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Finding General Mathematical Formulas for
Extraction the Minimal Path Sets of Complex

Parallel-Series Networks

Mariem Hassan Lafta®, Zahir Abdul Haddi Hassan® *

Department of Mathematics, College of Education for Pure Sciences, University of Babylon, Iraq

ABSTRACT

Most real-world technological systems are highly complex, making it challenging to examine their reliability. Many
systems can be represented as Complex Parallel-Series Networks (CPSN). The large number of components and sub-
networks, along with their intricate connection, complicates the identification, evaluation, and potential failure of the
CPSN. The concept of minimal path sets for a CPSN refers to a specific set of components whose failure leads to the
failure of the whole CPSN. The primary research problem is to identify these minimal path sets, both for the overall CPSN
and for its complex subnetworks. This paper presents a mathematical technique for analyzing subnetworks instead of the
whole CPSN to reduce computational effort and simplifies intricate calculations. Specialized algorithms and techniques
are presented and used to identify minimal path sets, with numerical results funded by general formulas. Numerical
cases show the effectiveness and applicability of this technique for CPSN.
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1. Introduction

Reliability has its roots in the early 1930s when
probability theories were applied to solve issues re-
lated to energy production [1-10]. During World
War II, the Germans made a significant revolutionary
move by adopting the concept of Reliability. This
adoption was a major turning point in the field and
demonstrated how historical events substantially im-
pacted the development of reliability engineering.
The adoption was meant to strengthen the depend-
ability of their V1 and V2 rockets. The US Department
of Defense formed an ad hoc dependability commit-
tee in 1950. Then, this committee was established
[3, 11, 12].

From the beginning, the central problem of reliabil-
ity theory has been ascertaining a system’s reliability
criteria from the reliability criteria of its constituent
parts. This is a complex and crucial task, as the

most crucial instrument for measuring any system’s
component efficiency is Reliability. Dependability, or
signature, is predicated on the likelihood that one or
more system components would malfunction. Despite
the advancements in the field, a dynamic solution
that can precisely tackle this issue and handle sys-
tems with more than 500 components is yet to be
developed. The complexity of this task is evident
when we consider that nondeterministic polynomial-
time (NP)-hard issues rank among the most difficult
problem types when viewed through the lens of
computers. As a result, the time needed to assess
a system’s Reliability using the dependability of its
constituent parts usually increases exponentially with
the system’s n-size, making this an ongoing challenge
in the field [13-20]. One practical application of
reliability theory is translating a system’s pass/fail
function into a reliability expression. This involves
identifying each minimal path sets using probability,
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and graph theories. While complex, this process is
crucial in understanding and improving a system’s
Reliability [4, 21]. The multipath problem in the
WAN can be resolved by breaking the system into
smaller units.

This reduces the time and effort needed to perform
the computations necessary to determine the original
system’s path sets. Some have used the contact force
matrix to calculate the system’s MPSN. In this context,
this system consists of two partial branches, each
consisting of a network system connected in parallel
so that the entire system is connected in series. This
configuration is often used in reliability engineering
to model and analyze complex systems [22-27].

The complexity of CPSN arises from the large num-
ber of components and subnet- works, as well as their
intricate connections. This complexity makes it diffi-
cult to identify, evaluate, and understand potential
failures within the CPSN. A minimal path sets in a
CPSN is defined as a specific group of components
whose failure results in the failure of the entire net-
work. The main research problem is to identify these
minimal path sets, both for the overall CPSN and
for its various subnetworks. This paper introduces
a mathematical technique to find all minimal path
sets of CPSN by analyze subnetworks rather than the
whole CPSN, which helps reduce computational effort
and simplifies intricate calculations. By establishing
generalization relations for CPSNs that align with the
hierarchy of their subnetworks, this method could
greatly enhance our comprehension and management
of CPSNs.

