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Abstract

In this paper, Bernstein polynomials method are used to find an

approximate solution for linear Volterra integra equation of the second kind.
These polynomias are incredibly useful mathematical tools, because they are
simply defined. It has been shown that the polynomia has a fast convergences
with only few steeps. Numerical example is prepared to illustrate the efficiency
and accuracy of this method
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1. Introduction w

New methods are aways needed ..(1)

to solve integral equations because no where h(x), f(x)and the kernel
single method works well for all such k() are known functions, Y(X)is

uations.
€ There are considerable interest in the function to be determined, and W
isafiniteinterval [a,x]i R.

solving differentid and integral 47 ]
equations using techniques which If the upper limit of the integral
in equation (1) is variable then

involve Bernstein  polynomials - )
equation (1) is cadled Voltera

method. ) )
The integral equation is an integral equation.
Now we can distinguish between two

equation in which the unknown : )
function y(x) appears under the  fypes of Volterra integrd equations
which are:

integral sign.

A linear integra equation is an
integral equation which involves a
linear expression of the unknown
function.

The generd form of integral equation

isgiven by [1],[5][6],[7]

1. Volterra Integra equation of the
first kind when h(x)=0 in equation

D).
109 =- Ck(xDy(t)dt ...(2

2. Volterara Integral equation of the
second kind when h(x) * O(for
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simple of, h(x)=1) in equation
D).

y(x) = () + ck(x D y)dt ..(3)

In this paper, an approximate method
is introduced to solve the following
linear Volterra integrd equation of
the second kind by using Bernstein
polynomials.

Barghi et a. (2001) studied
fluidization regimes in liquid-solid
and gasliquid-solid fluidized beds.
The liquid velocities a which regime
trangtion occurs in liquid-solid and
gas-liquid-solid systems were

2. Berndgtein polynomials
method
Polynomids are incredibly

useful mathematica tools as they are
simply defined, can be caculated
quickly on computer systems and
represent a tremendous variety of
functions.

The Berngtein polynomials of degree
n are defined by [3], [4].

Eg”(t):g]gt‘(l- H™ for i=012..n
| g

.(4
where
ad_  n ;
gi ST (n) is the degree of
polynomids, (i) is the index of

polynomials and (t) isthe variable.
The exponents on the (t) term
increase by one as (i) increases, and
the exponents on the (1-t) term
decrease by one as (i) increases.

The Bernstein polynomial of
degree (n) can be defined by blending
together two Bernstein polynomias
of degree (n-1). That is, the i” degree
Bernstein polynomia can be written
as, [4].

B(t) = (- B (1) + (D) ...(5)
Bernstein polynomiads of degree (n)
can be written in terms of the power
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basis. This can be directly calculated
using the equation (4) and the
binomial theorem asfollows [4]

n-k i- k i
Bo(t) = gk (- 1) —a( 1 ggk-t
Where the binomial theorem is used
to Expand (1- t)"*.
3. A Matrix Representation for
Bernstein Polynomials
In many applications, a matrix
formulation for the Bernstein
polynomials is useful. These are
straight forward to develop if only
looking a a linear combination in
terms of dot products. Given a
polynomial written as a linear
combination of the Bernstein basis
functions [3].
B(t) = ¢, By (1) +¢,B'(t) +¢,B7 (t) +...+¢,BI (1)
...(6)
It is easy to write this as a dot product
of two vectors

&0
e u
80)=[B50) B BIOKE ]S
é a
&0
..(7

which can be converted to the

following form:
B(t) =

é, 0 0 L 0uk,u

ue_ u

al o b11 0L Ooéclu

1t t?Lt"|éb,, b, b,L 0 U,u

[ éZO 21 22 l:lézl]

a o Mué/l a

no b

nl n2

. (8)
where b, are the coefficients of the

power basis that are used to
determine the respective Bernstein
polynomials, we note that the matrix
in this case lower triangular.
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4. Solution of Voltarra integral now to find al integration in
equation with Bernstein equation(11).
polynomials Then in order to determine
In this section, Bernstein

polynomids are used to find the
approximate solution for Voltarra
integral equation, asfollows.

