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Abstract

In this paper, we introduce a new concept, namely T-semi connected
space, where T is an operator associated with the topologica T defined on a non-
empty set X. Several properties of this concept are proved.

Keywords: Semi connected, T-semi connected.

T-dlaial) dudi g liadl)

-

ADAl

T G Todeaiall 4ud ;Ldaﬂ\ejéiA a9 ) Tuas Gogeaa Wand canll f2a gé
gl (ailiad 3o Cuia 3 a8 X LMLy de sane o apmall t o ol Jasi e figa

1- Introduction:

In [4], the concept of semi
connected set is given. In this paper,
we introduce the concept of T-semi
connected set and show that it
generdlizes the concept of semi
connected set when the operator T is
the identity operator.

Throughout this paper, we use
the following notations: cl(A) denotes
the usual closure and int(A) denotes
theinterior of aset A.

2- Basic Definitions and Results:

In this section, we recall and
introduce the basic definitions needed
in thiswork.

Definition (2.1):

Let (X, t) be a topologica
space and let T be an operator
associated with t, (X, t, T) is caled
an operator topological space, [2].

Let Al X, wesay that A isT-
semi open if there exists an open set
UT t, suchthat:
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The complement of a T-semi open set
is called a T-semi-closed set.
Remarks (2.2):

(i) If T isthe closure operator (T(A)
= cl(A)), the above definition
agrees with the definition of
semi-open set which is given by
Levinin[1].

(ii) If T isthe identity operator (T(A)
= A) the definition of T-semi-
open set  agrees with the
definition of open set.

(iii) For any operator T, each open
set is T-semi-open set.

Example

Let (X, t, T) be an operator
topological space, where T is the
closure operator and T — semi open
set will be the usual semi — open set (
the usual semi open set

Gi wi G=cCL (G adT-
semiopen st Gi Wi T(G))
Consider X = (IR, tu) and A= 0,1)
isthe T — semi open set ( T is the
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closure operator ) but A is not open
Set.

Before we state the next
proposition, we recall the following
definition:

Definition (2.3), [2]:

Let (X, t, T) be an operator
topologica space. We say that T is a
monotone operator if for every pair of
open sets U and V, such that Ul V,
we have that T(U)I T(V).

The closure operator
monotone operator.
Proposition (2.4):

Let (X, t, T) be an operator
topologica space, where T is a
monotone operator. Let Al X, A is
T-semiopen set if and only if Al T
(int(A)).

Proof:

Supposethat A1 T (int(A))
Notice that:

int(A) I AT T(int(A))
which means that A is T-semiopen set
Now, suppose that A is T-semiopen
set
Then there exists an open set U, such
tha Ul AT T(U)

Now, Ui A3%® UI int(A) [where
int Ul int(A) but U is open set, U=
intU%® Ul int(A)]

So, T(U) I T(int(A)), since T is a
monotone operator
So, Al T (int(A)).
Remark (2.5):

If T is the closure operator,
then A is T-semiopen set if and only
if Al cl(int(A)), and this agrees with
the equivalence given by Levin in[1].
Proposition (2.6):

Let (X, t, T) be an operator
topologica space, where T is the
closure operator and let Si X. Then
Sis T-semi closed if and only if there
exists a closed subset F of X, such
that int(F) I ST F.

is a

<
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Proof:

Suppose that:

Int(F) I Si F (Fisclosed)
Then F*i S°i (int(F))°
Now, (int(F))° = cl(F°)

So, Fi S°i cl(F)
Which means that S is T-semiopen.
Hence Sis T-semiclosed.

Conversely, if
semiclosed
Then S is T-semiopen
Therefore, there exists an open set U,
such that:

Ui sl du)=TWL)

So (cl(U))°i si Uu°
But (cl(U))° = int(U°)
So,int(U9) 1 Si U°
Remark (2.7): [3]

Let (X, t, T) be an operator
topological space, where T is the
closure operator. Then a subset S of
X is T-semiclosed if and only if
int(T(S)) 1 S.

Definition (2.8):[3]

Let (X, t, T) be an operator
topological space, where T is a
monotone operator and let ST X |
then the union of all T-semi open sets
contained in the set S is T-semi open,
and it isdenoted by T-sInt(S).

