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Abstract

The paper is devoted to solve " order linear delay integro-differential
equations of convolution type (DIDE's-CT) using Galerkin's method with B-spline
functions. A new agorithm with the aid of Matlab language is derived to treat
three types (retarded, neutral and mixed) of fi order linear DIDE's-CT using
Galerkin's method with the aid of B-spline functions and Bool rule for calculating
the required integrals for the proposed method where the procedure can be used
comparatively greater computationd efficiency. Comparison between approximate
and exact results has been given in test examples for solving three types of linear
DIDE's-CT of different orders for conciliated the accuracy of the approximate
results. Findly, the results are arranged in tabulated form and suitable graphing is
given for every example.

Key words : n" Order Linear Delay Integro-Differential Equation of Convolution
type, B-spline Functions, Galerkin method and Bool method.
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1. Introduction The name integral equation

One of the most important was introduced by Bois-Reymond in
and applicable subjects of applied 1888 [2]. However, in 1959 Volterras
mathematics, and in developing book "Theory of Functiona and of

modern mathematics is the integra Integral and  Integro-Differential
equations. The names of many Equations" appeared [1].

modern  mathematicians  notably, The integra and integro-
Volterra, Fredholm, Cauchy and differential equations formulation of
others are associated with this topic physicd problems are more elegant
[1]. and compact than the differentia

equation formulation, since the
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boundary conditions can be satisfied
and embedded in the integral or
integro-differential equation. Also the
form of the solution to an integro-
differential equation is often more
stable for today's extremely fast
machine computation. Delay integro-
differential equation of convolution
type has been developed over twenty
years ago where one of its types
widely is used in control systems and
digital communication systems as,
lag-lead compensation and spread
spectrum designs [1,3].

In this work, B-spline
functions were employed with
Galerkin method to solve ri" order
linear (DIDE's-CT) where they are
standard representation of smooth
geometry in numerical calculations
and the required integrals in this
method are calculated using Bool rule
as well as Gauss elimination method
has been used to solve the resulting
equations.

To facilitate the presentation
of the material that followed, a brief
review of some background on the
linear DIDE's-CT and their types are
given in the following section.

2. Deay Integro-Differential
Equation of Convolution Type
(DIDE-CT):

The integro-differentia

equation is an equation involving one
(or  more) unknown  function
Y(t) together with both differential
and integral operations onY . It means
that it is an equaion containing
derivative of the unknown
functiony(t) , which appears outside
theintegral sign[1,4].

The delay integro-
differential  equation is a delay
differential equation in which the

unknown function Yy(t)can appear
under an integral sign [5]. The main
difference between delay differential
equation and ordinary differentia
equation is the kind of initial
condition that should be used in delay
differential equation differs from
ordinary differential equation, so that

one should specify in deay
differential  equations an initid
functions on some intervas say

[t, - t.t,] and then try to find the

solution for all t 3 t, [6,7].

The general form of i order
linear delay integro-differential
equation is given by [6,7]:

4004 q0

o dt'

GliY(t-ti)Jr
dt'

b(t)

A nOyE-t,) = g0+ Kt x) y(x- t)dx

=0

t1 [a,b(t)]

.. (D
with initia functions:
y) =f (1) [
t)=f &t 1
y&t) =f &t) L for tit,

M
yor =t U@ b

where g(t), p, (1), g (1), 1, (). k(t, x) ae
known functions of t, Yy(t)is the
unknown function, | is a scaar
parameter (in this work | =1), aand
b(t) are the limits of the integra
where ais a constant and b(t) either
is given constant or function of t and
t,ty,t,,.....t, ae fixed positive
numbers. The integrd term of eq.(1)
can be dassified into different kinds
according to the limits of integral and
the kerndl. If the limit b(t) in eq.(2)

is constant (b(t) =b) then equation
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(1) is caled adday Fredholm integro-
differential equation while if b(t) =t

in eq.(1), then eq.(1) is called a delay
Volterra integro-differential equation
[8,9]. If the kernel K(t,X)in eq.(1)

