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Abstract

A three-dimensional finite eement computer program ( 3DMPCP ) has
been developed to investigate the behaviour of prestressed reinforced concrete
beams and to predict their ultimate loads. To verify the ability of this computer
program in predicting the correct behaviour of prestressed concrete beams, analysis
of a simply supported prestressed reinforced concrete tee beam was carried out.
The beam section is 1.12 m deep, 2.44 m flange width and it is designed for a span
of 32.3 m from support to support. The test load, 0.85(1.4 DL. + 1.7 LL.), was
applied to the beam and flexural cracks were observed at midspan. The finite
dement analysis has indicated that numerical load-central deflection curve
obtained is in good agreement with the experimental one. The analysis also gives
the expectation for the ultimate load value. Distribution of concrete normal stress
throughout a cross section and along the beam, at different stages of loading , are
presented .

Keywords: Finite dement, Nonlinear analysis, Prestressed beams, T-beams.
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I ntroduction

The presence of compressive
stresses in the concrete due to
prestressing helps the beams in
resisting the applied moment
effectivdly and leads to reduce
deflections under service conditions.
Through the computer program
3DMPCP, the behaviour of a
prestressed beam is simulated up to
the ultimate failure load .The effect of
the pretensioning is considered as
well as a reduction in the yied stress
of the tendons. Elasto-plastic work
hardening modd is used to represent
concrete in  compression , while
concrete in tension is simulated by a
fixed smeared crack modd .Quadratic
hexahedral brick eements are used to
moded the concrete. Reinforcing bars
are modded as axia members
embedded within the brick eements,
and pefect bond between concrete
and bars is assumed to occur .

Finite Element For mulation

The application of the finite eement
method falls into  equilibrium
problems. A body may be subjected to
aforce acting through its volume,,

{Pl=RRPRI" ..
The Cartesian coordinate system is
used to describe the directions of the
components of the force. Any particle
in the body may undergo a
displacement having components u, v

and w inx,y and zdirections
respectively ,

{d}=[uvw’ )
The rdations between the strain

components and the displacement
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components have terms of first order
partial derivatives,

éf u
ée,u €0 1 od
&, U g Ty ﬂg
é-yu PN
2o g 60 0 —g &lu
{e}:gez H:é T2 &Y (3a)
&xyl @1 Al 00 3 .
& U &y x e
era e, 1 1d
&0 g 1z ﬂyH
o1, T
&1z xH
{e} =[Al[d] .....(30)

and the corresponding vector of stress
is given by,

{5}:[5x Sy Sztxytyztzx]T (4

The two vectors of stress and strain
are related through the constitutive
matrix as,

{s}=[D] {e}

Isoparametric brick eements of 20
nodes have been used to represent the
concrete continuum , Fig.l. The
displacement vector at any point
within the dement, and the nodes
displacements vector,[ a ], are reated
as,

{d}* =[N]{a}® .(6)
where [ N ] is a matrix containing the
Serendipity shape functions. The
substitution of EQ.[6] into [5] gives a
relation between the strains and the
nodal displacements of the e ement,

..(5)
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{e}° =[Bl{a° -(7)
Matrix [B] gives values of strain at
any point within the dement, due to
unit values of nodal displacements.

As [D] matrix is defined to take into
account the material nonlinearities ,
the stiffness matrix of the assemblage
can be written as,

[K1=& §BI"[DIBldv® ....(8)
n ¢

M odeling of concrete material
Concrte has a complex

behaviour involving phenomena such
as cracking and indastic response. Its
behaviour in compression differs from
that in tension, as it is wdl known.
Therefore the [D] matrix must consist

of two parts.
The behaviour of concrete in
compression is simulated by an

dasto-plastic work hardening model
followed by a pefectly plastic
plateau, which is terminated at the
onset of crushing , Fig.2.The non-
linear deformations occur when it is
stressed beyond the limit,

..(9)

where , ¢, is the plasticity coefficient
and has a value of 0.3 to represent the
behaviour of normal concrete. In the
inglastic range the equivalent stress is
given by,

Gochfc‘

. N . 2
é cpféu g € cpféu
Se=Cpf6+Eg30'—F:E g —2‘368‘%-—'?E d
.(10)

Where e{is defined in Fig.2.

The yield criterion depends on two
stress invariants(l;and J) and it can
be expressed as,

277

f({s})=cl1+§(cl1)2+3b ngz =sg..(11)
The material parameters c and b are
equal to 0.17734 and 1.35468,
respectively™. 1, is the first stress
invariant and, J is the second
deviatoric stress invariant.

