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1. Introduction

In (1880) Rayleigh introduced The Rayleigh distribution. The Rayleigh distribution is one of the
important continuous statistical distributions in life applications. It has been studied by many
researchers like: In (2014), Merovci introduced transmuted generalized Rayleigh distribution [1]. In
(2020), Reyah and Kareema introduced truncated Rayleigh Pareto distribution [2]. Gadde Srinivasa
Rao and Sauda Mbwambo [3] introduced and studied the Exponentiated Inverse Rayleigh distribution.
The probability density function (p.d.f), the cumulative density function (c.d.f), reliability, and hazard
function of the Exponentiated Inverse Rayleigh distribution is given by[3]:

£ ) = 22 g=/? (1 = gmw/n)T 0

F(x;u,w)=1—(1—e_(“’/x)2)”;x20,u>0,w>0 (2
R(x)=1—F(x) = (1— e~ @/ )k 3)
h(x) = % = 2uwix~3e~(@/0* (1 — g=(@/0)*)-1 4)

where > 0 1 > 0, w > 0, u and w are scale and exponentiated parameters.

The Inverse Distribution Function can be obtained from equation (2), as follows:
x(F) = -

J— In(1-(1-F(0))"*)

2. Estimation methods

()

In this section, we will derive estimation methods for the Exponentiated Inverse Rayleigh distribution
for two parameters and the reliability function.
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2.1. Estimates of initial values for parameters
This method is based on equating the median of the generated sample with the median of the
distribution,
as follows: [4]
The median formula for the (EIRD)[3] is:
w

Xmed = (6)
/—ln(1—(0.5)1/#)

from equation (6), the initial formulas can be obtained as follows:

@Dy = —x2,4n(1 — (0.5)1/1) @)

Now,

In(1 - (0.5)VF) = —(—)? (8)
med

By taking exponential for equation (8), getting:

(0.5)Y/F =1 — =@/’ 9

Then

'ao _ In(0.5) (10)

ln(l—e_(“’/xmed)z)
So &, and fi, in equations (7) and (10) are the initial values for parameters, and x,,. it is the median
value of the generated sample.

2.2. Maximum Likelihood Method (MLE):

In (1922) R.A. Fisher introduced method of maximum likelihood[5], which estimates parameters by
using the probability density function and taking its likelihood and natural logarithm. Let x;, x5, ... , X,
represent a random sample of size m drawn from the EIR distribution, then the likelihood function for
the distribution can be calculated [3]:

Lf = 2mumw?™ (T, xi 3)e @/ 0" [T, (1 — e~(@/x0%yu-1 (12)

The natural logarithm for equation (11) is

2 2
InLf =mn2+mlnpy+2minw—-3Y72, Inxi— ﬁl(w) +(u—1YM, In(1— e~ @/

%
(12)
Now taking the partial derivative of equation (12) concerning p, ® and equating to zero, we obtain

olnLf m m _ _(w/xi)z _
= Dy In(l—e )=0

Amie = — (13)

ST (1o @/x0?)

2
olnLf 2m m -2 _ m e—(@/xp)
—o = 20X 5T+ 20(m—1) Zi:l—xiz(l—e_(“’/xi)z)
m o—(@/x)?
Ztw(u-1) gm0
~ xa-e” @/ 14
WMLE = ST X2 (14)
Substituting equations (13) and (14) into equation (3), getting:
Rye = (11— e—(@MLE/t)Z)ﬁMLE (15)

2.3. White Method (W)

In (1980) Hilbert White proposed the White method [6]. The idea of this method depends on
converting the reliability function R(x) to a linear regression formula as follows[7]:

Since, (x — )" = Yoo (=DF()x"*y*

So, (]_ — e_(a)/X)Z)u — Zﬁ:o(_l)k(z)(e_(w/x)z)k
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2
= (1—e @O =1 — ye~W/0* 4 Zzzz(_l)k(i)(e—(w/xy)k
Then equation (3), become:
R(x) = 1= pe™ @ + B, (D) ({) (e~ @Dk
= 1+ B, (D ()™ @D = R(x) = pe @/’
By taking the natural logarithm for equation (17), getting:
k 2