depends only on the differencet - X,

such a kernel is caled a difference
kernel and eq.(1) with this kind of
kernel is cdled a delay integro-
differential equation of convolution
type (DIDE-CT) [4,8]. So, the generd
form of ri" order linear DIDE-CT is
given by:

g o dy) & . dyt-t,)
ao pi (t) dt, + ia:.1 qi (t) dt, +

n b(t)

a rOy(t-t,) =g+ K- x) y(x-t)dx

a
tT [a,b(t)] .. (2)
with initial functions:
y(t) =f (t) a
y&t) =f &) i
0 y

|

you @) =f Y@

The DIDE-CT is an important
equation in  many applications.
Convolution can be found in various
places in applied mathematics since it
plays an important role in heat
conduction, wave motion, time series
analysis, control systems and digitd
communication systems [5,6].

DIDE's-CT are classified into

three types [10, 11]:-

First type- Equation (2) is called
Retarded type if the derivatives of
unknown function appear without
difference argument (i.e. the delay
comes in y only) and the delay
gppears in the integrand unknown
function (i.e.t 1 0).

Second type: Equation (2) is called a
neutral type if the highest-order
derivative of unknown function
gopears both with and without

for t£t, "’

difference argument and the delay
does not appear in the integrand
function (i.e.t =0).

Third type:- All other DIDE's-CT in
eq.(2) are caled mixed types,
which are combination of the
previous two types.

3. B-Spline Functions

The n" order B-splines as
appropriately  scaled " divided
difference  of  truncated  power
function; these functions have severd

mathematical definitions [4].

B-splines  were introduced
aound 1940s in the context of
gpproximation theory [4]. Schoenberg

[12] introduced the B-spline in 1949

and B-splines have been applied to

geometric modeling since 1970's [4].

According  Schoenberg, B-spline

means spline basis and the letter B in

B-spline stands for basis[4].

Given t,,t,,...,t, knots with

t, <t, <...<t,. Then, the composed
of basis B-spline of degree n is

m+1

B®)=a pB, () where the pi,
i=0

i=0,1,...,m+1 are calledAcontroI points

or de Boor pointsand t1 (- ¥,¥).
The B-spline of degree n can

be defined using the Cox-de Boor
recursion formula as[4,12]:

i1 ift Et<t.,i

i
Beo® _%O otherwise g :
:
:
_ -t Gener - € T
Bkn(t) - tk+n _ tk Bknl(t) + tk+n+l _ tkﬂ Bk+1,n-1(t)%/
:
n31, k30 :
b

. (3
When the knots are

equidistant, the B-spline is said to be
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uniform otherwise, it is non-uniform
[13].

The B-spline can be defined
in another way which is[12,14]:

Bk'n(t):ggtk(l- ™k k3 0,n3 0
9

T (-¥,%) .. (4
where aaa';o:L!.
gk; ki(n- K)!

There are (n+1) " degree B-
spline polynomias for mathematical
convenience, we usua ly set

B, (t)=0 if k<O or k>n.

31 Some Types of
Functions[4,12,13]:
3.1.1The Constant B-spline B, ,(t):

The constant B-spline or B-
spline of order 0 is the simplest
spline. It is defined on only one knot
span and is not even continues on the
knots.

B-Spline

il if t, £t<t, .0
Bkvo(t):i k - k+1 ¥
10 otherwise

3.1.2ThelLinear B-spline B, (t):

The linear B-spline or the first
order of B-spline is defined on two
consecutive knot spans and s
continues on the knots.

i t-t . U

i ; ift £t<t, j
t,-t M

it L i

' I
-t .

B..(1) = }-t 2 " if t., £t<ty,, {’
T Yk+2 7 Lk 1
i I
: 0 t3t,, ort< tk.:.
f b

or Bo,l(t) =1-t , Bl,l(t) =t
3.1.3 Quadratic B-spline B, , (t):

Quadratic B-spline (or the 2
order of B-spline) with uniform knot-
vector is a commonly used form of B-
splinewhich is;

(t - tk)2

—_— if t, <t£t,,
(tk+2 - tk)(tk+1 - tk) !