As the concrete is stressed beyond its
initial yieding surface, in the three-
dimensional stress space shown in
Fig.3, an isotropic hardening rule is
assumed to describe the growth of
subsequent loading surfaces. At this

stage the total concrete strain, €, ,

can be decomposed into eéastic and
plastic components as,

e. =6, + ep .....(12)
and the stress becomes the effective

stress, S, which can be expressed as a
function of the plastic strain as,

The dlope of the effective stress-
plastic strain curve is the hardening
coefficient (H¢),

é. = u

& ~e u -
Ho=95 _p&°8 5 100 (19

dep a2 g u

& G

In order to establish the stress-strain
reation in the plastic range , the
plastic strain increment vector , \de p},

is assumed to be proportional to a
vector normal to the current loading
surface known as the flow vector

(s /s )
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{dep}=dl m ...(15)
s }

The reationship in Eqg.[15] is known

as the flow rule dis a

proportionality factor has a positive

value and can be found as:

Cl [D] l;d{e} ....(16)
a}' [D}{a}

where [D] is the elastlc constitutive
matrix, and {a} represents the flow
Vector.

The total incremental strain vector is
the sum of dastic and plastic
components. It can be written with the
use of Egs.[12], [15] and [16] as:

¢ @'lo ¢
#1470l

By multiplying both sides of Eq.[17]
by the [D] matrix , the complete
dasto-plastic incremental stress-strain
relationship may be obtained as:

dfs } =[D]* dfe}

where [D|® is the dasto-plastic
stiffness matrix which can be written
as,

{ae} =[[ dfs} +¢ tofef{d) .(17)

...(18)

)= gD] [D] i }[ 5 oLE a9

As crushing stage is reached in
concrete, its stresses drop to zero and
it is assumed to lose its resistance
completely against any further
deformation. Therefore, the crushing
failure may be controlled simply by a
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surface in the strain space . Crushing
criterion  can be obtained by
converting the yidd criterion given in
Eq.[11] into strains,

clg+ [(cl{t)2 +3b JQF = ey -(20)

where , Ii is the first strain invariant,

J is the second deviatoric strain

eCU

invariant and is the ultimate

strain.

Behaviour of concrete in tension is
mainly controlled by a cracking
phenomenon®. The smeared crack
approach has been employed in the
finite dement analysis. In this
approach the cracked concrete is
assumed to remain a continuum, and
the local discontinuities due to
cracking are distributed over the
volume of the sampling point under
consideration. According to this
cracking model, a crack is assumed to
occur in a plane norma to the
direction of the maximum principal
tensile stress. The limiting tensile
stress required to define the onset of
cracking , s, can be calculated as
follows:
a)for thetriaxial tension zone,

S¢er =F ..(21)
b)for the tension-tension-
compression zone,

0.75s 3
a
f¢ @

c) for the tension-compression-
compression zone,

S¢er =f ...(22)

fgl+
g

é 075%,0¢ O7Es3u
Scr =fral+ gel+ .(23)
“ é f¢ e fg:
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where , s; , S, and sg3 arethe
principal stresses, f, andf¢ are the
tensile and compressive concrete
strengths respectively, and are both
given positive values.

As the cracking criterion is violated,
the concrete behaviour becomes
orthotropic with the direction of
orthotropy  coinciding with  the
direction of major principal stress
(s1), since the plane of failure is

assumed to be perpendicular to this
direction. The normal and shear
stresses across the failure plane are
reduced as wel as ther stiffness.
However, the concrete between two
adjacent failure planes remains
capable of sustaining tensile stresses.
Thus the cracked [D] matrix for the
incremental  stress-strain  relationship
in the local material axes (1,2,3) may
bewritten as :

E1 0 0 0 0 0

n
[Per L=
0 biG 0 0

0 0 0 0 G 0

0 0 0 0 0 b1 G

...(24)

N Y Y N O Y Y ==

where, E; is the reduced modulus of
éasticity in the planes perpendicular
to the cracked plane, b;G is the

reduced shear modulus in the cracked
plane and n is Poisson's ratio.
Because of the lack of interaction
between the orthogonal planes due to
the cracking, Poisson's ratio is set to
zero. The matrix given in Eq.[24] can
be expressed in the global coordinate
axes as,

[Dcr]G = [T]T[Dcr]L[T] ....(25)
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where [T] is the
transformation matrix.

coordinate

To improve the realism of the post-
cracking behaviour of concrete , the
tension-stiffening effect is
considered. The bilinear modd shown
in Fig.4, has been used to represent
the gradual release of tensile stresses
normal to the cracked plane as the
crack width increasesAlso  the
cracked reinforced concrete retains
shear stiffness due to the aggregate
interlock at the crack interfaces and
the dowd action of reinforcing bars
crossing the crack. So, a reduction in
shear modulus is considered by using
a shear reduction factor, b . The value

of this factor ranges between zero and
one as in shear retention modd given
in Fig.5.

