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Abstract

Permanent Magnet Brushless DC (PMBLDC) motors are one of the electrical
drives that are rapidly gaining popularity, due to their high efficiency, good dynamic
response, high mechanical power density, smplicity, cost effectiveness and low
maintenance.

In this paper, the state-space technique is presented and used for anayzing the
dynamic performance of PMBLDC motor. The method is based on the formulation of
state equations from the mathematical model of the motor and conversion of them into
a set of linear algebraic equations by the use of trapezoidal rule of integration. The
simulation of the motor has been done using the software package Matlab.

Keywords. PMBLDC motor, Trapezoidal, torque pulsation.
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1. Introduction
In modern €electricd machines

have better speed versus torque
characteristics, high dynamic response,

industry productions, the brushless DC
(BLDC) motors are rapidly gaining
popularity. As the name implies, BLDC
motors do not use brushes for
commutation; instead, they are
electronically  commutated. BLDC
motors have advantages over brushed
DC motors and induction motors. They

high efficiency, long operating life,
noiseless operation, higher speed
ranges, and rugged construction. Also,
torque delivered to the motor size is
higher, making it useful in applications
where space and weight are critical
factors. With these advantages, BLDC
motors find wide spread applications in
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automotive, appliance, robot,
aerospace, consumer, medical, electric
traction, road vehicles (Hybrid Electric
Vehicles HEVs and Electric Vehicles
EVs), aircrafts, military equipment,
hard disk drive, HVAC,
instrumentation and automation
industries [1,2].

Permanent Magnet motors can be
classified into two  categories:
permanent magnet synchronous (PMS)
motor and permanent magnet brushless
DC (PMBLDC) motor. These motors
have many similarities. They both have
permanent magnets on the rotor and
require alternating stator currents to
produce constant torque. The difference
between them is that the PMS motor
has a sinusoidal back-emf while the
BLDC motor has a trapezoidal back-
emf. This leads to different operating
and control requirement for these two
machines [2].

The dynamic modeling and
simulation of PMBLDC motor has been
widely studied because of ther
increasing usage in  industria
automation. It is therefore necessary to
analyze the dynamic characteristics of
this motor in order to control it,
smulate it, and to evaduate its
performance.

PMBLDC motor has been atopic of
interest for the last twenty years. Some
authors have carried out modeling and
simulation of such motors. In [3], the
dynamic models and equivalent circuits
of two PM motors (PMS and BLDC)
had been presented using the d, g-
model. In [4], a unified approach of
Bond graph for modeling of 3-phase
BLDC motor and its drive circuit was
used and anayzed. In [5], the
performance of a 3-phase PM motor

operating as a synchronous and BLDC
motor had been analyzed using
software package Matlab/Simulink. In
[6], modeling of 3-phase BLDC motor
with Matlab/Simulink package program
was presented. This model can be
providing a guide in the modeling of
this motor.

All the above papers were used the
conventional modeling methods which
involve more computational work.

The aim of this paper is to make a
model that would be simple, accurate,
easy to modify and suitable for real
time implementation.

When the current paper is compared to
the previous developed approaches, the
proposed model used is different:i) it is
converted into discrete time form where
Trapezoidal algorithm is used, ii) it is
independent of the number of motor
phases, iii), it eliminates numerical
problems, reduces simulation times
significantly and there is no
convergence problem, and iv) it has
minimal number of parameters.

The dynamic behavior of PMBLDC
motor has been studied in this paper
and the results indicate that this motor
can be subject to severe torque
pulsations due to the stator currents
commutating from one phase to
another. This phenomenon can affect
the motor performance of torque and
speed.
In this paper, a new Matlab
simulation method based on developed
Trapezoidal algorithm for the dynamic
performance analysis is put forward on
the base of the state-space
mathematical model of the PMBLDC
motor.

PDF created with pdfFactory Pro trial version www.pdffactory.com


http://www.pdffactory.com
http://www.pdffactory.com

.& Tech. Journal, Vol.28, No.20, 2010

M odeling and Dynamic Perfor mance
Analysisof PMBLDC Motor

2. Basic Construction and Operation:

PMBLDC motor is a type of
synchronous motor. This means that the
magnetic field generated by the stator
and the magnetic field generated by
rotor rotate at the same frequency.