' (t - tk)(tk+2 - t)
(tk+2 - tk)(tk+2 - tk+1)

|
i
i
i
|
|
B, z(t) :}' (tk+3 - (- tk+1)
i
|
i
i
i
i
i
1

+

1 (tk+3 - tk+1)(tk+2 - tk+1)

] tes - 1)?

] (g - 1) if t,, Et<t,,

: (tess = b (s = Lrs)

1 0 t3t,, ortft
or

Boo()=(1-1)* , By, () =2t(1- 1)
and B,,(t) =t?

3.1.4 Cubic B-spline B 4(t):

Cubic B-spline (or the 3¢
order of B-spline) with uniform knot-
vector is the most commonly used
form of B-spline which is:

Boa()=(-1)° , B(1) =3 1),
B,s(t) =3t?(1-t) and B,,(t)=t°
3.2 Some Properties of B-Spline
Functions [12,14]:
3.2.1 Thelntegration property:
For k=01..,nand n30:
: 1

AB t) = ——
0Ok,n() n+1

3.2.2 The Differentiation property:
The i derivative of B-spline

polynomials B, , (t) isgiven by:
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dIBk,n(t) n! éI.( l) g gBkH |n|

dt’ -

3.2.3 The Product property:
For nm20, i=01..n
and j=0L..m :
i
B\ (1) By (1) = +m‘;’B.+j,n+m(t) -
1 3

4. Bool M ethod:

Bool method is one of basic
formula of quadrature approximation
methods for integration. It
approximates the function on the
interval  [t,,t,] by a curve tha

possesses through five points. When it
is applied over the interval [ab], the
composite Bool rule is obtained as
[1,3]:

érf, +32f, +12f, + 1

) 21, +14f, + 321, +!
2H §

Of Mt =" q2f 32f, +L+ U

: él'4fN4+32fN3 H

g‘ZfN-2+32fN-1+fNH

.. (5

where a, b are the limit of the integral,

p=b-3a, N is the number of
N

intervals ([tO'tl]![tl'tz]'K![tN-l'tN])

which is the multiple of (4), fi=f(t)
t,=a, ty=band t, =a+iH are
called the integration nodes which are
lying in the interval [ab] where
i=0LK,N.

5. The Solution of ™ Order Linear
DIDE-CT Using Galerkin's
Method with B-Spline Functions
and Bool Rule:

Galerkin method [15] is one of
the most efficient methods used to
solve differentiadl and  integro-
differential equations without time
lag. In this section, Galerkin Method
with the aid of B-Spline functions and
Bool rule are candidates to find the
gpproximated solutions for three types
of " order DIDE's-CT as follows:

Recall eg.(2), to solve it the
unknown function y(t) is
goproximated by a set of B-spline
functions as.

y(®) @y, (1) = a

a=0

Ba M (t)
.. (6)

where M >0 andc,,c,,K,c,, ae
(M+1) unknown coefficients.

By substituting eg.(6) into
€].(2) one gets the following formula

éopl(t) dtl aéOCaBaM(t)+
2 t 2 c,B,,(t-t,
.a:lq'()dt'a L (-1 +
érl(t)a a,M(t_ti):

b() M
gt)+ Okt- 4 ¢, B, , (x- t)dx
Hence, by using B-splines property

(3.2.2) for eq.(7) yie ds:
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g g & Ml ¢
& pOAat a0

r=0

Yol o
iy g Baweim (O
a2

& I & M! J 0

daoac, SACYE gBa,.M.(t-t.)i
i=1 (M r=0 %]

+ér.(t>§ca8a‘m<t-t.>-
i=0 a=0

b(t) M

oOklt- X3 ¢,

B, w(x- t)dx=g(t)

then,

ég g a‘egB t 0 u

ga ()§( _:’:10( )g : a+.,.‘M,.()++ 3
M €q i a
6% anf - .).5‘ 1>§:Ba..M N +3
a=0 é| =1 I:J

