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Abstract

This paper presents a new method to generate curves, which alows
the designer to produce a curve in combinational way allowing him to get
the shape that he had in his imagination with keeping the four control point
for the curve design.
Basing on the modified BEZIER curve, the upgraded algorithm used de
Casteljau algorithm on interval [r, S| as a mathematical base to upgrade the
suggested method.
The suggested method shows a great flexibility at the curve controlling area
with changing one, more or no need to change the control points of Bezier
curve asit showsin the figures presented in the paper.
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Introduction

Curve generating algorithms by using
de Casteljau agorithm. In this
proposed work that we modified for
controlling and generating Bezier
curves of degree three. Polynomial
curve is defined in terms, of polar
forms. Because the polynomial curve
involved containing one variable,
natural way to polarize polynomia
curve. The  approach yields
polynomia curve. It shows versions
of the de-Casteljau algorithm can be
turned into subdivisions, by giving an
efficient method of performing

subdivision. It is also shown that it is
easy to compute a new control net
from given net.

For this the paper develops an
algorithm which should include:-

1- Origina Bezier curve. We will use
thiscurve fort | [0, 1]. [1], [2] [3].
(4. [5], [€], [7].

2- Gallier Modified Bezier curve. We
will use this curve fort I [r, g]. [7],
[8].

3- Develop Bezier curve. We will use
thiscurvefort1 [r, 9.
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Definition [4], [7].
A linear combination of m vectors
Vi, Vo ..., Vnnisavector, say W, of
theform
W=a,V+aV+...+a.Vm,
..(1

Where a, &... a, are scalar.
A linear combination (1) of vectorsis
cdled an affine combination if
ytapt...ta=1
The coefficients of an affine
combination of two vectorsV,and V>,
are often forced to have scadar t for
one of them and (1-t) for the other in
the form:

W= (l—t)Vl+tV2 .
Affine space A" is caled the red
affine space of dimension n.

In most case, we will consider
n=1,2,3.
A is defined over the field R (where R

isreal numbers)
Polar Form of a Polynomial Curve
[7]. 8]

A method of  specifying

polynomia curves that yield very nice
geometric constructing the curves is
based on polar polynomial form.
To define the polar from of a
polynomia of degree three, let
X ()=Fy(t)=ayt>+ byt*+ cot+dy

@

Y ()=F; ()= axt>+ byt?+ cot+d,,
N E)]
Where &, by, ¢;,d; @y, by ¢ and d, are
constants. The polar form of F is a
symmetric affine function
f: A ® A that takes the same value
for al permutations of ty, t,, t3. That is
f(tl, tz, t3 ):f(tz, tl, tg)zf(tl, t3, tz):f(tz,
t3, tl):f(ts, tl, tz):f(ts, tz, tl).
Which is affine in each argument and
f(O)=f(t, t, t), foral t | R Itiseasily
to verify that f must have the form:
f(tl,tz,tg): at tots+ b[ i+ tyta+ tztg] [3+c
[ta+to+15] /3+d 4
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This is called the polar form of cubic
polynomia in (2) or (3).{Note that
Polar form a new definition has no
relation to polar coordinate. [7], [8].}
Example:

Consider the plane cubic define as
follows
Fi(t)=30t ... (5)
Fo(t)=t3-3t .. (6)
The polar forms of F;=X (t),F.=Y(t)
Are
fl(tl,tz,tg): 10[t1+t2+t3] . (7)
fz(tl,tz,tg):tltztg-[tl+ L+ t3] . (8)

It iseasy to notice that fi(ty, tp, t3) in

(7) is polar form of Fi=X (t) in (5),
and fx(ty, to, t3) in (8) is polar form of
F, =Y(t) in (6).
Note 1[2], [7], [8].
Using two control points say R and
P, shows that P (t) is on the line
determined by B and P, P (1) is
indeed between R and Py, at (1-t) of
the way from R, every point P (t) on
the line PP, is obtained by a single
interpolation step, P (t)=(1-t) Pot+ tP:.
Which linear interpolation & P (0)=
Pyand P (1)= P, for OEtE£ 1.
De-Casteljau Algorithms

