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Abstract

Shell model calculations have been used to study the Coulomb
C2, C4, and transverse E3, E5, and E7 form factors, including
core-polarization effects in the 2+, 3−, 4+, 5− and 7− states of 29Mo. The
computations were done using the two-body effective interaction n50j
with the model space n50j. The Coulomb Valence Tassie Model (CVTM),
which takes into consideration excitations outside of the model space,
was used to assess core-polarization effects. The Skyrme potential was
used to calculate the wave functions of the radial single-particle matrix
elements, which gave a realistic description of nuclear interactions.
Core-polarization effects are crucial for effectively improving the form
factor calculations because they greatly increase agreement with the
available experimental data.

1. Introduction:
Nuclear forces and the fundamental principles regulating

particle interactions may be fundamentally understood through
the scattering of distinct particles by different objects [1]. One
of the best techniques for examining nuclear structure among
these approaches is high-energy electron scattering, which pro-
vides important information on the characteristics of atomic
nuclei. Because electrons may interact with nuclei electro-
magnetically instead of by the strong nuclear force, they are
perfect probes for studying magnetic moments, transition den-
sities, and nuclear charge distributions.

Determining nuclear charge radii and the radial distribu-
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tion of charge within nuclei has been one of the most important
contributions of electron scattering experiments [2]. In addi-
tion to verifying that nuclei have a relatively uniform charge
density in their core with a progressive falloff at the surface,
these studies have provided extensive information on the size
and structure of different isotopes [3]. Furthermore, the cur-
rent and magnetic densities involved in nuclear transitions
have been revealed thanks in large part to electron scattering,
which has produced vital information for improving nuclear
models [4].

The transition matrix components of the local charge and
current density operators, which contain important details
about the internal structure of the target nucleus, are closely
connected to the cross-section of electron scattering [5]. Re-
searchers may derive accurate information regarding nuclear
deformation, collective excitations, and single-particle dy-
namics by examining differential cross-sections and form fac-
tors [6]. Additionally, electron scattering investigations have
greatly advanced our knowledge of the nature of short-range
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nucleon-nucleon interactions, the function of meson-exchange
currents, and nuclear shell structure [7].

In addition to nuclear structure research, parity-violating
electron scattering experiments have been used to test basic
symmetries and investigate the function of weird quarks in
nucleon structure. High-precision electron scattering is still a
vital tool in nuclear physics as experimental methods develop,
providing fresh perspectives on the nature of strong interac-
tions and the basic makeup of matter [8].

Majeed et al., have addressed that the core polarization
effects within a microscopic theoretical treatment should be
considered for form factor calculations. In this case, it is
necessary to explicitly take into account the excitation of core
nucleons into the model space, where focus is given to exciton
energies 2h̄ω and 4h̄ω . The calculations performed for differ-
ent nuclei, including those from the p, sd and fp shells, have
achieved quite remarkable success in reproducing measured
form factors, which is an indirect measure of the effectiveness
of core polarization phenomenon that is necessary to capture
the reality of the nuclear structure. This paper demonstrates
the validity of the selected theoretical approach and serves
to explain the intricate interactions between the nucleons of
the nucleus [9], [10], [11], [12], [13]. Majeed has previously
shown that core polarization must be accounted for by ei-
ther adding effective charges for protons and neutrons or by
incorporating it via microscopic theory.

In the context of the shell model, Majeed and Obaid exam-
ined the inelastic electron scattering for longitudinal and trans-
verse form factors of 65Cu and 71Ga nuclei that are located
in the fp-shell area. Using the jun45 effective interaction, the
computation is carried out in the (1f5/2, 2p3/2, 2p1/2, 1g9/2)
model space [14].

This study aims to examine the electron scattering form
factors for certain states of 92Mo, integrating core polarization
effects within the Coulomb Valence Tassie Model (CVTM).
The shell model code NushellX@MSU is used to investigate
the computations, and the correctness and dependability of
the findings are evaluated by methodically comparing them
with the available experimental data.