ég B a

éa (B, u(t-t;)- d<(t- X)B, u(x-t)dx g

ei=0 2}
=g(t)

.. (8)
In Gaekin method the

unknown  coefficients c,,c,,K,c,,

in eq.(8) are chosen to minimize the
residual equation Ey (t) by setting its
weighted integral equal to zero, i.e.
oOVv;Ey ()dt=0 j=01..,M

D

. (9)
where D is a prescribed domain and
w; are weighting functions which are:

Wj (t) - ﬂyM (t) -
fc,

fa C.Baw(t)

20 =B, ,(t
ﬂcj J,M()

j=01,...,M
.. (10)

By substituting eg.(10) into eq.(9)
yields:

Bim OE, (dt=0 j=01..,M
D

. (12)

The residual equation By (t) of DIDE-
CT is defined by:

Ey ()=
ép 6 o) u
& bt B w0
g{zlp.()(M _a( )g{a ‘ ()b+ ﬂ
y S 4 6 Y
€ g (t Bt )T+ g(t
gcageqo (M a( )g{a w-i( )';E g(t)

&g b(t) a
éa (B, y(t-t)- k- 0B, y(x-t)dx g
Bi=0 a

=N

.. (12
By substituting eg.(12) into eg.(11)
we get:

D
5=
=

6
”ET

gr s €

éﬂ ng B (t- 1)

+

[eY=Y NN NN aYN =2
o
=3

> (D> (> (D> D2 > D> D> P> D
u&)c: 105 i

Z

[SER e

[OBw(t-t)- d<(t- N)B, (X~ t)dx

a

&

I
@

=

=

2

G

g @

.. (13)

The vaues required integrals
in eg.(13) can be evd uated using Bool
method in eq.(5) as follows:

Let
y;®=

E3o )
p.()g(M a( )gﬂBa r..M..(t)?+

Q(t)g(M

LB m(t-t)-

B (€ a( )g%a,.m.(ttw

&O? m)quS%):m) 3)&0?

wm(x-t)dx

. (14)

d<(t X)B,

oooooo oo oo

@
u

for j=0,1,....M and a =0LK,M .

then
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& ;(t)dt = Booly | (t),D,N)=

el ;(t,) +32 ;(t,) +12 ;(t,) +u
ﬁ%gzy j(t3)+|—+14y j(tN-4)+
45 2323/ j(tN-3)+12y j(tN-2)+
3325/ j(tN-1)+7y j(tN)

ey enY e ey en

.. (15)
and

OB, (DY(t)dt = Bool (B, , (g (1), D.N)
.. (16)

So, by evaluating eq.(13), we have
(M+1) simultaneous equations with
(M+1) unknown coefficients
c,.c . K,c,

Hence, eq.(13) can be written
in matrices form as DC=G which
they:

éd, d, K d,u U
é a
_ato dy Kodyg oo
§ M e M @’ :
& a
éd dMl K dMM a I
gc u :
é. u ¥
<C,
=€1U0 angd ;[/
élna )
é u i
é: 0 i
eBooI(BoM(t)g(t) D, N)U !
.- §Bool (B, ()g(t),D,N) ¢ +
e I ai
ai
800l (B, (19().D.N)g |
(...17)

where

[=%

®

ég ® M d a0 6
& bt Y E B O3
Sanp()ha()g ()+ ,

M(tﬁaq(t)ﬁa( 1)§% PRGADE: +3,D,N
u

N=N-N-N-1

Bool

e °0 a
ear(t)B mt-t))- d((t X)B, y (X~ t)dx a

mnnnnnnnnm n

for j=01LK,M and a =0LK,M .
Then, use Gauss elimination method
to find the coefficients c,'s
,a=01..,M which satisfy eq.(6)
(the approximate solution Y, (t)of
€q.(2)).