Recall Voltarra integral equation of
the second kind.

Y00 = 100+ Foety®at  xT [ax]
)
() = B()
&, U
e u
* <lmo o BoKEE]EY
é
X:

by using equation (7), applying the
Bernstein polynomials method for

equation (9), we get the following
formula

&, 0
&, u
B Bf(t)KBn"(t)]gA :
e u
(o]
&, U
e
= f(x)+d<(xt)[B (t) B/ () K B[ (t)]gAlu“dt
e U
€Cn
..(10)

by usng equation (8), WhICh can be
converted to the following form:

@, 0 L0 i,
ue.  u
&”10 bnl—oljécll]
)&, b, Lo U,
e ue u
¢ o
g)no bnl bnn:’jg:ng
@oo 0 LOQ@U@
ue. u
gbm bnl—oljécll]
= £ () + k(xDLt L t" €0,y b,, L 0 Ve, Udt
09+ (K DfLt Lt ]G,y b,y L 0%,
¢ I laa
g)no bnl bnn nH
. (11)
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Co.C,,K,C,, weneed n equations;
Now Choice x ,i =1,2,3,Kn in the

interval [a, b], which give (n)
equations.

Solve the (n) equations by Gauss
dimination to find the values
c,.C ,.K,c,.

The following algorithm summarizes
the steps for finding the approximate
solution for the second kind of linear
Voltarraintegra equation.
5.Algorithm(BP-1E)(Bernstein
polynomials in linear Volterra
integral equation)
Input: (f(t),k(,s),y(s),at),
Output: polynomials of degree n
Stepl:
Choice n the degree of
Bernstein polynomials
wng%wnm
/]
for i=012..,n
Step2:
Put the Bernstein polynomias
in linear Volterra integrd
equation of second kind.
eCO

[Br(t) B (1)K BE (t)]elu

> (D> (D:
Boo
oo Jenl e}

S

1

= f(x)+d<(x DIB(t) Bl () K B (t)] € Ydt

QDD RO
oo J ey e enl e eid

E)

Step3:
Compute
ebm 0 0 L Ouecou
10 bll O L Oueclu
o Dy by, L ouec Udt

o Muéllu
b, b, b, %

;j((x,t)[lt Lt ]

wacgy

v
n0 n2 nU
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Step4:

Compute ¢,c,L,c,, Where
X, =123L,n, x1 [a,b]
End:
6. Numerical Examples:
Example(1)
Consider the following linear
Volterra integral equation of the
second kind:

y(x) =1- (‘)Zt y(t)dt

with the exact solution y(x) =e*

Now to derive the solution by using
the Bernstein polynomias method,
we can use the following scheme:
When Bernstein polynomials
algorithm is applied. And choice the
degree of Bernstein polynomials n=2,
we get:

G- X% +2cx1- X)+ X

=1- il - 07 + 20t@- o+ et

Next
C,(1- X)* +2¢,x(L- X) +¢,X°

m X X 0
=1- §2c0 G@- t)*dt+4c,(§*(@- t)dt+2c, (§dt T
0 0 0

a

And after performing the integration.
Co(L- X)? +2cx(L- x) +¢,X°

4 1 4 1
=1- 2._3+_4- 3. x4 - = x4
1- ¢[x X XT- c[=x%- x*]- c,[=x%]

Then in order to determine
C,,c,andc,, we need three
equations;

Now Choice x,i =123 in the interva
[0, 1], which give three equations.
G =1

%60 8

Solve the three equation by Gauss
elimination to find the values
c,,c and c, as follows

5498

c, =1

¢, =0.8846,

¢, =0.3590

Then the solution of linear Volterra
integral equation of the second kind
is:

Y9 =(G- 26 +6,)X - (G - Q)X +G,

y(X) = - 0.4102x> - 0.2308x +1

Approximated solution for some
values of (x) by using Bernstein
polynomials method and exact values
y(x)=e* of the examplel, depending
on the least square error (L.S.E) is
presented in Table(1) and figure(l).
Example(2)

