ju} -

(‘q(x, y)N]dA =0 ....(36)

where the element diffness Kle is
given by :

[K]. = @[BI"[DI[Bldxdy ..(37)

and the vector of the equivalent nodal
force {f}is[8]:

{f}.=@ax VINIAA ...(38)
Thus, the equilibrium for plate

element can be expressed in the
concise form as:

{t}. =[K1.{u}.

the strain matrix [B] can be written as
follows:

[B] =[Q][C]*

.(39)

... (40)

The element stiffness matrix can be
evaluated by substituting EQ.(40) in
Eq. (37), that is:.

[K]° =[C " (G QI DI[Qldxdy[C] *
(A1)
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An explicit expression for stiffness
matrix [K] has been evaluated [9]. A
computer program was developed
use Fortran language (Visual Fortran
5.0) employing the isoparametic
element and the flow chart is shown
infig(4).

The experimental programme;

Some aspects of relationship
between and interconversion of creep
and stress relaxation functions of
nonlinear viscoelastic material are
calculated from experimental results
.The equipment required for
experimental work is designed and
built according to these requirements
the planned test can be classified into
two groups:

- Creep tedts in which the
mechanical material properties for
nonlinear viscoelastic behavior are
calculated at constant applied load.

- Deflection tests : in these tests the
deflection of supported plate is
measured for the consequent time at
different points on the plate.

There are a number of creep test
specimens which are used to evaluate
the property of thermoviscoelastic
material. The dimensions of standard
creep test specimen is shown in
Fig.(5).[10]

Preparation of Creep Campste
Polyester Specimens:

Composite  polyester  was
manufactured using one layer as,
fiber in the polyester resin which was
made by mixing the polyester resin
with  solidification  (B). The
percentage of type (B) was (0.8%),
the final solidified material is rigid.
Therefore flexible die is used to
prevent the specimen cracking or
fracture which may occur after
removing the specimen from the die.
The time required for solidification

of this type of material depended on
the room temperature , hence
increasing this temperature reduces
the required time for solidification.
Fig.(6,7) show a schematic and
photograph of this specimen. The
volume fraction is (0.26).
The experimental results predict the
creep compliance D(ts,T) as shows
in fig.(8,9) and relaxation modulus
E(t,eT) shows in fig.(10,11) to
describe the nonlinear
thermoviscodastic ~ behavior of
rectangular thin plate.
Theresults and discussion

The central deflection of plate
has been anayzed for composite
polyester thin plates. The results are
as shown in Figs. (12,13).
The figures show the effects of three
values of distributed load under
therma environment, and different
relative dimension. The vaue of
central point deflection of thin plate
deflection has been tested for time
range (0.05 < time <120 minute). In
addition, those tests are performed at
constant thickness (thick. =4
mm).

The main material properties

used for the anaysis of thin plate
viscoelastic  material  and  its
composite ae used in the
experimental creep test data in the
region of nonlinear behavior. Hence,
the same vaue fraction as that for
creep the test specimen is used to
construct the plate material to ensure
that the output data is correct for both
the experimental and theoretica
analysis.
Furthermore, the material properties
concluded from the creep test for
different temperature are used to
examine the plate behavior for that
different temperature.
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Table (1) show the Dimensions
,temperature and  boundary
conditions of plates.

The results are discussed with the
help of presentation the following
effects:

a-The Effect of Temperatures:

Figs(12,13) show  that
increase in temperature increases the
central deflection value on composite
thin plate if we compare between the
figures under same  boundary
condition, distributed load, and
relative dimensions (a/b). Increasing
the central deflection value with
increase the temperature a results in
increasing in the internal elongation
of the structure of composite thin
plate caused by heat effect.
b-The Effect of Relative Dimension
(a/b):

Fig(14) show the effect of
relative dimension on the centrd
deflection value represented by
increasing the redative dimension
(&b) which will increase the
deflection. The increasing in the
temperature increases the centrd
deflection, in addition the effect of
temperature is greater than the
relative dimension (a/b) if we
compare between Fig(16).
c-Three Dimensional Plots
Rotation About the x and y-axis:

The rotation of plate surface
represents the dlope a certain
Cartesian w.r.t the x-axis or y-axis. In
Figs.(15,16) a symmetrical state is
observed for both rotations (O,0y)
about the centerline which has zero
dope. This specimen represents a
simply supported plate at al four
edges with a maximum value of
slope (q,0,) a the nodes of simply
supported plate.