PMBLDC motors come in 1-phase,

2-phase and 3-phase configurations.
Corresponding to its type, the stator has
the same number of windings. Out of
these, 3-phase is the most popular and
widely used. Most PMBLDC motors
have three stator windings connected in
star fashion.
There are two types of stator winding
variants, which are trapezoida and
sinusoidal motors. The differentiation
based on the interconnection of coails in
the stator windings to give the different
types of back-emf. The rotor is a
surface-mounted design which made of
permanent magnet and can vary from
two to eight pole pairs.

Each commutation sequence has
one of the windings energized to
positive power (current enters into the
winding), the second winding is
negative (current exits the winding) and
the third is in a non-energized
condition. Torgue is produced because
of the interaction between the magnetic
field generated by the stator coils and
the permanent magnet. In order to keep
the motor running, the magnetic field
produced by the winding shift position
as the rotor moves to catch up with the
stator field [2].

3. Mathematical (Dynamic) Model:
State variable model is
mathematical model which created
from analysis of PMBLDC motor
characteristic. From the state variable,
the mathematical model [3,6] is

converted by using [7,8] into discrete
time form wheretrapezoidal algorithm
is used. The trapezoidal is the preferred
algorithm because of its highest
accuracy level and lowest simulation
time. A combination of the forward and
backward-Euler agorithms generates
the trapezoidal agorithm. Trapezoidal
algorithm is a technique usually used to
evaluate differential  of bounded
functions [9].

State variable model is aso known
as state-space model. Advantages of the
state-space method over the existing
methods are that no convergence,
initialization, instability problems, and
no restrictions such as the number and
configuration of nonlinear elements.
This model needs to be transformed to
discrete time because differentia
equation in state-space can be solved
easily.

Developing the model of PMBLDC
motor is to investigate torque behavior.
When the input currents and motor flux
linkages are perfect, no torque
pulsations are produced in the motor.
However imperfections in the currents
arise due to finite commutation time
while imperfections in the flux linkage
can arise due to the phase spread, finite
dot numbers and manufacturing
tolerances [10].

Since both the magnet and the
stainless steel retaining sleeves of the
PMBLDC motor have high resistivity,
rotor induced currents can be neglected
and no damper windings are model ed.

Because of the fact that the induced
emf; are non-sinusoidal in this motor,
phase variables are chosen for the
model development.

For a symmetrical windings and
balanced system of PMBLDC motor
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shown in Fig. 1, the voltage equation
across the motor winding is as follows:
Applying Kirchhoffs voltage law for
the 3-phase stator loop winding
circuit’syields [11]:

_ dy, dy, d
Va_Ra|a+La dt +Lab dt +Lca dt +ea(1)

_ di, di, di,
Vb_Ro|b+Lb dt +Lab dt +Lbc dt +eo

di, +L,. d, +LbC%+eC

dt dt dt

, Where the back-emf waveforms e,, &,
and e; are functions of angular velocity
o of the rotor shaft, so: e=K. @, where
Ke is the back-emf constant. V,, V, and
V, are stator phase voltages. |,, 1, and I
are stator phase currents. R,, R, and R;
are winding phase resistances. L,, L
and L. are phase sdlf inductances. L,
L, and L. are mutual inductances
between phases.

From the basic equation above, the
matrix dimension circuit equation of 3-
phase windings in phase variables are:

VC:RC|C+LC
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The analysis of motor is based on
the following  assumptions  for
simplification and accuracy: 1) back
emfy E,, E, and E. are having a
trapezoidal shape characteristic, 2)
Saturation, Eddy currents and
Hysteresis losses are negligible and 3)
there is no change in rotor reluctance
with angle (uniform air-gap), which
makes the total stator current is

constrained to be balanced and the self
and mutual inductances of the stator are
constant values which leads to
simplification of the inductance matrix
in the model as:
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Hence the state-space forms are:
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, Where L;=L-M, L and M are the saf
and mutual inductances, respectively,
and o, o, and o, are the angular
speeds for electrica quantities of
phases a, b and c, respectively.