We show thisasfollows::

F={w.,:al U}

W, isthe T- semi open

Gl wal T(Ga)

UG, T Uw, i UT(G,
[UT(Ga)= T(UG.)=T(G)]

Gi Uw,l T(G)

Remark (2.9):[3]

If T is a monotone operator, the
intersection of all T-semi closed sets
of X containing the set S is T-semi
closed. It is called the T-semi closure
of Sand isdenoted by T-scl(S).

So, S is T-semi closed if and
only if T-scl(§)=S.

S is T-

<
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3. Main Results:

In this section, severd
properties and characterizations of T-
semi connected spaces are given.
Definition (3.2):

[See Willard [4]and Def ( 3.1)
is analogous to the definition given in
Willard]

(i) Let (X, t, T) be an operator
topologica space.

Let/EL Al X, E1BI X

We say that A and B are T-semi
separated if:

(T- s(A) ¢ B=AC(T-

scl(B)) = &

Let Wi X,we say tha W is T-
semi disconnected if W can be
expressed as the union of two T-
semi separated sets

Let Wi X,we say tha W is T-
semi connected if W is not T-
semi disconnected, that is, if W
cannot be expressed as the union
of two T-semi separated sets.

(X, t, T) is sad to be T-semi
connected if and only if X is T-
semi connected.

Remark (3.2):

Let (X, t, T) be an operator
topologica space, where T is the
identity operator (In this case we
write (X, t) instead of (X, t, T)) let
Al X ,B1 X.Thedefinition of T-
semi separated sets agrees with the
definition of separated sets in the
usual sense

cd(A)CB=ACc(B)=£&
and therefore the definition of T-semi
connected set  generdizes  the
definition of connected set.

Example:

Let (X, t, T) be an operator
topologica space consder X= ( IR,
t,) and

(ii)

(iii)

(iv)
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Y =[01 U [23] then Y is not

connected but Y is T- semi
connected

(where T isthe closure operator).
Theorem (3.3):

Let (X, t, T) be an operator
topological space. Then X is T-semi
connected if and only if the only
subsets of X that are both T-semi
open and T-semi closed in X are the
empty set and X itself.

Proof:

Let A I X be a non-empty
proper subset of X, which is both T-
semi open and T-semi closed in X,
then the sets U = A and V = A°
congtitute a T-semi separation of X.
So X will be T-semi disconnected.

Conversdly, if U and V form T-
semi separation of X and X=UE V,
then U is a non-empty and different
from X, since:

UCVIi UC (T-sl(V))

=(T-scl(U))C V=4
We obtain that both sets U and V are
T-semi open and T-semi closed. <
Theorem (3.4):

Let (X, t, T) be an operator
topological space, if Al X isa T-
semi connected and A1 C E D,
where C and D are T-semi separated
sets, then either Al Cor Al D.
Proof:

A=AC(CED)

=(ACGCE(ACD)
Since C and D are T-semi separated
sets

CC (T-(D))=£&

S0

(A C O C (T-(A) C
(T-scl(D)) I CC (T-scl(D)) =4
SoifbochACCt! £andAC D!
/E, then A is T-semi disconnected
This shows that either AC C = /A& or
ACD=A&

SoAl C,orAl D. <
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The proof of the following
theorem is clear:

Theorem (3.5):

Let (X, t, T) be an operator
topologica space, then the union E of
any family {G | i T I} of T-semi
connected sets having a non-empty
intersection is T-semi connected.
Theorem (3.6):

Let (X, t, T) be an operator
topologica space, and let Ci X, E |
X. If CisT-semi connected and

Cl (T-scd(E))I T-scl(C)
Then (T-scl(E)) is T-semi connected.
Proof:

Suppose that T-scl(E) is T-semi
disconnected
So T-tl(E) =A E B, where £ A, /E
1B

A C (T-d(®B) = B C (T-
scl(A)) = A&

Now, Ci A E B and C is T-semi
connected, so:

CiAorcCiB
Let us assume that Ci A
Now, T-scl(C) | T-scl(A)

Therefore:
T-scl(C)CB | T-scl(A) C B
=/
ButBi T-scl(E)i T-sd(C)
SoB =4

Hence, T-scl(E) is T-semi connected.
<<
Corollary (3.7):

Let (X, t, T) be an operator
topologica space, let C1 X. If C is
T-semi connected, then T-scl(C) is
also T-semi connected.

Proof:

Ci T-sd(C)i T-scl(C)

So by theorem (3.6), we get that T-
scl(C) isT-semiconnected. <<
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