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Abstract
The main purpose of this paper lies briefly in submitting least square
method for solving linear delay Volterra integro differential equation of the
second kind containing three types (Retarded,Neutral and mixed)with the aid
Bernstein polynomials as basis functions to compute the approximated
solutions of delay volterra intgro differential equations .Three examples are
given for determining the results of this method.

Keywords Delay Volterraintegro differential equation of the second kind, least
square method,Bernstien polynomials, least square error.
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Introduction Recall form of linear Volterra
Delay integro differential Integro-differential equation of the

equation is an equation involving second

one or more unkown function U(x) kind [1]:

togther with both differential and du (x) _ X

integral  operations on U(x).this o F(x)+1 QK(X' yp(y dy

means that it is an equation (1)

containing  derivative of  the where K(x,y) is the kernel function and

unknown function U(x) which f(x) is any continuous function and

appears outside the integral sign. isascalar parameter.
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Threetypesof linear delay Volterra
integro differential equationl are
defined
1. Retarded integro-differential
equation when delay comesin
the unknown function u(x)
involved in the integrand sign.

d‘é(xx) f(x)+d<(x tyu(y- t )dy,0 £ x

2. Neutral integro-differential
equation when delay comesin
the derivative of u(x) outside
theintegral.

du(x-t) _
dx

= f(x)+oK(x t)u(y)dy,0 £ x

3. Mixed integro-differential
equation

% =f(x)+ E‘)K(X,t)u(y- t,)dy,0£ x

Where  t,t,,t,are positive integer
called delay or time lage.

Numerical Solution: The discrete form
for the exact solution U(X) for equation
(1) can be written in the form:
U(X)=Un(X),

where N is a postive integer
This paper pivoted to implement
Bernstein polynomias (B-spline) as a
discrete function (polynomial) of
Un(X) i.e

Uy(®=8aB,( (2

i=0

where 5, () =8 90 (1- 0"
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for i=0,1,2,...,n, where the
combination
&' 0 _ N !

8 i ﬂ il (N - |)
There are N+1 Nth degree Bernstein

polynomials.
The Bernstein polynomials of degree 1

are:
Bo: (x) =1- X
By, (x)= x
For the graph of these functions when
O<x<1lsee[2].

The Bernstein polynomials of deg.2
are

Bo,z (X) = (1' X)z

Blyz(x) = 2x(1- x)

B, (¥ =x°

The graph of which can be found in
[3]. Finally, the Bernstein

polynomials of degree 3 may be
calculated as.

Bo,s (X) = (1' X)3

Bl,s (X) = 3X(1' X)2

Bz,s(x) =3x’ (1' X)

BS,S(X) = X3

and their graph has shown in [3, 4] as
well.  Some necessary characters of
Bernstein polynomials: (for the proof

see [5,6]) Therefore we could write the
function

U(X»Uy (X =By (X +aB (3 +- +ayByn (X
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This system can be written in a matrix
form asfollows

i) A recursive definition of the
Bernstein polynomials of degreeN
canbe written as:

Bi.N (X) = (1' X)Bi,N-l(X)+ XBl—l,N-l(X)

i=12,...,N

ii) The Bernstein Polynomials are al
non-negative forO<x<1 (seg[5]).

iii) The Bernstein polynomials form a
partition of unity.

iv) Converting from Bernstein basisto

power basis (proof see 5) as:

J ik
B = - 1) £ 2
(¥ %( ) ¢ 5 X
i=1,2,...N

UX»Un(Y=aBy(¥+aB (¥ + #aBu(¥
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Using operator forms, equation (3) can
be written asL[ U] =f(X)

Using operator forms this equation (1)
can be written as L [U] =f(x)
- ()

Where the operator L is defined for
each type of delay intergo—differential
equation as:

1.Retarded integro-differentia
equation

L [u()] = gk(x fu(t- t )dt

2. .Neutral mtegro-dlfferentlal
equation

L [u()] = Bk(x Hu(t)dt
3. .Mixed mtegro-dlfferentlal equation
L [ua] = 0. E;k(x.t)u(t-tz)dt

The unknown function U(x) is
approximated by theform

Uy() =8 ,aB(x) .. (8

du(x)

du(x -t)

Substituting equation (6) in equation
()
LU 1= F()+Ey(¥)
Where
edB (¥ *

LUy 01= A v OB (- t)dtuLO RIDE

L[Uy ¥)]= gq% :?k(x,t)a(t)dtgL.O.NlDE
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édB, (x-t,)
é—

LUy 09]= aNq -

For which we have the residue

equation

Ey (x) = LUy (X)]- T(x) -(7)

Substituting (6) in (7) we get
E.()=L@,aB()- F0=8,aLBM- f()

...(8)

Obvioudly the weighting function

setting its weighted integral equal to

zero

C‘)N [En(x)dx =0

Inserting (8) in (9)

A, aLB () ()] =

(9

A" a LB () =gy, f (X
Where
L(B,(x»-oa” DBt i
T
T
LE =) d<< 002 T
T
LB (x»:T d<< DB,
fardli= 01N L
Introducing Matrix K and vector H has
K, = W.L(B ()  i=01..,N
H, = v, (%) j=04..,N
L)

§ X
KX OB (-t ,)dtgL.O.MIDE
u

Least square Method

The Least square method is one of the
approximated methods used to solve
delay volterra integro differentia
equations of the second kind In this

method the weighting function is
chosen asfollow

w; = L(B;(x))