The state form equations above
have been derived as in the Appendix
and implemented in Matlab software to
find the stator currents. The stator
currents then wused to find the
electromechanical torqueT, asfollows:

T, =[E.l, +El, +El.]J/w, ....(5)

, Where o, is arotor speed. To find the
solution for the stator current and
electromechanica torque, the
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specification has been given in Table 1

in the Appendix.

The mechanical dynamic equation is:

IBWO, B w=T.-T, [36] ..(6)
gdt g

, where J is moment inertia, B, is a
damping coefficient and T, is a load
torque. Combining all the pervious
equations, the system space form in Eqg.
4, becomes:

%= Ax+Bu+ Ew ..(7)
,WhereX: [Ia Ib Ic]t, u= [Va Vb Vc]t,
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The discrete-time form of the above
model is obtained by sampling and
clamping the input at the time intervals
kT. Then the model may be arranged in
the form suitable for Trapezoidal
algorithm[9] asfollow:

- TEA)x(k)+ u
é

a
x(k+1)= (1 - %A)'lg% Blu(k+1) +u(k)]+g(8)

& i
SEE[W(k+1)+w(k)] 5
All the above equations are derived as
in the Appendix.

By using the specification from
Table A in the Appendix and Eq.8, the

dynamic performance of PMBLDC
motor has been analyzed by using
Matlab simulation.

Developing the equation from 3-phase
PMBLDC motor until calculation of
state-space form has been done by
manual calculation, while stator current
and electromechanical torque has been
calculated by Matlab simulation.

4. Torque Production:

The back-emf and the required
currents in order to produce constant
torque are shown in Fig. 2 in an ideal
machine. In Eqg. 5, it was shown that the
torque is given by the product of the
back-emf and stator current waveform
divided by the speed. The backemf
divided by the speed is a constant and
represents the flux linkageA which has
the same waveform as the backemf in
Fig. 2. The flux linkage is horizontal
(constant) for 120° and for constant
torque, it is necessary to supply a
rectangular shaped current to the phase
during this period. When the flux
linkage is negative, a negative current
is needed in order to produce constant
positive torque.

In addition, at any given instant,
only two phases conduct current with
the phase carrying the positive current
using the phase carrying the negative
current as a return path. In Fig. 2,
consider an instant when:

&=E; &=-E
ib = - |p; ic=0
....(9)
The electromechanical torque becomes:
T~ (B I,tE 1)/0=2E)y o=24,
....(10)

At any other instant, it will always
be found from Fig. 2 that only two

la = Iy
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phases conduct, with the third being
zero and then Eg. 10 holds. The torque
predicted from this idealized machine is
therefore constant with no torque
pul sations.

Any periodic wave can be

expressed as a Fourier series. Hence
both the flux linkage and current
waveforms can be expressed as a
Fourier series aswell.
It is known that current and flux
linkage harmonics of the same order
interact to produce constant torque
while if they are of different orders they
produce pulsating torques [10].

The steady torque is given by the
interaction of the fundamental of the
flux linkage with the fundamental
component of current plus the %
harmonic of the flux with the %'
harmonic of current etc. That is all odd
harmonics of flux which interact with
current harmonics of the same order
(except triplen) produce a constant
torque.

In practice, deviations from the
idealized current and flux linkage
waveforms shown in Fig. 2 occur.

In a practical machine, it is impossible
to force a rectangular current to flow
into the machine windings. This is
because the motor inductance limits the
rate of change of current. In the steady-
state, the rise time of the current
depends on the voltage differential
between the input dc and the backemf,

and the time constant of the stator
winding which is given by the ratio of
the stator leakage inductance to
resistance. The higher this ratio, the
longer is the rise time of the current.
Therefore, the torque ripple results
from the motor currents or flux linkage
deviating from the ideal [10].