De-Casteljau agorithm is an
algorithm uses a sequence of contral
points to construct a well defined
curve P(t) at each value of t from O to
1.This provides a way to generate a
curve from set of points. Changing
the points will change the curve.
Let us illustrate the algorithm of
degree three in Table (2).
The de Castdjau agorithm uses a
sequence of four control pointsPy, Py,
P, and P; to construct a well-defied
curveP (t) at each value of t from O to
1 P(t) isdefined as:

P(t) = (1-t) p5(t)+t pZ(t)

..(9)
Po(t)=(1-0) po(t)+t pi(t)
....(10)
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pI(t)= (-0 py(t)+t po(t) .(17)
...(11) and 1- 1= t _
H(t)= (A-t)P+ tP; s-r
i ...(12) , o ....(18)
1 SinceF is affine then
Po(t) = (LOPo+tPy F () =F [(1- ) r+ 2.
-(13) Therefore
P, (t)=(1-t)P+tPs F(t) = (2- ) F(r) +AF(s). ...(19)
..(14) De Casteljau agorithm uses two

Subgtitution of equations (10, 11, 12,
13),and (14) in (9) gives
P(t)=(1-1)* Po+ 3(1-t)%t P,
+3(1-t)t° P+ 3P,
...(15)

Equation (15) cdled original Bezier
curve which is dependent on closed
interva [0, 1]. [3]. [5], [6], [7], [9]-
Note 2.

The coefficients of the control
points in the cubic curve (15) are
cdled Bernstein Polynomials, gives
as.

[ (1-1)%+3(1-t)%t+3(1- )+
=[(1-t)+t]® =1

This equation immediatdy yields an

important property of these

polynomias. They add to unit at

every t, mathematically.

Gallier Modified cubic Bezier

Curves[7], [8].

The modified de-Casteljau
algorithm is an algorithm that uses a
sequence of control points
p= f(r* §), fori=0, 1, 2, 3.

To congruct a well defined curve
f()=f(t, t, t), on agiven affine frame
[r, s] for Whichr1 stl [r,9,and
(r, sl A). Let us begin with straight
lines, given any affine frame[r, g for
whichr® sfort1 A can be written
uniquely as
t=[1-A r+ As=r+ A[sT].

...(16)
t-r

s-r

then, A=

control points say F(r) and F(s) as in
equation (19).
Cubic Curve
De Casteljau agorithm of degree
three uses a sequence of four control
points, which arepo= f(r®) = f(r, r, r),
p= f(29=1(r, r, 9), p2= f(r &) =
f(r, s, s) and ps= f( )= f(s s, 9). To
construct a well defied curve P(t)=
F(t) at each value of t fromr to s. see
table (2) fig 2.
From the stage 3, f(t, t, t) isgiven by:
f(t, t, )= f(t, t, (L-Hr+ As)
=(@-Nftr)
+ A (t, 1,9), ... (20)
in termes of f(t, t, r) and f(t, t, ).
From the stage 2, f (t, t, r) and f (1, t,
s) aregiven by:
f(t, t, r)=f(t, (L-Yr+ As, 1)
=(1-Hf(t, r, ,N+A(, S, 1)

..(21)
f(t,t,9=f(t, (I-Nr+ 1s, s)
=(L-Hf(r,s
+ A(t, s,9)
...(22)

From the stage 1, f (t, t, t) isgiven by:
f(t, r,r), f(r, t, and f(t, s, ) which are
f(r, r, t)= f[r, r,(L-)r+ A

= (- Hf(r, r,,r)

+ AM(r,r,9)
..(23)
f(r, t, 9= f(r, (L-N)r+ s, 9)
= (1-Hf(r, r,9)
+ M(r,s,9
..(24)

f(t, s, 9)= f((1-Nr+ 1s, s, 9)
= (1-Hf(r, s, 9
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+ M(s, s,9).
...(25)
From symmetry f(r, r, t) =f(t, r ,r)
and f(r, t, 9)=f(t, s ,r)=1(t, r, ), and
substitution of equations (21, 22, 23,
24) and (25) in (20) gives
f(t, t, )= (L-)3f(r, r, r)+3 A (-2 f(r,
r, 9)+3(1-1) 22f(r, s, 9)
+ (s, s 9).
...(26)

Use the de Casteljau agorithm in
cubic cases, to define a curveP (t) at
each value of t fromr to s, where,( for
r,s | A) for some set A. Suppose P
(t) is a Gallier Modified cubic Bezier
curve. Sincef(r, r, r), f(r, r, 9), f(r, s,
9), (s, s, ) = Py, Py, P2, P3 are control
points equation (26) becomes
P(t)= (1-2)%pot 3 A(1-1)? pa+ 3 (1-) A2
+27ps. e (27)