So that, Figs.(15,16) show the effect
of temperature that increases rotation
of plate surface (@.q,) and that
increase appears clear where al four
edges are fixed.
The comparison among theoretical,
experimental and FEM gives a good
agreement  with limited disparity
percentage.
The disparity range(3-6 %) is
caculated between the theoretical
and FEM
Conclusions

The following conclusions can be
drawn from the results of
experimental, theoretical and FEM
work for viscoelastic composite thin
platein nonlinear behavior:
1- Predict new Kernd equation
e(s,T) to describe the creep strain
equation et,e T) by using polynomial
function from fourth degree.
ets, T)=e(s,T) * 1"
Where:
&(T,5)=f1(s)+o(s)* T+fa(s)* TH+f4(s)
*To+fg(s)*T*
2- Predict new stress relaxation
equation  s(t,eT) from the
experimental results and their slope
as a function of stran and
temperature nsie, T) Eq.(27).
s(t,e T)=s(gT)*t"<e"
where:
s(eT)=fs(T)* e +fx(T)
ns(e,T)=frsi(€)+ns2(€)* T+insa(€)* T
+insa(€)* T +nss(€)* T*

3 Predict new equation  of
creegp compliance function D(ts,T)
and their slope as a function of stress
and temperature n@,T) to describe
nonlinear thermoviscoelastic
behavior of composite thin plate at
different  variables by using
polynomial equation.
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D(t,s,T)= D(s,T) * t"®"

Where:

D(S ,T):fol(T)*S +fD2(T)

4- Predict new equation of
relaxation modulus E(teT) and their
dope as a function of strain and
temperature to describe nonlinear
thermoviscoelastic ~ behavior of
composite thin plate a  different
variables by using polynomial
equation.

E(t,eT)=E(eT)* t"®T)

Where:

E(e T)=fei(€)+fea(€)* T+iea(e)* T2
+fe4(€)* T+ fes(€)* T

5-  The deflection increase with
rate (21%) as a result of increasing
temperature from (T=30 C) to (T=60
C% for sSmple support plate at
distributed load (q=1.943E-3 N/mn¥)
, relaive dimensions (a/b)=1.0 , and
time = 15min.

6-  The creep compliance D(ts,T)
increases with rate (32%) and
relaxation modulus decreases with
rate (31.4%) as a results of increase
temperature from (30 C to 60 C°) a
(time=15 min , stress=6.7865 MPa
,Strain=0.07 mm, and relative
dimensions (a/b)=1.0.

7- The comparison among
theoretical, experimental and FEM
gives a good agreement with limited
disparity percentage.

The disparity range(3-6 %) is
caculated between the theoretica
and FEM.
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Table (1) Dimensions, Temperature and boundary condition of plates

Type | Temp. C° a(mm) | b(mm) [ (a/b) | Typeof boundary conditions
All 30
Al12 40 )
AL3 = 160 160 1.0 | All edgessimply supported.
Al4 60

a
Digtributed 10ed ()

b/ T

? |
w X
A o
Figure (2) Plate subjected to distribution load
o @17

\j Y
Figure (1) Simply supportedplate[6]
ax X
ay z,W
Y 2 4

E— q4><

1_” Qg2x
%V
1 g2y
) \A/ .

W
> qix > g3x

4

4
1y 3y
q A/ 4 ALY2N

Figure (3) Nodal displacement of plate
element [8]
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Figure (4) Flowchart for nonlinear ther moviscoelastic behavior
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Figure (5) Standard creep test specimen[10]

Figure (6) Photograph of composite creep test specimen
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Figure (7) Schematic of composite creep test specimen
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Figure (8) L og-L og Experimental nonlinear creep
compliance for viscoelastic composite material at T=30 C°
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Figure (9) Log-L og Experimental nonlinear creep compliance
for viscoelastic composite material at T=60 C°
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Figure (10)Stressrelaxation modulus for nonlinear composite
viscoelastic polyester at T=30 C°
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Figure (11) Stressrelaxation modulusfor nonlinear composite
viscod astic polyester at T=60 C°
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Figure (12) Variation in central point deflection with
distribution load , type A1l
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Figure (13) Variation in central point deflection
with distribution load , type A14
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Figure (14)Therelationship between central deflection and theratio
(a/b) for (B.C.1)at different temperatures
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Figure (15) 3D-Rotation about x-axis ,type A31 and
A32
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Figure (16) 3D-Rotation about y-axis ,type A31 and A32
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Appendix (A)
W
N] = A-1
Nt
where
iau
L A:
e 1A
=i .y A-2
{a} :aly
1akb
and ;
I wio
) )
I )
TwWid j awaj
—
|1Xli/ |l gﬂygi/ A-3
tavip i
i geﬂWm
f &mx ah

A polynomial expression is used to define the shape function of the twelve parameters.
— 2 2 )C? 2
w=a, ta,X+a,y+a X +ta.Xyt+ta,y- +a, X" +ta,X°y+

2 3
agxy +a10f +a11X y-i-alzxy3 A-4
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