5. TorqueRipple

The biggest disadvantage of the
BLDC motor drive configuration is the
physical inability to generate the ideal
rectangular pulse currents. As shown in
the Fig. 2, the currents must make the
required transitions instantaneously. In
reality, the transitions require finite
time. As a result, torque ripple is
created at each commutation on point
during the finite transition time of each
phase current. This torque ripple is
known ascommutation torque ripple
In addition to significant commutation
torque ripple, the BLDC motor
configuration produces torque ripple
whenever the backemf or current
shapes deviate from their ideal
characteristics shown in Fig. 2.
Because torque ripple is difficult to
elimnate in the BLDC motor
configuration, it is seldom used in
applications where minimum torque
ripple is required. However, in velocity
applications such as fans and pumps
where motor speed and inertia are
sufficiently high, torque ripple has little
affect because of the inherent filtering
provided by the inertia[12].

6. Results and Discussion:

The performance analysis of the
PMBLDC motor is the fina stage of
Matlab programming where the plot
curve or graph has been displayed. The
expected graphs are phase stator
currents versus time, torque versus time
and torque versus speed, torque spectra
and the effect of the time constantT on
the motor behavior.

Fig. 3, show the simulation results
of the phase currents of the proposed
motor with different values of per unit
motor time constant T; (where the base
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value of T=L,/R=0.0779 Sec). It can be

seen form the figures that there is some
amount of ripple in the current
waveforms due to finite commutation
time, since the motor inductance limits
the rate of change of current. Increasing
of T (or L) causes increase of the motor
impedance with frequency K=2afL);

therefore the harmonic  currents
(especially higher orders) decrease. As
result, the ripple in the instantaneous
current will decrease with increasingL

or T form (0.25t0 2) p.u.

It must be noted that the increase inT

causes increase in the motor ratings, so
the current amplitude will increase too.

Because of the nonrectangular
current, torque pulsations are produced
during the commutation of the currents
as shown in Fig. 4. The results
presented show the effects of changing
per unit T on the overal magnitude of
the torque pulsations. The figure shows
that the average torque increases withT
while the torque ripple decreases withT
since the current ripple decreases too.

A Matlab program is written to
determine the output torque spectra
corresponding  for  the  torque
waveforms shown in Fig. 5. From this
figure, it is clear that there is a
reduction in the torque harmonics as the
order increases because the more effect
of L (or X) on the higher order
harmonics, so that the contribution of
the higher order harmonics to the
steady torque is negligible.

A plot of the average torque versus
T isgivenin Fig. 6. It can be seen that
increasing T causes linear increase in
the developed electromagnetic torque
Te, Since the increase in T means
increase in the motor ratings. On the
other side, the increase in T (or L)

causes decrease in the torque ripple due
to decreasing the distortion in the
current waveform  which was
aforementioned and as a result decrease
in the percentage per unit torque ripple
(where base torque average is
Ta=2.243N.m.) asshown in Fig. 7.

The motor speed waveforms with
different values of input voltages (8, 10,
and 12 V) are shown in the Fig. 8. The
speed increases with voltage increase.
These figures show how the ripple
appears in the speed waveforms due to
the existing of the ripple in torque and
decreases with the increase of T.

A simplified of the relation ship of
motor speed N and torque T, derived as
in Eq. A. 16 in the Appendix can be
plotted as in the Fig. 9 for different
values of input voltages (8, 10, and 12
V). The torque-speed characteristics in
Fig. 9 show the inverse linear
proportion betweenN and T, according
to the Eqg. A. 16. These characteristics
form series of straight lines and the
slope of these lines decreases with T
increase. Also, it can be seen how the
speed increases with the input voltage.

7. Conclusions:

In this paper, a numerica
simulation method using Trapezoidal
algorithm for modeling and anayzing
the dynamic performance of 3-phase
PMBLDC motor and overcoming the
drawbacks of the conventional
modeling approaches have been used.

The aim of this paper is to make a
model simple, accurate, easy to modify
has flexible structure and enables to
users to change motor parameters easily
and  suitable  for real time
implementation. The simulation results
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of this work have shown that these
goals have been achieved.