Equation (27) called origina Gallier
modified Bezier curve depend on
interva [r, 9.
Subgtitution of 2 and 1-A in (27)

where A= il and 1—I:S_t
s-r s-r
gives:
t-r s-t
P(t):[ ]po+3 [—1°p
S-r Ss-r

t-r
ot [—17ps.
s-r

..(29)

+3Lt['_]2
s- -r

Note 3

The coefficients of the control
points in the cubic curve (28) are
cdled Bernstein Polynomias gives
as:

- ; -1 t-r
[Ei_£+£_lq3:[s 3+3

S-r srs-r s-v
S't 2+3S't[t'r]2
S-T S-r s-r
+[t-|’]3:1.

s-r
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The cubic Bernstein polynomials are
remembered as the terms that get by
expanding the expression and then
collecting terms in the various powers

S-r S-r
This equation immediately yields an
important property of these
polynomiads. They add to unity at
every t, mathematically

o SR Ee A L

_ogkg S-r -r
...(29)

where
80 3
Gg k(3 k)
Equation (29) is caled Berngein
polynomia of degree three [7],

[8].These control points play a magjor
role in the de Casteljau agorithm and
its extensions. The polynomia curve
defined F passes through two point’s
which are pp and ps, but not through
the other control points. For r=0 and
s=1, equation (27) becomes: -

F()=f(t, t, t) =(1-)° pot+

3(1-t)%t pyt3(1-t)t? pot+t pa. ... (30)
Equation (30) identical with equation
(15).

The Developed Cubic Bezier Curve
The new mathematical procedure has
been introduced to control and
generate curves. This new technique
gives the designer a flexibility to
design and generate curves leaving
the main properties for designing
Ccurves intact.

Concerning Bezier curves, a new
algorithm is developed. In connection
with equation (27) a curve depending
on four control points and a parameter
t working on interval [r, §] rather than
[0, 1]; r, s| Afor some st A.

New algorithm for calculating
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f(t t, ts) a each vaue of t where
rét; £s (=12 3,4,5,6) isgiven

in Table (3). From the stage 3, f(t, t,
ts) isgiven by :
f(t, t, te)= f(t, t, (1-2) r+ A 9)

= (1- %) f(t, ta 1)

+26f(t, ts ,9),

...(31)

In termes of f(t, t4, r) and f(t, ts, 9).
From the stage 2, f (t, t4, r) and f(t, ts,
s) isgiven by:
f(t, tg, r) = f(t, (L-A) r+ A5, 1)

= (1_24) f( tl’ r, r)

+ L f(ty, s 1). .. (32
f(t, ts, 5). = f(t, (L-A)r+ A5 S, 9)

=(1-25) ftp, 1, 9)

+ & f(ts S, 9). .. (33
Fromthe stage 1, f(ty, r, r), f(tz S 1)
and f( ts, s, ) are given by:
f(ty, r,r) =1fr, r,(-A)r+ A1 9

= (1-2)f(r, r, 1)
+ A f(r,r,9)
...(34)
f(to, s 1) =f(r, (I-)r+ A28, 9)
= (- )f(r,r, 9
+ L f(r,s,9) .. (395
f(ts, s, 9= f( (L-A)r+ 438, S, 9)
= (1-)f(r, s, 9)
+ Af(ss9) ... (36)
Then by symmetry, f(r, r, t)) =f(t, r
) and f(r, t, 9=f(t;, s ).
Subgtitution of equations 32, 33, 34,
35and 36in 31 gives
F (t) = (1'26) (1'24) (1'2'1)1:("’ r, ,r)
+ [21(1-26) (1-A)

+(1-22) (1-26) Aa
+(1'2'2)(1'25)26] f(r, r, S)]
+[ Ao Aa(1-26)
+ s (1-25)A2)+ 25 A6(1-23)]f(r, s, 9)
+ 3561 (S, S ,9) .. (37
t.-r S-t.
Where A = CJ — 1-4 = . rJ ,

and =1, 2, 3, 4, 5 6 for
r£tj £s.