The rest of this paper is organized as follows:
Section 2 introduces research methodology to find
all minimal path sets and provides an algorithm for
constructing the minimal path sets of CPSN. Section 3
expanded CPSN system model. Section 4 general-
ization of complex parallel-series network Finally,
Section 5 offers concluding remarks.

2. Basic concepts about minimal path sets
system

Connection matrix of graph G with the vertex set
x = {x1, X2,...,Xn}, to create a connection matrix
with k minimal path sets (MPS) (pi1, p2, ..., Ppn) ar-
range the components in rows and the minimal paths
in columns. Compute each minimal path using a con-
nection matrix (P) [4, 28].

P X110 Xin
|P| = p, , x;j=1 iff x;; € p; otherwise @
Pk Xk1 cee Xkn

x;j=0andi=1,2,....m, j=1,2,...,n

2.1. Propose algorithm to extract minimal path sets

This section will review the phases of the suggested
algorithm, which will assist in determining the min-
imal path sets for the given Complex Parallel-Series
Networks (CPSN) system [8, 28, 29].

Step 1: The algorithm’s initial step is the connection
matrix (P), which serves as the logic graph.

Step 2: The connection matrix [P] is enhanced by the
addition of a p x p diagonal unity matrix [U],
a crucial step in the algorithm.

Step 3: Remove the column that belongs to a row that
corresponds to n and any other column or row
devoid of variables.

Step 4: Using the remaining rows and columns, deter-
mine the system success determinant S. Each
algebraic variable is converted into the match-
ing Boolean variable at this stage.

Step 5: Extend the determinant S using Boolean sum
and product operations.

Step 6: Define the system success determinant |P| of
size (p"1).

2.2. Complex parallel-series networks

A system comprising several complex subsystems
connected in parallel, with these parallel configura-
tions then linked in series, is known as a Complex
Parallel-Series Networks CPSN.

Consider a system comprising four complex
subsystems, interconnected in a parallel-series con-
figuration. This means each subsystem is connected
in parallel, and these parallel groups are then linked
in series with one another, as shown in Fig. 1.

Fig. 1. (CPSN) system.
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2.3. Finding the total number of all minimal paths of Fig. 1

According to the proposed algorithm, the following steps Eq. (2) has been obtained from step 2

1 x1 o 0 0 0 0 O O O
01 xs x¢ O 0O 0 O O O
0 01 x,,0 0 0 0 O O
0 0 0 1.0 0 0 0 O O
0 0 0 0 1 x3 x4 0 0O O
0 0 0 0 01 0 x 0 O
0 O 0 0 O X3 1 X10 0 0
P| = 0 0o 0o 0o o 0O 0 1 0 O
0 0 0 0 00O 0 0 1 xp
0 0 0 0 00O O 0 0 1
0 0o 0 0o 0o OO 0 O0 O
0O 0 0 0 00 O 0 o0 O
0 0 0 0 00 0 0 o0 O
0 0 0o 0o 0o 0O 0O 0 0 O
0 0 0o 0o 0o 0O 0O 0 O0 O
|10 60 0 0 00 0 0 0 O

(3C>C><DC>!—\CJE< oNeoNoNoNoNoNe Nl

Delete the columns and rows that do not have any variables to form the matrix in Eq. (3)

x31 x 0 0 O O 0 0 0
1 x5 x¢ 0 O O 0 0 0
0 1 x» 0 0 O 0 0 0
0 0 0 x3 x4 O 0 0 0
0 0 0 1 0 x9 O 0 0

|P|2 _ 0 0 0 xg 1 x0 0 0 0
0 0 0 0 0 0 X11 X122 Xi3
o 0 0 O o0 o 1 0 x4
O 0 0 0 o0 o 0 1 x5

0O 0 0 0o 0 o 0 0 0

0O 0 0 0o O o 0 0 0

|0 0 0 0 0 O 0 0 0

Where |p|? represents step (2) after elimination, our
results are the determinant of the matrix, as shown.
This process is carried out till the success matrix is
reached of size (p"~!) [7-13]. Thus, for this system
the process finished when the size of matrix reach to
(p'®). Then the number of minimal paths for the total
system is (36) shown in the Table 1.