The developed model can produce
precise prediction of motor
performance during transient as well as
steady-state operation. Therefore, the
mechanism of phase commutation and
generation of torque ripple can be
easily observed and analyzed in this
model.

It is shown that, a constant output
torque is produced only if the flux
density and current waveforms of the
motor are idealized. The results show
that, because of the nonrectangular
current, torque pulsations are produced
during the commutation of current and
depend on time constant of the motor.

The results indicate the suitability
of using a Fourier series to examine the
torque behavior in the PMBLDC motor.
From the results presented earlier, the
motor  torque pulsations clearly
decrease nonlinearly as a function of
motor time constant, while the motor
has linear relationship between the
magnitude of average torque and time
constant.

Torque-speed characteristics form

series of straight lines. This shows that
inductance present in the armature
played no part in affecting its shape.
Increasing torque leads to drop in
speed. Since the flux of motor is
constant, then speed of motor depends
on only armature supply.
The flat torque-speed characteristics of
the motor enable operation at all speeds
with rated load and produce predictable
speed regulation. Thus motor can
rotates with wide range of speeds.

The results show that the motor has
approximately constant torque-speed

characteristics at higher values of time
constant.
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Table A: Specification of

PMBL DC motor modeling

Parameters Value
Stator Resistor, Rs 0.7Q
Self Inductance, L 40mH

Mutud Inductance, M 3.67mH
Voltage per-phase, V 12v
Torque Load, T, 2.21N-m
Rms Phase Current, | 1A
Speed, N 125 RPM
Back-emf Constant, K. 1.257 V/rad/s
Torque Constant, K; 0.76 N-m/A
Moment of Inertia, J 0.0025 kg-m’
Damping Coefficient, 0.0237 N-
B m/RPM
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Figure (1) PMBLDC motor equivalent
circuit for dynamic equations
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Figure (2) Back-emf and current waveforms and
torque production in trapezoidal PMBL DC motor
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Figure (4) Electromagnetic torque as a function of rotation angle with different
values of time const.T, (wherethe Torqueload; T, =2.21 N.m)
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p.u.timeconst. T
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Figure (8) Motor speedsN at different input voltagesv and time const. T
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Figure (9) Speed N vs. electromagnetic torque at different input voltagey/ and
timeconst. T [Operating point; V=12V, Te=2.21N-m & N =125 RPM]
Appendix

Figure A: PMBLDC motor per phase equivalent circuit

The matrix equation for the PMBLDC motor with three stator windings is as follows:
VI=[RI[1]+ (L] p=[1]+[E] (A1)
, Where:

V=V Vi V]! Stator phase voltage vector (A.2)
[R]=R.*[U] Resistance matrix (A.3)
, where R;= resistance per phase, [U] = Unity matrix,

gLa Lba Lca L:J
i :
=% L Locy Inductance matrix (A.4)

8Lca Lbc Lc g
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E=Kw, (A.5)
D=0 1, 1] Stator current vector (A.6)
The coupled circuit equations of the stator windings in terms of motor electrical
constants are:

é/VueRSO O ,u éLaa Ly LacuelueEu

e\/ -Voiy=g0 R 0 '“Ibu+ Pela Lop  Locy@log* &Foy) (A7)

é/c VnH 80 0 Rs%'c cha ch Loc%'ca EECH

, WhereV, isthe neutral voltage.
Since the self and mutual inductances are constant (independent of the rotor position)
for surface mounted permanent magnets and the winding is symmetrical, hence:

R=R:=Ry=Rc Stator resistance
L=L.=Ly=L. Self inductance
M=Lar=Lp=Lca Mutual inductance. So,

0 €0 0, 6L M MU U

u_ u € ue U u A.8
Voi=R go 1 04 Ib@+p§M L MgglugtK éNu (A.8)
&l €& 0 1H8|CH M M LeelcH  enH
Also sincel, + I = - I, then, M;, + Mi: = - Mi,, hence:

&0 6 0 0ul,u é-M 0 0 Wel,u &,

U_ tg, u - ue u S, Y A.9
SVu—ngO 1 0glygtPg O L-M 0 gelbg+Ku§Nbg (A.9)
g‘/c g) 0 1H§|CH 8 0 0 '—'ME|§|cE| v
Hence in State-space form

€-M 00e& 00 L-Mau
&0 L-midLmi® ol
€0 o0ud-M 0 geé-M o
a-m 0 oy edLmMIEo Lmigo o
& a e 1 d-M O &- «u
a-M o o 4t g 0 LM 0 ge0 oH_gLM 03+2I_M 0§
€9 LM o0 . 8O 0 L-Mg_B&-M OfE0 0f §E0 L-My
e u L-M 0 0 &a-M 0 g s
g 0 0 L-M§ L- Mg a=(L- M) (2 +m2)
0 L-M 0 &0 L-MY
0 0 L-M
é’- M? 0 0 u 61 i
S0 ©-m? oy &l 0 o Y& 0 0g
& 0 o 1z-mzg e M g e+ , (A.10)
= — =6 0 —— 0 4=%0 = ol
L*-M & L-M a & L Y
~ l 7
g 0 0 Y ME €0 0 iu
) é L g
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Simplifying the Eg. A. 9,L,=L-M. So,
é ) é1 ) éK, 0
,l\é'% 0 Ol],l\ér 0 Oué/\é—l_ 0 0y
el,u é ™ el 0 et 8,0 eh 6V, 0
defie, R g igue, 1 e Koogigu A
de€°u-é L, gerarer | Tuerd er ve v a
e o0 o ---=u €0 —u eo 0 —ud
e L g e La e L g

The electromagnetic torque T, for the 3-phase BLDC motor is dependent on the
current, speed and back-emf waveforms, so the instantaneousT, can be represented as:

T, =[E,l, +E |, +El ] /w [3,6] (A.12)

The equation of motion relating rotor speed to currents, load torque, inertia and
damping terms can be derived from Eqg. 6 asfollows:

dw/dt=(T,- T, - Bw)/J (A.13)
The torque equation for 3-phase PMBLDC motor can also be written as:

T =K, +K 1, +K I =K (I, +1,+1,.) (A.14)

Substituting Eq. A.14 into Eq. A.13 givesthe following differential equation:

dw/dt =[K,(I, +1,+1.)- T, - Bw]|/J (A.15)

A simplified term relating motor speed and torque at steady-statecan be derived
from the simple circuit shown in Fig. A, using Kirchoffs voltage law as follows:

V=I;R+LdlJdt+E; E isthe inducedemf per phase

©=(V-1sR) / Ke Rad/Sec

ZF;ON _V- R;Te”(t . where: 1;= T./ K,and w (Rad/Sec) = 2p N /60 (RPM)

N=Cwn-R1)y  RPM (A.16)
p K K

Finally, Eq. A. 11 can be smplified in the form of state variable:
k= Ax+ Bu+ Ew (A.17)

Trapezoidal Algorithm Equation:
The modification of the Euler algorithm that utilizes the sum (divided by 2) of the
derivatives is evaluated at the beginning and end of the intervall. Thus,

x(k+1)= %[&(k) FKHD]+x(K) (9 (A.18)
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Applied to nonlinear model of Eqg. 17,
% = Ax(k) + Bu(k) + Ew(k) , and ¥(k+1) = Ax(k +1) + Bu(k +1) + Ew(k +1)  (A.19)

One way to solve the above nonlinear state equations is to transform them into a
set of linear algebraic equations by employing the numerical integration methods (such
as trapezoida rule). Time discretization used for numerical integration facilitates
representation of nonlinear variationsin the system:

o1 . <
xk+1)=8 - T A2 8+ T A%+ Lo Bluk+1) +u(] + 2 Elwik +1) +w(io][ (A.20)
e 2 gé& 2 g 2 2 d
, where for the 3-pahse PMBLDC motor model:

X=lylpandl,, u=V, VyandV,; and o = w,, o, and o,

| = identity matrix, and A, B, and E is asfollow in state-space model.

k = numbers of time intervals andTs = small intervals time.
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