From As=As=1s=41, then equation (37)
becomes:

f(t) = (1'24) (1'2'1)21:(“ r, ,r)

+[A(21-20) (1-2A0)+ (1-21) (1-22) A
+(1-%)(1-2)Ad] f(r, 1, 9)]

+[ A M(1-4)  + Ad(l-h)+ A
(-2)] f(r, s, 9

+2.°%(s, s, 9)].

...(38)

Suppose P(t)= f(t) and f(r, r ,r), f(r,
r,s), f(r,s 9), (s s 5= Po, Py, P2, Ps
are control points and equation (38)
becomes
PM)= (1-4) (1-4)° pot [Aa(1-3)(1-
2a)*+(1-24)(1-22) At (1-22)(1-20) 2a] put]
A }»4(1'},1) + },112(1'},1)‘*' 112 (1-},1)] P2t
},13 ps. (39)
Equation (39) is a new cubic Bezier
curve.
Treat the coordinates of each point as
a two-component vector and using the
symbols po, p1, P2 and ps for control
points. Let
pi=(%, yi) fori=0,1,....m.
And
0
Pi:g -.

8Yi I}
The set of points, in parametric form
is

ax(1)o

k (t)0

P(t)= C +
&y(t)g

[8].
The pressing equation (39) represents
the pair of equations
Fi®)= x()= (1-4) (1-2)° %o+ [Aa(2-
2)(L-2)+ (1-22) (1-A2) Aat (1-22) (1-
2,1)2,1] X + [ A 2.4(1'2,1) + 2,12,2(1'2,1)‘*‘
2,12 (1—2,1)] X+ 2,13 X3.
Fat) = y(=(17) (1-4)° Yo+ [Aa(l-
A1) (1-2Ag)+ (1-21) (1-22) At (1-22) (1-
M)Al vi+[ A L) + (L4t
A2 (1-2)] Yo+ 22 Y.

reEtes, [3], [7],
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The set of points, in parametric form
is

To explain the above new cubic
Bezier curve (39) by the following
example isgiven

Example: -

Let the four control points as:

Po :(Xo, yo) = (100,300),

Pl:(Xl, yl) = (40, 50),

PZ:(XZ’ yZ) = (4301 50)’

Ps= (X3, y3) = (270,300)

With respect to the interval r=-5,
s=5. For parameter t

Where—5£tj£5, where t is

increases by =0.0005).
The following cases have been
di scussed.
Casel

Let A6:A5:A4 :Ag :AZ :Al. Then
equation (39) reduces to the original
Bezier curve in equation (15) see
figure 3. Equation (39) is building by
mathematical developing of de
Casteljau algorithm. This case can be
seen by simply  mathematical
changing of equation (39) which
reduces to modified equation (27),
that easily reduces to origind
equation (30) by take special case for
r=0 and s =1. This gives the base
classicad populates of Bezier curve
that are interpolations a the first
point P, and the last point Ps. The
design obtained doesnot change only
from change at least one or more of
control points of Bezier curve.
Case 2.

Let A6:A5:A4 :Ag :Al, and (+A2)
is take to be increases (t; =0.02). In
this case it is found that the design
can be moved toright in an interior
and exterior manner with no need to
change any of the control points, see
figure 4. New formula of equation
(39). In this case which is build by a
new change easily done by changing
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only part A, (i.e. t; =0. 02), which
gives the new design and move it to
right asseein figure 4.

Case 3.

Let A6:A5:A4 = Ag :Al, and (-Az)
is taken to be decreased. It is found in
this case that the design can be moved
to left in an exterior and interior
manner with no need to change any
of the control points, see figure 5. In
this case as in case 2 building by new
condition in this which give new
formula of eguation (39). by changing
only part A, (i.e. t; = -0. 02) can
change the design to left, see figure 5.
Case 4.

Let A6:A5:A3: AZ :Al, and (+ A4)
increased. In this casg, it is found that
the design can be moved right to
(exterior manner) with no need to
change any of the control points. See
figure 6. By variation in last equation
only part A (i.e. t, =0. 02) the design
can be moved to right with out
changing any of the control points.
Seefigure 6.

Cases:

Let A6:A5:A3 :AZ :Al, and (' A4)
decreased. In this casg, it is found that
that the design can be moved to the
left to (interior manner) with no
need to change any of the control
points. See figure 7. By changing the
formula of equation (39) as the
condition of this case.