Consider the following linear
Volterra integral equation of the
second kind:

y(X) =x+ ;‘jt - x) y(t)dt

with the exact solution y(x) = sin(x)
Approximated solution for some
values of (x) by using Bernstein
polynomials method and exact values
yx)=sin(x) of the example(2),
depending on the least square error
(L.S.E) is presented in Table(2) and
figure(2).
7. Conclusions
This paper presents the use of
the Bernstein polynomias method,
for solving linear Voltarra integrd
equation of the second kind. From
solving some numerical examples the
following points have been identified:
1. This method can be used to
solve al kinds of linear
Voltarraintegra equation.
2. It is clear that using the
Bernstein polynomia basis

function to  approximate
when the r" degree of
Bernstein polynomial
increases the error s
decreases.
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3. We can see dso from
Figure(1) and Figure(2) that
the approximation is good.
The curve, which represents
the approximate solution
amost coincide with the
analytic solution.

References:
[1]. jerri A. J. Introduction to Integrd
Equation  with  gpplications,
Marcd Dekker, Inc , New York,
(1985).

Lapidus L. and Seinfeid J,
Numerical solution of
Differential  Equations, Wiley
Eastern Limited. New Delhi,

2.

(1979).
[3]. Kenneth 1. Joy, Bernstein
polynomiadls, University of

Cdifornia, Davis, (2000).

[4]. Henryk G. and Jose L. P., On the
Approximation  Properties  of
Bernstein polynomias via
Probabilistic tools, Boletin de la
Asociacion Matematica
Venezolana, 1. X(1), 1, (2003).

[5]. Atkinson K. E. "The Numericd

Solution of Integra Equation of

the second kind'. Cambridge

University press, C274, C279,

(1997).

Delves L. M. and J. L. Mohamed,

"Computational  Methods  for

Integral Equations, Cambridge

University Press, (1985).

loan A. Rus and Egri Edith,

"Numerical and Approximate

methods in some mathematica

6l

[71.

modds’, Babes-Bolya
University of  Cluj-Napoca,
(2006).

5499

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech. Journal, Vol.28, No.17, 201(

Bernstein Polynomials Method For Solving
Linear VolterralIntegral Equation of The
Second Kind

Table (1) Theresults of

Example(l
X Exact Approximati Error
y(¥) on = (Yea (X)
y( X) - yApproxi maion (X)) z
of
degree(n=2)
0 1 1 0
0.1 | 0.9900 0.9728 0.000296
0.2 | 0.9608 0.9374 0.000548
0.3 | 0.9139 0.8938 0.000404
0.4 | 0.8521 0.8420 0.000102
0.5 | 0.7788 0.7821 1.09E-05
0.6 | 0.6977 0.7138 0.000259
0.7 | 0.6126 0.6374 0.000615
0.8 | 0.5273 0.5528 0.00065
0.9 | 0.4449 0.4600 0.000228
1 0.3679 0.3590 7.92E-05
L.SE 0.003192
Table(2) Theresults of
Example (2)
X Exact Approx- Approx- Er ror
Imation mation
y(X) of degree of degree = (yEx(X)
®=1) =2 )
= Yo (X))
0 0 0 0 0
0.1 0.0998 0.0857 0.1051 2.8117e-005
0.2 0.1987 0.1714 0.2056 4.7813e-005
0.3 0.2955 0.2571 0.3013 3.3917e-005
04 0.3894 0.3428 0.3924 8.9860e-006
0.5 0.4794 0.4285 0.4788 3.9130e-007
0.6 0.5646 0.5143 0.5605 1.7193e-005
0.7 0.6442 0.6000 0.6375 4.5074e-005
0.8 0.7174 0.6857 0.7098 5.6732e-005
0.9 0.7833 0.7714 0.7775 3.4468e-005
1 0.8415 0.8571 0.8404 1.1470e-006
L.SE | 2.7384e-004
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Figure (2)
Approximation and Exact solution of
linear Volterra integral equation of

Example2

Figure (1)
Approximation and Exact solution of
linear Volterraintegral equation of
Examplel

5501

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