In(1 + T, (D) (e @) —R()) =Inp -3
The plotting position formula is:

i,
L= 1,2,..,m

pi =

Equating equation (2) with equation (19), getting:
i
m+1

F(x;) = ,i=12,...,m
Since,

R(x;)) =1-F(x;)

Then:

i

R(x) =1-

— ,(i=12,..,m

The formula for linear regression is:
Yvi=a+dp; +¢
By comparing the equation (18) with the equation (21), getting:

K m o
yi =1In (1 + ’,i‘;z(—l)k(‘]‘c") (e_(“"’/x(i))z) — R(x(l-))) Y = M,i =1,2,..,m

m

a=Ilnuy - u=e“

d=w
-
;= =1,2,.
(pl x(i)z ) 14 lm
A _ =00 — _ YL P
(pl_ 2 J(p_ m , L 1P2P ,ym

The formula to find the approximate value of (&) by the White method is:

5 — 221 (@i—9)yi=7)
v IR @9)?

Now substituting equations (22) and (26) into equation (27), getting:
Dy = SW

From equation (21), getting:

Qw =7 — Swfl_’

Substituting equation (29) into (23), getting:
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fiyy = eV~ dw®
By substituting equations (28) and (30) into equation (3), getting:
Ry = (1 — e-@w/0%yw

2.4. Modified White Method(MW)

(30)

(31)

Modified White method suggested by Makki (2006) [8]. This method depends on converting the
hazard function formula h(x) into an equation like the linear regression formula[9].

From equation (4), getting:

Lo X /0P m(w/0)?y

h(x) 2uw?
IR N (Y25 LR
h(x) 2uw? 2Uw?
2 2 (/)P
h(x) 2uw? 2Uw?
1 _ _ 2

- — :Z‘LI(,()ZX 3¢ (w/x)
W-Fz;th

Now by taking the natural logarithm for equation (33), getting:

ln( 1 ) =1n(2) + In(x) + 2 In(w) — 3In(x) — ‘;’_

h(x)+2uw2

ln( - 1 e ) — 11’1(2) -2 ln(w) +3 ln(x) = ]n(’u) — w_zz
W+W x
By comparing equation (35) with equation (21), getting:

1

vi=In| ———= | -In(2) - 2In(wo) + 3In(x@) ,7 = Be =1,
ho(x(i))+2”0w02
. 2..-3 i \1/ko 1
Whereas: hO(X(l)) = ZMO(A)OXG) 1- (1 - m) )(W)
R

a=In(w - pu=e"

0=w
—w .
=— ,i=12,...,m
q)l x(i)z
m =
A~ - — g
pr="22,p=2210 =12 .m

Now substituting equations (36) and (40) into equation (27), getting:

Oyw = Oyw

By using equation (21), getting:

Ayw =V — SMW@
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Substituting equation (42) into equation (37), getting:

Auw = e?~Suw?® (43)
By substituting equations (41) and (43) into equation (3), getting:

Ryw = (1 — e=@mw/0%yiwn (44)
2.5. Linear Regression method (REG)

This method is based on converting the cumulative distribution function formula F(x) into a linear
regression formula [10].

Since,(x — y)" = p_o(—DF(})x"Fy*
So, (1 — e~@/ Dy = B (— 1)K () (=@
= (1—e @MY =1 — ye~(@/0? 4 Th L (—Dk(H) (e @/
Then equation (2), become:
1= F() = 1— pe™ @+ B, (D () ek
= F(0) + T (- D) (e™@/P)* = pe=(@h” (45)
Now by taking the natural logarithm for equation (45), getting:

In(F(x) + T, (—1)% (“) (e~ @/ )y = Inp — <= (46)

x2

By comparing equation (46) with equation (21), getting:

U 2\ PRI
yi=In (F(x) + 2h2, (=) (e"(“’o/x(l)) ) ) J=E i=12,.,m (47)
a=lny - u=e* (48)
S=w? - w=4§Y7 (49)
;= x:i)lz ,i=12,..,m (50)
~ -1 —_Zﬁlfﬁi _12 51
(pi_x(i)z P = m t=L4,...,m ( )