M odeling of Stedl Reinfor cement
The embedded representation is
used to modd the sted reinforcement.
The reinforcing bar is considered to
be an axia member built into the
isoparametric concrete dement, Fig.1,
and a perfect bond between the sted
and the concrete is assumed to occur.
The stress-strain behaviour of sted
can be assumed to be identical in
tension and compression. The uni-
axial behaviour of reinforcement is
simulated by an dastic-linear work
hardening modd.
The prestressing tendons are
tensioned between external end
anchorages to an initial prestress of
about 70% of the -characteristic
strength®.The initiad  stresses  at
transfer, become reduced because of
the losses in tension caused by dip in
the grips, dastic compression, and
friction. Thus, the yidd stress
considered for the tendons in the
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finite dement analysis carried out

through the deveoped computer
program, is given as:

oy =foy = fis ....(26)
where, (fpy)adj is the adjusted yidd

stress and f, is the tensile stress in
the tendons after the losses.

Prestressing Representation in the
Computer Program

The aim of the  developed computer
progran 3DMPCP is to consider the
effect of the pretensioning or the
post-tensioning tendons on  the
hardened concrete. During the
transferred of the forces to the
concrete by bond stress, the concrete
will  be preccompressed before
applying the service load. In the
computer program , compressive
forces are applied at the ends of the
member within few increments. The
value of a compressive force is equal
to initial stressing force of the tendon
minus the expected losses, and it is
applied to the concrete at nodes
representing  the  position  of
prestressing tendons. After that the
external service loads will be applied
to the member .The computer
program aso considers the camber
effect in calculating the central
deflection of a prestressed member.

Nonlinear Solution Techniques

The combined incremental-iterative
technique  is used to conduct the
nonlinear finite dement analysis .The
total external load is subdivided into
smaller increments, and within each
increment of loading , iterative cycles
are peformed in order to obtain a
converging solution . The modified
Newton-Raphson method is used to
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solve the governing equations
According to this method the stiffness
matrix is not necessarily to be updated
for each iteration. The diffness
matrix, through this computer
program , is updated at 2 nd., 7 th,
12 th, iterations of each increment
of loading. The convergencec
haracteristics of this method can be
improved by the inclusion of line
searches accderation techniqueThe
progress of the iterative procedure is
monitored with a force convergence
criterion. The percentage of the norm
of out of balance force vector to the
norm of external applied load vector
should not be greater than 2%.

Application

The  precast prestressed
concrete single tee beam was planned
for the roof structure of a public bus
garage®. Following the manufacture
of 40 percent of these roof beams, it
was found that the compressive
concrete strength of 28-day cylinder
was dlightly below the specified value
(fc = 41.4 MPa). The lower concrete
strength  prompted the owner to
guestion the suitability and structural
adequacy of the single tee beams.
The single prestressed tee beam,
which has been analysed , was
approximately 33.7m long designed to
a span 32.3m with 1.4m cantilever
overhang, Fig.6 . The flange and web
sted reinforcement consisted of
welded wire fabric with prestressing
strands located in the web,Fig 7.
The strands were of Grade 270, 13
mm diameter, and low-rdaxation.
Each strand has seven wires and it
was initially stressed to approximately
1357 kN. The beam was
manufactured from sand-lightweight
concrete.
The test of the beam was conducted in
accordance with chapter 20 of the
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ACI Building Code®. Test load was
equivalent to 0.85(1.4D+1.7L).Precast
concrete pands, weighing 28 kN
each, were used for loading the beam
uniformly.

The finite dement analysis of the
prestressed concrete beam has been
carried out by using the developed
computer program 3DMPCP. By
taking advantage of symmetry , a
segment representing one quarter of
the beam was used in the analysis.
The segment considered was modeled
by using 40 dements of quadratic
hexahedral brick element type, Fig.8.
The results obtained from the analysis
are given below :

1- The numerical load-deflection
curve and the experimental one are
shown in Fig.9. The figure reveals
that good agreement has been
obtained between the experimental
and the finite dement results
throughout the entire range of the test
load .