The solution of three types i’
order linear DIDE'sCT using
Gderkin - method with B-Spline
functions and Bool method can be
summarized by the following
agorithm:

DIDECT-GBSB Algorithm :
INPUT

n: (the order of DIDE-CT).
N: (the number of intervals of
Bool method)

M: ( the order of B-spline

function B, , (t)).
The limits of the integral a &

b.
The function g(t) of DIDE-
CT.
The difference kernel of the
DIDE-CT.

OUTPUT
¢,'s ,a=01.,M: (the
unknown  coefficients  of
eq.(6)).
Yy (1): ( the approximate

solution of DIDE-CT)

M
Stepl Set Yy (D) =Q 6B, (1)

a=0

Step 2:  Definey | (t) in eq.(14).

Step 3:  Compute B-splines

PDF created with pdfFactory Pro trial version www.pdffactory.com

Qb O


http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech Journal Vol.28, No.23, 201(

B-Spline Functions for Solving i Order
Linear Delay Integro-Differential
Equations of Convolution Type

B, (t),a=0LK,M in (step 1)
as.

(@ Seta =0
(b) Fori=a : M dostep(c)

4

(C) Sum—SJm"'( 1)(| a)

(d B,y (t)=Sum
(6) Seta=a+1

(f) If a=M +1 then stop and
go to (step 4)
Else go to step (b)
Step4: Set =0
Step5:  Compute eq.(13)
Step6: Put j=j+1
Step7: If j=M+1 then stop and
go to (step 8).
Elsegoto (step 5)
Step 8. Find B-spline functions in
(step 5) using eq.( 4).
Express the (M+1)
simultaneous equations in
step(5) by matrices form

Step 9

DC=G as eq.(17).
Step 10: Use Gauss elimination
method for finding the

coefficientsc, 's, a =01,..,M
which satisfy the solution
Yu (1) in(step 1).
6. Text Examples:

Example (1):

Consider the following T
order linear Retarded Volterra
integro-differentia equation of
convolution type:

DO sty 3= horeeet)s

be“'x) y(x-1)dx O£t£0.5
0

.. (18)

with initial function:

y(t)=t+1 -05£t£0.
The exact solution of eq.(18) is:
yt)=€'-1 OE£t£05.

Assume the approximate
solution of eq.(18) in the form:

M
Yu(®)=a B, ()
a=1

When the agorithm
(DIDECT-GBSB) is applied, table (1)
presents the comparison results
between the exact and Galerkin with

B-Spline  functions for eq.(18)
depending on least square error
(L.SE) whee m=10, h=0.05,

t, = jh, j =0L..,m.

Figure (1) shows the solution
of eq.(18) using Galerkin with B-
Spline functions and the exact
solution.

Example (2):

Consider the following 2¢
order neutra  Volterra  integro-
differential equation of convolution
type:

d?y(t- 1 + dy(t- 0.5) _
dt? dt

2 6sint- t*+3t2+09t- %9+

2

in(t - x) y(x)dx Oft£1

o% - DOY

.. (19)

with initia functions:
y(t) =t3 t£0
y&t) = 3t? t£0

The exact solution of eq.(19) is:
y(t) =t3 OFtE£1L .

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech Journal Vol.28, No.23, 201(

B-Spline Functions for Solving i Order
Linear Delay Integro-Differential
Equations of Convolution Type

Assume the  approximate
solution of eq.(19) in the form:

Yi(t) =4 ¢, B, 4(t)

a=0

When the algorithm
(DIDECT-GBSB) is applied, table (2)
presents the comparison between the
exact and approximated solutions for
€g.(19) using Galerkin with B-spline
functions for m=10, h=0.1,
t,=jh, j=0L..m with [east

square error (L.S.E.).

Figure (2) shows the solution
of eg.(19) using Gaekin with B-

Spline functions and the exact
solution.
Example (3):

Consider the

following 3% order mixed Fredholm
integro-differentia equation of
convolution type:

3
M_ Y — - X

e, 119 7190
e & 5 30 g

1
Ot- x)y(x-1)dx O£t£1
0

(20)

with initial functions :

y)=t* U

yi) =4t y - 1ELE0.

y&t) =12t
The exact solution of eq.(20) is:

y(t) =t* O£t£1

Assume the  approximate

solution of eq.(20) in the form:

Ys(t) = & C.B, 5(t)

a=0

When the agorithm
(DIDECT-GBSB) is applied, table (3)
presents the comparison between the
exact and approximate solutions of
€.(20) using Gaerkin with B-spline
functions for m=10, h=0.1,
t, = jh, j=01...,m  depending
on least square error (L.S.E.).