Variagtion a only pat of this
mathematically modeling atAs (i.e. ts
= -0. 02), gives the new result is
changing the design. See figure 7.
Case 6:

Let A6:A5:A3 :AZZA]_, and (+A2, -
A, A and -A;) and the origina are
taken in same design. See fig 8. This
again gives another characteristic to
design and help the designer to
control the generated curve keeping
the control points unchanged. By
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variation of the new formula of
Bezier curve in equation (39 ) gives
another modeling of mathematicaly
equation which appear by change all
parts Which gives the new formula by
move the design up and down with
out change the control points, aso
thisresult is new, figure 8.

Note that the building of Bezier cubic
in equation (27) gives by Galier
modified the de Casteljau agorithm
by successive mathematical steps
until give the modified formula (39),
which difference from initial equation
(30) and Gallier modified equation
(27).

Equation (39) modifies a curve
generation agorithm to be used,
which allows the designer to produce
a curve and to modify its shape
interactively until the desired curve is
obtained.

The Bezier curve method is used in
the developing curve generating
algorithm. Actually the de Casteljau
algorithm method for determining the
curve

F (t)=f(t, t, t) on the interva (r, s),

specified by the sequence of its 4
control points. The better of the
algorithm is that it does not assume
any prior knowledge about the curve.

Conclusions
This work concludes The Bezier
equation basing on a mathematica
procedure depending on the linear
construction of  polynomials and
following de Casteljau. This led to a
general procedure that can be used
easily.

A construction of a modified formula
for Bezier curve has been a achieved
through a procedure followed by de
Casteljau algorithm. This procedure
has been developed in a sequentid
and mathematical way as it is obvious
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in formula (39). It has the following
advantages:

(i) The modified linear mathematical
construction of the equation gives the
designer more room to control and
construct his design. This is done
through controlling certain parts of
the equation which has eventualy
great effect on certain parts of the
design or the design in large. This can
be seen in the illustrate us in a above
Cases.

(ii) The modified equation works on
the extended interval [r, §] for the
parameter t rather than the familiar
specid interval [0, 1].

(iii) The designer has the advantage
of controlling and modifying the
design with out changing any of the
control points.

(iv) The origina equation named
(classical) Bezier curve is a specia
case of our modified eguation (39).
That is the new modified equation can
be reduced to (30) the origina
classica one easily.
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Table (1) de Casteljau algorithm

(i) 0
0 Po
1 P
2 P,
3 Ps

1
Po(t)
py(t)

Py (t)

2 3
p5 (t)
p(t)
ps(t)

Table(2) de Casteljau algorithm

0 1 2 3
f(r,r, 1)
f(r,r, 1)
f(r,r, 9 fttr)
f(r,t,9) f(t t,t)
f(r,s 9 ftt,9
f(t,s 9
f(s s 9

Table (3) de Casteljau algorithm

0
f(r,r, 1)

f(r,r, 9
f(r,s 9

fss9

1 2
f(r,r, ty)
f(t, ta, 1)
f(r, o, S)
f(t, ts, S)
f(t3, S, 9)
6270
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Py

P()=F’

Po

Figure (1) Linear CurvelInterpolation at t=0then, P (t) = P,,
and,att=1thenP (t) =P,

f(t, r, s)
f(r, r, s) f(r, s, S)

O
fit,t, 1) f(s,t1

f(r,r, 1)

Figure (2) Cubic curves
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Figure (3) Bezier Cubic Which givesthebaseclassical populates of Bezier curveare
interpolations at first point Py and last point P; does not change the design only from
change at least one or mor e of contral points of Bezier curve.

Figure (4) Bezier cubic when (+ A2) increasesthe design can bemoved toright in
an interior and exterior manner with no need to change any of the control points.

Figure(5) Bezier cubicwhen (- 4;) decreases the design can be moved to left
in an exterior and interior manner with no need to change any of the contral points
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Figure (6) Bezier cubicwhen (+ 4,) increasesthedesign can be moved
right to (exterior manner) with no need to change any of the control points.

Figure(7) Bezier cubicwhen (- 4,) decreasesthedesign can be moved
totheleft to (interior manner) with no need to change any of the control points

Figure(8) Bezier cubic at all casesthedesigner controlling
the generating curve keeping the control points unchanged.

6273

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