2.4. Partitioning of (CPSN) system

To study the relationship between the total system
and the partial systems that make up that system,

[eNeoNoNoNoloNeNe Nl

=
ia
o

O =

0 0 O 0 0
0O 0 0 o0 O
0 0 O 0 0
0 0 O 0 0
0 0 O 0 0
0 0 O 0 0
0O 0o 0 o0 O
0 0 O 0 0
X13 0 0 0 0 (2)
X14 0 0 0 0
x5 0 O 0 0
1 0 0 0 O
0 1 X16 X17 0
0 0 1 X18 Xi9
0 0 0 1 X920
00 0 0 1
0 0]
0 0
0 O
0 O
0 0
0O O 3
0 0
0 0
0 O
X17 0
X18  X19
1 o

Table 1. Minimal paths of system (CPSN) of Fig. 1.

No Order Count Example

1 4 1 X1, X4,X11, X14

2 5 17 X1, X3,Xs5, X11,X14

3 6 36 X7, Xg,X9, X16,X18, X20

we resort to the partition method [30-37], which
is an effective method for found the relationship
between the system and its components (subsys-
tems). The partition method for this type of system is
as follows:
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v5 x8 v8

(A) (B)

Fig. 2. Partitioning of (CPSN) system into block diagrams A and B.

Step 1: Divide the overall system into parallel Block
Diagram (A, B) as shown in Fig. 2.

Step 2: Divide the subsystems in Fig. 2 (A and B) from
Step 1 into Subsystem A and subsystem B, as
in the following Fig. 3.

Concerning Fig. 3, the first parenthesis represents
the MPS of subsystem S;, and the second parenthesis
represents the minimal paths of subsystem S2 of Block
Diagram A. Hence, can conclude all MPS of Block
Diagram A as follows:

P = {xixa}, P = {xaxs), P5' = {x1x3Xs)
P = {xexo}, P5* = {x7xsXo}, P5> = {X7X10}

Similarly, the sets of all minimal paths of Block Di-
agram B, which consists of subsystems S3 and Sy4, are

PP = {x13}, P5' = {x11x14) P§1 = {x12X15}
Plsz = {X16X19} , stz = {x17X20}, sz = {X16X18X20}

2.5. The total numbers of minimal paths of the Blok
Diagrams A and B

The minimal number of paths for block diagrams
A and B shown in the Fig. 2 can be calculated from
the subsystems that make up both of them con-
nected in parallel. That is, block diagram A consists
of subsystems S1 and S2, as shown in the Fig. 3,
connected in parallel. Block diagram B consists of sub-
systems Sz and Sy, as shown in the figure, connected
in parallel. So, from our previous studies [38-42],
the total number of MPS for both block diagrams
A and B was six MPS. This is in accordance with
the mathematical relationship that governs complex

x8 °

x7 x10

(S3)

Fig. 3. Partitioning of block diagrams A and B.

parallel systems.
6
PgAB:ZR§A+ZP}?B’ 4)

where k =i+ j.

Fig. 1 shows that Block Diagrams A and B are
connected in series, prompting us to return to our
previous studies [12] according to the mathematical
relationship that governs complex-series systems.

6 6
PI‘gAB — (XI:PISA) x _XI:P}SB i (5)
i= j=

where k =i + j.

From what has been presented, obtain a mathemat-
ical relationship combining Eqs. (4) and (5) through
the following mathematical formula.