Thisleadsto

OB, ())L(B ()3 =L(B (X)f (x) i=01..,N

.. (12)
Hence (12) can be seen as a system of
(N+1) equationsin the (N+1) unknown

ai,i=0,1,...,N
OBLE) GELE) . . GELE)M & 3B
SGIESL(E% diEiL(Ei (‘jiEi) d><u~91U édiEifdm
b SR
é . . . . Ue u g . u
HEILE) 36 B . . 3, LB BH &3 (B
.. (13)
Where
K=
éd(a))L(B)) g®LB) . . d(a))L(BV)dWLﬁI
eok(Bl)L(E%) d(a)L(a) - d(Bl)L(Ex)dxg
é ' Co
e . . - . a
) S EILE) FBI®B) . . FBILE)DY
€3, U (B )fdy
N
_e%1a | _
A=g g H=e u
é e - u
é-a ¢
€a B@fd)é
Acomputionaly efficient way to
calculate the value a is by solving the
system
KA=H
For the cofficint g's which satisfies (6)
the approximated solution of (1) will
be given
6111
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Algothim(ABIF)
Step 1 select
polynomial
Step2 computed
L(B)&L(B) i,j=01..,N using
(10)

Step3 computed the Matrix K and H
by using (11)

Stepd4 solve the system (13) for
coefficients g's

Step5 substitute g's intransforming
form to obtain the approximated
solution of U(x).

Numerical Examples:

Example 1: Consider the Retarded
Volterra integro differential equation
he second kind:

Udx)= f(x)+ gkt (t- 1)t

where

B; Bernstien

Loxt Xt
f(x) =1- ?+7

and let the linear kernel be
k(x,y)=x

and the exact solution is taken to be
u(x)=x.

For h=0.1and x=x;,=a+ih, i=0,1,...,10
The tabulated result is obtained by
applying the method involved in this
paper i,e the implementation of
Bernistein  polynomial(ABIF); these
numerical results are compared with
the exact one in the same table below.
Example 2: Consider the Neutrd
Volterra integro equation of the second
kind

ud(x- 1)= f(x)+ gk(x, t)u(t)dt
where f(x)=1- X_63 and Kk(xt)=(x-t),

and the exact solution is taken to be
u(x)=x; the step size h=0.1. The

6112

application of Bernstein
polynomial(ABIF)yields the results
shown in the table below together with
the exact solution at each pointx. The
the least sguare error and the
consumed time.

Example 3: Consider the Mixed
Volterra integro equation of the second
kind

udx- 1) = f(x)+gk(x thu(t - 1/2)ct

x> x* X3

wheref(x)=2x- 2- —+—- ~— and

4 3 8
k(x,t)=(xt), and the exact solution is
taken to be u(X)=x’;the step size
h=0.1. The
applicationof Bernstei npolynomial (ABI

yields the results shown in the table

bel ow together with the exact solution
at each point x. The the least square
error and the consumed time.
Conclusion: Bernstein Polynomia is
introduced to find the approximate
solution of delay Volterra integro
differential  equation of the second
kind. Three numerical examples were
submitted to illustrate the given idea
with good approximate results were
achieved. We conclude that:

1- In general , least sguare
method with ad Bernstein
polynomials have been

applied to find the solution of
linear delay Volterra integro
differential equation and have
proved their effectiveness
from through finding accurate
results.

A disadvantage of the
Bernstein polynomias is its
dependence upon a free
parameter n that gives the
smallest least square error.
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Table (1) Presentsacomparison the
exact solution and approximate
solution (Ber nstein polynomial)

X Exact ABIF
sol.

0.0 | 0.0000 0.0000
0.1 | 0.1000 0.1000
0,2 | 0.2000 0.2000
0.3 | 0.3000 0.3000
0.4 | 0.4000 0.4000
0.5 | 0.5000 0.5000
0.6 | 0.6000 0.6000
0.7 | 0.7000 0.7000
0.8 | 0.8000 0.8000
0.9 | 0.9000 0.9000
1.0 | 1.0000 1.0000
L.Sq.E 0.0000
Time 0.1880sec

Table (2) Presentsacomparison
the exact solution and
approximate solution (Bernstein

polynomial)

X Exact ABIF
s0l.
0.0 | 0.0000 0.0000
0.1 | 0.1000 0.1000
0,2 | 0.2000 0.2000
0.3 | 0.3000 0.3000
0.4 | 0.4000 0.4000
0.5 ] 0.5000 0.5000
0.6 | 0.6000 0.6000
0.7 | 0.7000 0.7000
0.8 | 0.8000 0.8000
0.9 | 0.9000 0.9000
1.0 | 1.0000 1.0000
L.Sq.E 0.0000
Time 0.1880sec
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Table(3)
Presents acomparison the exact
solution and approximate
solution (Bernstein polynomial)
X Exact ABIF
sol.
0.0 | 0.0000 0.0000
0.1 | 0.01000 0.01000
0,2 | 0.04000 0.04000
0.3 | 0.09000 0.09000
04| 0.1600 0. 1600
05| 0.2500 0.2500
0.6 | 0.3600 0.3600
0.7 0.4900 0.4900
0.8 | 0.6400 0.6400
09| 0.8100 0.8100
1.0| 1.0000 1.0000
L.Sq.E 0.0000
Time 0.1880sec

6114

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