2. Theoretical Background:
Using the Bohr-Mottelson equations, the effective proton

and neutron charges are calculated [15]:

ee f f (tz) = e(tz)+ eδe(tz)

eδe(tz) = Z/A−0.32(N −Z)/A−2tz[0.32−0.3(N −Z)A]
(1)

where tz(p) = 1/2 and tz(n) =−1/2

One-body density matrix (OBDM) components and re-
duced single-particle matrix elements are combined to create
the reduced matrix element of the electron. For a multipolarity
n-particle model space wave function, the scattering operator
is shown as [16]:

⟨ f∥ôλ∥i⟩= ∑
ab

OBDM( f , i,a,b,λ )⟨ f∥ôλ∥i⟩ (2)

⟨ f∥ôλ∥i⟩= ⟨ f∥ôMS∥i>+ ⟨ f∥ôCP∥i⟩ (3)

where the core-polarization (CP) and model space (MS)
matrix elements in Eq. 3 are provided as [14].
In Eq. 3, the matrix elements of the core-polarization (CP)
and the model space (MS) are provided as [16].

⟨ f∥ôMS∥i⟩= q
∫

∞

0
drr2 jλ (qr)ρMS

λ ,u(r) (4)

⟨ f∥ôCP∥i⟩=
∫

∞

0
drr2 jλ (qr)△ρ

CP
λ ,u(r) (5)

In terms of transition charge density, the matrix element
of Coulomb interaction is represented by the sum of the (MS)
and (CP) components [16]:

O(Cλ ,q) = q
∫

∞

0
drr2 jλ (qr)ρMS

λ ,p(r)+∫
∞

0
drr2 jλ (qr)△ρλ (r)

(6)

The charge density ρMS
λ ,p(r) of the nucleons with a spheri-

cal Bessel function for jλ (qr) and a momentum transfer of q,
the one-body density matrix is used to define the MS(r) of the
transition for the initial (i) and final (f) nuclear states [16]:

ρ
MS
λ ,u(r) =

MS

∑
ka,kb

F(i, f ,ka,kb,λ ,u)⟨ ja∥Yλ∥ jb⟩Rnala(r) (7)

The one body matrix element F(i, f, ka, kb, λ , u) and the
single-particle (s.p.) states (nlj) are based on k. The index (u)
refers to either protons or neutrons. The following represents
the CP valence model (V) density of transition [16]:

△ρ
V
λ
(r) = δepρ

MS
λ ,p +λenρ

MS
λ ,n (8)
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Polarization is explained by the charges associated with
protons (δep) and neutrons (δen). For Tassie model transition
density the CP is represented by [16]:

△ρ
T
λ ,p(r) ∝ rλ−1 dρ

core+Ms
0,p (r)

dr
= Nrλ−1 dρ

core+Ms
0,p (r)

dr
(9)

The charge density of the ground state is [16]:

dρ
core+Ms
0,p (r) =

Core+MS

∑
ka,kb

F(i, f ,ka,kb,0, p)

×⟨ ja∥λY0∥ jb⟩Rnala(r)Rnblb(r)

(10)

the proportionality constant N (at the photon point) is
given by the gamma transitions matrix elements M (E λ ), q =
Eγ /h̄c, where Eγ is the energy due to excitation [16], [17]:

M(Eλ ) ={e
∫

∞

0
drr2rλ (qr)ρMS

λ ,p(r)

+N
∫

∞

0
drr2rλ+1(qr)ρMS

λ ,n(r)}
(11)

It is possible to describe the elements of the gamma tran-
sition matrix as elements of the MS matrix with effective
charges [18]

M(Eλ ) =ee f f
p

∫
∞

0
drr2rλ (qr)ρMS

λ ,p(r)

+ ee f f
n

∫
∞

0
drr2rλ (1qr)ρMS

λ ,n(r)
(12)

By using the effective charges, N, the constant of propor-
tionality, is obtained by combining Eq. 11 and Eq. 12. These
aforementioned models for effective neutrons and protons are
discussed in depth in Ref. [17], [18].

The electron scattering form factor for shell model of
nuclear states between initial (i) and final (f), comprising
angular momentum and momentum transfer q, is expressed
as [17], [18]:

|Fηλ (q)|2 =
4π

Z2
1

2 ji +1
|O(Cλ ,q)|2|Fcm(q)Fjs(q)|2 (13)

Utilizing longitudinal Coulomb (C) and transverse electric
(E) and magnetic (M) form factors, the center of mass correc-

tion is expressed as Fcm (q) = eq2b2

4A , attributed to the absence
of transitional invariance in the shell model, and F f s(q) = [1+
( q

4.33 )
2]−2.

3. Results and Discussion:
The computations, discussion, and comparison of the an-

ticipated outcomes with the measured data will take up this
section. In addition to the method of fitting the two-body
matrix elements to the observed data from the work of Ref.
[19] to describe the charge density and form factors, there are
other theoretical attempts to explain the properties of fp-shell
nuclei, the model space used, and the involved parameters.