3

3 3 3
PEAB: (ZP{"H +Zp;?2) % (ZPYS3+ZPE4>’ 6)
i=1 j=1 r=1 t=1

where k = [i + jlx[r +t].
P;?AB are minimal paths of Fig. 1, Pl.s1 minimal paths
of Fig. 3(S1), P}SZ minimal paths of Fig. 3(S,), P§3

minimal paths of Fig. 3(Ss), Pf4 minimal paths of
Fig. 3(S4). From above, we notice that the number
of minimal paths for the total system is (36), which is
the same number extracted in (2.3).



IRAQI JOURNAL FOR COMPUTER SCIENCE AND MATHEMATICS 2025;6:149-157 153

3. Expanded (CPSN) system model

In this section, we will expand the system into
a larger system by adding complex subsystems as
follows:

Fig. 4. (CPSN) systems.

As explained in the previous section, first, the to-
tal set of minimal paths for the extended system
shown in the (CPSN) network shown in Fig. 4 was
extracted and calculated with reference to the pro-
posed algorithm. We constructed the connectivity
matrix [P] (P3%); Thus, from step 4 of the proposed
algorithm, we obtained 729 minimal path sets, and
we will give an example of a few of them [43-47].

Note: Due to the matrix’s large size and the large
number of minimal paths for the total system, it
has been hidden. The total number of minimal
paths is sorted by the order of each path shown in
the Table 2.

3.1. Partitioning of expanded CPSN system

To reach the mathematical relationships that gov-
ern the complex subsystems and their relationship to
the overall expanded CPSN system, which enables us
to know the number of minimal paths for each subsys-
tem, as was done in the previous sections, we divide
the expanded system into subsystems and calculate
the minimal paths for each subsystem. Here, we will
have three Block Diagrams, A, B, and C, as follows:

Step 1: Divide the overall system into parallel Block
Diagram as shown in Fig. 2.

For Fig. 5, the first arc represents the MPS of subsys-
tem S;, the second arc represents the minimal paths
of subsystem S,, and the third arc represents the min-
imal paths of subsystem S3 for diagram A. Thus, all
MPS for diagram A are derived as follows:

PP = {x1x4}, P5' = {x2xs}, P5' = {x13%s)
P = {xeXo}, P5* = {x7XgXo}, P> = {x7X10}

P = {x13}, Py = {x11x14}, P§® = {x12%15)

Table 2. Minimal paths of system CPSN of Fig. 1.

No Order Count Example

1 3 1 X13 X18X38

2 4 18 X13 X18X31 X34

3 5 114 X1X6X18 X31X34

4 6 288 X1X5X7 X18X31X34

5 7 228 X1 X5X7 X16X19 X31X34

6 8 72 X1 X5X7 X22X23 X24X31X34

7 9 8 X1 X5X7 X22X23 X24X31X33X34

Similarly, the sets of all minimal paths of Block
Diagram B, which consists of subsystems S4, Ss, and
S¢, are

P}* = {x16x19} . Py* = {X17X20} , P§“ = {x18}
P = {x21X24}, Py = {X22X25}, P5?> = {X22X23X24)
3 3
2 3

PP = {x26X20} , = {x27x30} , = {Xx26X28X30}
Similarly, the sets of all minimal paths of Block
Diagram C, which consists of subsystems S;, Sg, and

Sy, are

P = {x31X34}, Py’ = {x30%X3s}, Py = {X31x33%35)
PP = {x36X39}, P5® = {x38}, P§“ = {X37X40}

P = {X42X43X44}, P5° = {Xa1X44}, Py° = {Xa2Xss)

3.2. The total numbers of the minimal paths of
expanded CPSN system model

The number of minimal paths of the CPSN block
diagram system in the Fig. 4, the sum of the minimal
paths of the Block Diagrams A, B and C, we notice
that the subsystems that make up both are connected
in parallel. i.e., Block Diagram A consists of subsys-
tems Si, Sz and S3, which are connected in parallel.
Also, Block Diagram B consists of subsystems S4, Ss
and S6connected in parallel. Also, Block Diagram C
consists of subsystems Sy, Sg and Sg connected in par-
allel. So, from our previous studies [43-50], the total
number of MPS of Block Diagram A is (9), and the
total number of MPS of Block Diagram B is (9). and
the total number of MPS of Block Diagram C is (9).
This is according to the mathematical relationship
that governs complex-parallel systems