The formula to find the approximate value of (&) by Linear Regression method is:

5 YL @i=8) (V)
Sppp = ==L PPV 52
REG = ym (9,-9)? (52)

Now substituting equations (47) and (51) into equation (52), getting:

Drec = Sxfe (53)
From equation (21), getting:

Arec =V — SREG@ (54)
Substituting equation (54) into (48), getting:

Arec = e7~OrEG® (55)
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By substituting equations (53) and (55) into equation (3), getting:

Rrec = (1 — e—(fT)REG/f)Z)ﬁREG (56)

3. Simulation

In this section focuses on estimating the two parameters and reliability function of the Exponentiated
Inverse Rayleigh distribution (EIRD) as follows:

e Choose different sample sizes: small, medium and large as m=10,50 and100. With repeated
1000 times.
e To find the value of two parameters and reliability estimated through the equations numbered
(13,14,28,30,41,43,53 ,55,15,31,44 and 56).
e Table 1 shows the experiments for the default values of the two parameters.
Table 1. The default values of the parameters.

Exp. — E, E, E;
Par.l

U 1 4 0.5

) 4 1 0.5

« Finally comparing the results by using mean squares error (MSE), as follows:
m (5. )2
MSE(p) = 2”1(+p), where p is any parameter and M = 1000.

4. Numerical Results
The results of the estimators are shown in the tables below

Table 2. MSE values using(E;).

Estimators m MLE W MW REG Best
1 10 0.058118 0.087943 0.185114 0.049919 REG
o 2.801728 2.680485 2.527448 0.733260 REG
R 0.000846 0.006765 0.005100 0.000586 REG
1 50 0.011522 0.017136 0.036926 0.015861 MLE
W 0.487690 0.714628 0.705000 0.183507 REG
R 0.000114 0.001552 0.001325 0.000193 MLE
Jii 100 0.005850 0.009986 0.019878 0.008508 MLE
) 0.236477 0.383628 0.382079 0.084864 REG
R 0.000030 0.000815 0.000771 0.000062 MLE

Table 3. MSE values using(E,).
Estimators m MLE w MW REG Best
10 0.887711 5.550171 5.894006 5.602888 MLE
0.204880 0.344797 0.098466 0.151013 MW
0.009111 0.126469 0.009652 0.021780 MLE
50 0.212428 5.510028 1.198727 5.522177 MLE
0.028223 0.332780 0.027980 0.145112 MW
0.000776 0.104841 0.002376 0.018948 MLE
100 0.108324 5.495092 0.572319 5.432257 MLE
0.015223 0.322028 0.013520 0.142359 MW
0.000291 0.097359 0.000798 0.017351 MLE

T O NS ™
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Table 4. MSE values using(E3).

Estimators m MLE W MW REG Best

10 0.014263 0.092208 0.049922 0.089605 MLE
0.070554 0.110506 0.077696 0.023332 REG
0.000474 0.005741 0.005236 0.008230 MLE

50 0.003162 0.065056 0.010049 0.062005 MLE
0.012770 0.025282 0.020111 0.004435 REG
0.000095 0.005616 0.001093 0.006786 MLE

100 0.001425 0.061692 0.004894 0.060967 MLE
0.005453 0.015346 0.010750 0.002794 REG
0.000023 0.005281 0.000523 0.006661 MLE

)T ™ N O™

The results of the first experiment when the parameter value of u is less than w we note that:
REG is better in most of the sample size, fizg; IS better in (m=10), but {5 is better in other
samples, @gg¢ is better in all samples and Ryg is better in (m=10), but R,, ¢ is better in other
samples.

The results of the second experiment when the parameter value of w is less than u we note
that: MLE is better in most of the sample size, (f,.z) is better in all samples, (@) is better
in all samples and (R, ) is better in all samples.

The results of the third experiment when the parameter values are equal we note that: MLE is
better in most of the sample size, (fy.r) 1S better in all samples, (@ggs) IS better in all
samples and (R,,.z ) is better in all samples.
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