According to the traditional shell model, the core is taken
at 78Ni for 29Mo nucleus with nucleons scattered across 2p3/2,
1f5/2, 2p1/2, 1g9/2 shells. The model space is n50j and the
skyrme interaction was used for form factor calculations.

This research implements core polarization adjustments
in the Coulomb Valence Tassie Model (CVTM) framework
and uses the Skyrme potential to improve nuclear structure
estimates for electron scattering form factors. Our research
uses the n50j model space and the NushellX@MSU compu-
tational framework to tackle core polarization effects more
comprehensively and systematically than previous techniques.
The selection of effective charges and parameter optimiza-
tion improves experimental data agreement, emphasizing the
need for higher-order adjustments. This study’s improved
computational precision and shell-model interaction treatment
shed light on 92Mo nuclear structure and prepare for future
extensions with many-body effects and relativistic corrections.

3.1 Positive Parity States:
Figure 1 compares actual data (black dots) with two the-

oretical models: ”ms only” (blue curve) and ”ms+CP” (red
curve) to show the Coulomb form factor |FC2(q)|2 for the 2+1
state (1.509 MeV) in 92Mo. The y-axis is logarithmic, empha-
sizing the rhythmic pattern typical of nuclear structure effects,
while the x-axis depicts the momentum transfer q (fm−1). The
first peak represents the primary transition strength at around
0.4 fm−1, and the charge distribution and interference effects
are reflected in the oscillations that follow. Compared to the
blue curve, which alone takes monopole strength (ms) into
account, the red curve, which takes core polarization (CP)
into account, more closely matches experimental data, high-
lighting the need for CP corrections in theoretical modeling.
Variations at higher q might indicate experimental errors or
the absence of higher-order effects.

Figure 2 depicts the squared electron scattering form fac-
tor |FC4(q)|2 for the initial 2+2 excited state of 92Mo at 3.096
MeV as a function of momentum transfer q. The black dots
signify actual data, whilst the blue and red curves illustrate
theoretical estimates derived from the shell model, accounting
for and excluding core polarization (CP) effects, respectively.
The incorporation of core polarization (red curve) improves
the concordance with experimental data, especially in repli-
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Figure 1. shows the longitudinal C2 form factor for the 2+1
state at 1.509 MeV in 92Mo. The experimental findings [20]
(black dots) are compared to shell model calculations: ’ms
alone’ (blue) without core polarization and ’ms+CP’ (red)
with core polarization, which demonstrate better agreement
when CP effects are included.

cating peak amplitudes and the general trend, underscoring
the importance of core polarization in precisely characterizing
nuclear structural effects in electron scattering investigations.

Figure 3 displays the squared electric octupole form fac-
tor |FE3(q)|2 for the 3−1 state (2.850 MeV) of 92Mo, plotted
against momentum transfer q. The experimental findings
(black dots) are contrasted to the theoretical predictions of
two models: ”ms only” (blue line) and ”ms+CP” (red line).
The addition of core polarization (CP) effects improves the
model’s fit with experimental data, particularly in peak re-
gions. The form factor’s rhythmic features disclose the essen-
tial nuclear structure, with changes at high q values indicating
likely additional contributions that are not well characterized
by models.

Figure 4 shows the squared Coulomb form factor |F(q)|2
as a function of momentum transfer q in the 4+1 state (2.282
MeV) of 92Mo. The experimental results (black dots) are
shown against two theoretical calculations: the ”ms only”
model (blue line) and the ”ms+CP” model (red line). Incorpo-
rating CP (core polarization) effects into the ”ms+CP” model
improves agreement with experimental findings, especially in
the peak area at q≈1 fm−1. Both theoretical curves represent
the overall trend of the experimental data. The differences at
higher q values point to extra nuclear structural effects that
may not be completely accounted for in theoretical models.

Figure 2. Longitudinal C2 form factor for the 2+2 state at
3.096 MeV in 92Mo. Experimental data [20] (black dots) are
compared with shell model calculations: ’ms only’ (blue)
without core polarization and ’ms+CP’ (red) with core
polarization, showing improved agreement when CP effects
are included.