Figure (3) shows the solution

of eq.(20) by using Gderkin with B-
Spline functions and the exact
solution.
Conclusions

Galerkin method with the aid of
B-Spline functions and Bool method
have been presented to find the
gpproximated solutions for three types
(retarded, neutral and mixed) of '
order linear DIDE's-CT. The results
show a marked improvement in the
least sguare error (L.S.E.). From
solving three test examples, the
following points are drawn:

1. Gdekin method with B-
spline functions proved their
effectiveness in solving '
order linear DIDE's-CT where
they give accuracy to results
of DIDE's-CT.

2. Gaerkin  method with B-
spline functions and Bool
method give qualified way for
solving 1%  order linear
DIDE'SCT as well as n"
order linear DIDE-CT

3. The good approximation of
Bool method depends on the
size of H, if H is decreased
then the number of points
(nodes) increases and the
L.S.E. approaches to zero
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where  this gives the

advantage in  numerica
computation.
4. The good approximation

solution depends on the
number M of B-spline
functions where as M
increased, the error term
approaches to zero.
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Table (1) The solution of Ex.(1).

Galerkin with B-Splines
(DIDECT-GBSB)
t Exact Vi (t)

M=2 M=3
0 0.5000 0.5000 0.5000
0.05 0.5513 0.5512 0.5508
0.10 0.6052 0.6050 0.6046
0.15 0.6618 0.6617 0.6615
0.20 0.7214 0.7212 0.7215
0.25 0.7840 0.7837 0.7845
0.30 0.8499 0.8493 0.8498
0.35 0.9191 0.9179 0.9195
0.40 0.9918 0.9898 0.9917
0.45 1.0683 1.0650 1.0684
0.50 1.1487 1.1435 1.1459

L.SE. 4.3466e-5 1.1232e-5

Table (2) The solution of EX.(2).

¢ Exact Galerkin with B-Splines
ya(t)

0 0.0000 0.0000
0.1 0.0010 0.0010
0.2 0.0080 0.0080
0.3 0.0270 0.0270
0.4 0.0640 0.0640
0.5 0.1250 0.1250
0.6 0.2160 0.2160
0.7 0.3430 0.3430
0.8 0.5120 0.5120
0.9 0.7290 0.7290
1 1.0000 1.0000
L.SE. 0.0000
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Table (3) The solution of Ex.(3).

t Exact Galerkin with B-Spline
0 0.0000 0.0000
0.1 0.0001 0.0001
0.2 0.0016 0.0016
0.3 0.0081 0.0081
0.4 0.0256 0.0256
0.5 0.0625 0.0625
0.6 0.1296 0.1296
0.7 0.2401 0.2401
0.8 0.4096 0.4096
0.9 0.6561 0.6561
1 1.0000 1.0000
L.SE. 0.0000

.-. - Exact solution
42| *-*- Galerkin with B-splines M=2 4
0-0- Galerkin with B-splines M=3

1 1 1
1] 0o0s 01 015 02 025 03 035 04 045 05

0. L L

1

Figure (1) The comparison between the exact and
Galerkin with B-Spline functionsfor eq.(18) in Ex.(1).
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. -. - Exact solution
o.g| o-o- Galerkin with B-splines 4
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*‘;0.5— E
0.4r —
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D_ 1 1 1 1 1 1
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t

Figure (2) The comparison between the exact and
Galerkin with B-Spline functionsfor eq.(19) in Ex.(2)

. -. - Exact solution
oal o-o- Galerkin with B-splines i
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Figure (3) The comparison between the exact and
Galerkin with B-Spline functionsfor eq.(20) in Ex.(3)
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