9 9
PlszAB ZZPI‘SA + P]'SB+ZPiSC’ )
i=1 j=1 1=1
wherek =i+ j+ 1.
Fig. 4 clearly shows that block diagrams A, B, and
C are connected in series, prompting us to return to
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|
)

8

x13

D4

A

Fig. 5. Partitioning (CPSN) system of Fig. 4.

our previous studies [12] based on the mathematical
relationship that governs complex series systems.

9 9 9
Pf{AB — <ZPISA) + ZP}?B + (Z 1)19c> , (8)
i=1 j=1 =1

wherek =i+ j+ L

Through what was presented, a mathematical re-
lationship was obtained that combines equations
Egs. (8) and (9) through the following mathematical
formula.

From what has been presented, obtain a mathemat-
ical relationship combining Egs. (4) and (5) through
the following mathematical formula.

P;AB: <ipl§1_+_ipfz+ipls3)
i j =1

i=1 j=1

N

wherek=[i+j+1] x [r+t+2] x [w+y+el.
PI“EAB are minimal paths of Fig. 4, Pis1 minimal paths
of Fig. 5 (S1), Pjs2 minimal paths of Fig. 5 (S,), Pls3 min-
imal paths of Fig. 5 (S3), P>* minimal paths of Fig. 5
(S4). Pts5 minimal paths of Fig. 5 (Ss), st"’ minimal
paths of Fig. 5 (Sg), R,S/ minimal paths of Fig. 5 (S;),
P}fs minimal paths of Fig. 5 (Sg), P minimal paths of
Fig. 5 (Sg). From above, we notice that the number of

Fig. 6. Generalization (CPSN) systems.

minimal paths for the total system is (729), which is
the same number extracted in (3).

4. Generalization of complex parallel-series

Suppose we have a system consisting of N complex
subsystems linked together in parallel -Series config-
uration; i.e., CPSN configuration, as shown in Fig. 6.

Each subsystem has a certain number of minimal
paths that were:

Pig:(z[_yis/a)x jB X...X<ZPZSX)’ (10)
i=1

j=1 z=1

wherek =ix jx - - x 2.
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Then the number of minimal paths for the total
system is

Npgth = (NP1 + NPyj + - NPy1) x (NPy2 + NPy
+ -+ NPpy2) x - -+ X (NPyy + NP2y + - - - NPyp)

-1
i=1 \ j=1
(11)

Npqen Tepresents the total number of minimal paths
in the system, NP; represents the number of mini-
mal paths in the subsystem of (CPSN) system, i =
1,2,...,nand j=1,2,...,m.

If all units in all subsystems of (CPSN) are indepen-
dent identical, then
Npath = NP (12)
wherei = 1, 2,...,nandj = 1, 2,...,m.

N it is the number of minimal paths in the subsys-
tem, and m is the number of subsystems.

5. Conclusion

This study presents a new technique for identify-
ing all minimal path sets in CPSNs by examining
their respective subnetworks. This approach assists in
evaluating the reliability of these networks. The find-
ings indicate that concentrating on complex subnet-
works, rather than analyzing the entire original
CPSN, significantly reduces computational effort and
simplifies intricate calculations. The proposed tech-
nique underscores the potential failure of the CPSN
by construct all minimal path sets of CPSN and
the potential for conducting reliability analyses of
large CPSNs and their subnetworks. The proposed
algorithms utilized to establish generalization re-
lationships for CPSNs are essential in advancing
our understanding of these complex systems. The
relation- ships between subnetworks of CPSN can
dramatically improve management capabilities. The
potential for greater CPSN efficiency in vital sectors
like telecommunications and logistics.
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