Figure 3. Longitudinal C2 form factor for the 2+2 state at
3.096 MeV in 92Mo. Experimental data [20] (black dots) are
compared with shell model calculations: ’ms only’ (blue)
without core polarization and ’ms+CP’ (red) with core
polarization, showing improved agreement when CP effects
are included.
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Figure 4. Longitudinal C 4form factor for the 4+1 state at
2.282 MeV in 92Mo. Experimental data [20] (black dots) are
compared with shell model calculations: ’ms only’ (blue)
without core polarization and ’ms+CP’ (red) with core
polarization, showing improved agreement when CP effects
are included.

Figure 5 shows the squared Coulomb form factor |FC4(q)|2
for the 4+2 state (3.369 MeV) of 92Mo shown as a function
of momentum transfer q. The experimental results (black
dots) are compared to theoretical calculations using the ”ms
only” model (blue line) and the ”ms+CP” model (red line). In-
cluding core polarization (CP) effects in the ”ms+CP” model
improves form factor predictions, resulting in improved agree-
ment with experimental results, particularly at lower q values.
However, certain variations continue at greater q, indicating
extra nuclear structural contributions that are not completely
addressed by theoretical models.

For the 5−1 state (2.527 MeV) of 92Mo, the squared electric
form factor |FE5(q)|2 is shown in Figure 6 as a function of
the momentum transfer q. The blue line represents the ”ms
only” model, whereas the red line represents the ”ms+CP”
model. The black dots represent experimental data, while the
red line represents theoretical predictions. An improvement
in agreement with experimental data is shown in the peak area
around q≈1 fm−1 when core polarization (CP) effects are
included in the ”ms+CP” model. Nevertheless, differences
persist at greater (q) values, suggesting that contributions from
the nuclear structure may be lacking. There seems to be an
unnecessary annotation called ”High-Low-Close Plot 3” in
the legend.

The state 7−1 at (4.560 MeV) is shown in Figure 7 as
the squared electric form factor |FE7(q)|2. Two models the

Figure 5. Longitudinal C 4form factor for the 4+1 state at
2.282 MeV in 92Mo. Experimental data [20] (black dots) are
compared with shell model calculations: ’ms only’ (blue)
without core polarization and ’ms+CP’ (red) with core
polarization, showing improved agreement when CP effects
are included.

Figure 6. Transverse E5 form factor for the 5−1 state at 2.527
MeV in 92Mo. Experimental data [20] (black dots) are
compared with shell model calculations: ’ms only’ (blue)
without core polarization and ’ms+CP’ (red) with core
polarization, showing improved agreement when CP effects
are included.
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Figure 7. Transverse E5 form factor for the 5−1 state at 2.527
MeV in 92Mo. Experimental data [20] (black dots) are
compared with shell model calculations: ’ms only’ (blue)
without core polarization and ’ms+CP’ (red) with core
polarization, showing improved agreement when CP effects
are included.

”ms only” (blue line) and the ”ms+CP” (red line) are used
to compare experimental results (black dots) with theoretical
calculations. Particularly in the peak area at q≈1.5 fm−1 in-
clude core polarization (CP) effects enhance the agreement of
the ”ms+CP” model with experimental results. Larger error
bars and differences at lower q values might be indicators of
experimental errors or extra nuclear structural contributions
the theoretical model fails to explain completely.

Although earlier research has examined electron scatter-
ing form factors and included core polarization effects [10],
[11], [12], [13], [17], this work contributes to the field by
incorporating the Skyrme potential and the Coulomb Valence
Tassie Model (CVTM) into the shell model framework to
improve theoretical prediction accuracy. In contrast to previ-
ous methods that often depended on empirical modifications
or constrained model spaces, our investigation uses the n50j
model space and the NushellX@MSU code to methodically
assess the function of core polarization in the 92Mo nucleus.
The improved concordance between our experimental results
and theoretical form factors emphasizes how important it is
to explicitly account for core polarization effects. Addition-
ally, the observed differences at greater momentum transfers
suggest that nuclear structure modeling may be improved,
opening the door for further research that takes relativistic
corrections and many-body effects into account.

4. Conclusion:
This work demonstrates that integrating core polarization

(CP) effects is critical for greatly improving the agreement
between theoretical form factor predictions and experimen-
tal observations across diverse nuclear states. The observed
oscillatory behavior with greater momentum transfers indi-
cates limits in the existing theoretical framework, needing
additional development. Persistent disparities indicate that
higher-order adjustments, such as many-body effects and rel-
ativistic contributions, are critical for improving prediction
accuracy. Future research should concentrate on constructing
more complete nuclear models that include these modifica-
tions, eventually improving our basic knowledge of nuclear
structure and interactions.
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