2- The numerical ultimate load-
deflection curve and the experimental
load-deflection curve are shown in
Fig.10. In this figure, the expected
ultimate load for the prestressed beam
is 26.7% greater than the test load
which is equivalent to about
0.85(1.4D + 1.7L).

3- The distribution of concrete normal
stress along the depth of the cross-
section of the beam is shown in
Fig.11.The cross-section is located at
a distance of 1.3 m from midspan of
the beam. The figure indicates that the
compressive stress due to prestressing
has a higher value at the bottom of the
web and lower value at top of the
flange. As the beam is loaded, thereis

a continuous decrease in the
compressive  stresses  bdow  the

neutral axis and a continuous increase
at the top part of the section. At 70%
of the test load, the extreme bottom of
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the web becomes in tension. At 85%
of the test load, different behaviour is
noticed because of the appearance of
flexural crack. At 100% of the test
load there is a sudden decrease in
tensile stress at the bottom of the
section and a noticed increase in
compressive stress at the top flange.
Also a shift in the position of neutral
axis, towards the top face, is noticed
because of the growth of crack.

4- The distribution of the normal
concrete stress along half of the span
is shown in Fig.12. The stresses are
measured at sampling points located
at a distance of 203mm from the
bottom face of the web. The figure
shows that the higher prestressing
normal stresses are within the middle
third of the span and the lower values
are at regions close to the supports.

As the beam is loaded, the
compressive  stresses  within  the

middle third, increased towards zero
value and then to tensile stresses.
Lower increase in normal stresses can
be noticed close to the ends.
Conclusions

1- It is verified that the computer
program [3DMPCRP] is able to predict
the behaviour of prestressed concrete
beams.

2- Accurate results in the analysis has
been obtained by using the adjusted
value of the yidd stress of the
tendons.

3- The prestressing normal stress, at
concrete sampling points within a
section of the beam, has different
values. The higher compressive
stresses are at the area of tendons
position.

4- 1t is found that the ultimate load of
the prestressed beam is about 26%
higher than the designed test load.
Therefore, the devedoped computer
program can be considered as a good
tool in the non-destructive tests.
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Notations
[A] displacement gradient matrix
{a} nodal displacements, or flow

vector
[B] strain - nodal displacement
matrix

C, plasticity coefficient

[D] constitutive matrix

[D]* elasto-plastic constitutive
matrix

[Dy ]| cracked constitutive matrix

dl  plastic multiplier
E modulus of dasticity

f. uniaxial compressive strength of
concrete

f,  uniaxial tensile strength of
concrete

fpy yield stress of tendon

fis tensilestressin thetendon after
the losses

G  shear modulus

H  hardening parameter

[, first stressinvariant

first strain invariant

J,  second deviatoric stress
invariant

J, second devistoric strain
invariant

[K] stiffness matrix

[N] shapefunctions

{P} body forces

[T] transformation matrix

u,v,w displacement components

{e} strain vector
e ultimate strain of concrete
plastic strain

total strain corresponding to

the parabalic part of
uniaxial compressive stress-
strain curve of concrete

n Poisson’s ratio

{s}  stressvector
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S, equivalent stress

5 effective stress
s1,S2,83 principal stresses
Scr cracking stress

{d}  displacement vector
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i mbedded reinforcement
N " a

Figure (1) Twenty-node isoparametric brick element with
embedded representation of reinfor cement.
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Figure(3) Failure surface of concretein three-dimensional
stress space.

283

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech. Journal ,Val. 27, No. 2,2009 Non Linear Finite Element Analysis of

Prestressed Concrete Tee Beams
T
For rll.-"' [ ty |
o
I Up = &, Ter —
@, e ! | o 1.1 ]
HH"{--..\_\_
f ...
/! IEI
- f“ E‘n
El . ., Ger o

Figure (4) Tension-stiffening model for cracked concrete.
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Figure (6) Elevation of the selected prestressed concrete tee beam.
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Figure (7) Cross section of the selected prestressed concrete tee beam.

» =<

CL

z

Figure (8) Finite element mesh used in the analysis (one quarter).
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Figure (9) Experimental and numerical load-deflection
behavior up to thetest load.
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Figure (10) Numerical load-deflection behavior up to the ultimate load.
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Figure (11) Distribution of concrete normal stress at a distance of 1.3m from midspan.
at different stages of loading.
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Figure (12) Distribution of concrete nor mal stress along half of the span.
at different stages of loading.
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