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Abstr act

In this paper, Adomian Decomposition method has been used to find the approximation

solution for the linear Volterraintegral equation of the second kind. In this method the solution of
a functional equation is considered as the sum of an infinite series usually converging to the
solution, and the Adomian decomposition method is also used to solve linear integral equation.
Finally, numerical example are prepared to illustrate these considerations.
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1. Introduction

The integral equation is generaly
defined as an equation which involves the
integral of an unknown function u(x)
appears under theintegral sign.
Therefore the general form of integral
equation is given by the following form,

[1]:
a(u(x) - ck(xut)dt=f(x)...(2)
w
where a, f and kare known functions;
k(x,t) is called the kernel of the integral
equation, U istheunknown functionto be

determined and W be a measurable st in
ameasurable space E.

We can distinguish between two types of
integral equations which are[2]:

1. Integral equation of the first kind when
a(x) =0 in equation (1):

f(x) = Gk(x,Hu(t)dt ..(2
w
2. Integral eguation of the second kind

when a(x) ! 0O, then equation (1) can be
written as:

u(x) = f(x) + cr(x, tu(t)dt ...(3)

Now integral equations can be
classified into different kinds according to
the limits of integration:

1. If the limits of equation (1) are
constants then this equation is called
Fredholm integral equation. In this case,
Fredholm integral equations of the first
and second kinds will respectively have
thefollowing expressions, [3]:

b
f(X) = Ck(x t)u(t)dt ..(4)

a

u(x) = f(x)+bc‘j<(x,t)u(t)dt ...(5)

where a, b are constants.
2. If the upper limit of the integration in
equation (1) is a variable then equation (1)
is called Volterra integral equation. They
are divided into two groups referred to as
thefirst and second kinds.
Volterra integral equation of the first kind
is,[3]:-
f(x) = g x tu(t)dt ...(6)

a
and Volterra integra equation of the
second kind is:-
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u(x) = f(x)+z‘j<(x,t)u(t)dt ..(7)

where ais constant and x is variable.

The integral equation (1) is said to be
singular if the range of integration is
infinite 0O< X<¥ or - ¥ <x<¥, orif
the kernel k(x, t) is unbounded.

If the kerndl k(x, t) in equation (1) depends
only on the difference x-t, such a kerndl is
cadled a difference kernd and the
equation:

a(xu(x) - gx(x,tu)dt = f(x) ...(8)

w
is called integral equation of convolution
type.

2. The Decomposition method Applied
to Volterra integral Equation

In this subsection a Decomposition
method to find the approximation solution
for Volterraintegral equation is discussed
[51.[6].[7].

Let us reconsider the Voltera
integral equation of the second kind.

f(t)=g(t) + t(‘j<(t,S) f(s)ds, t1 [a1]
(9)

wheregand the kernd kare known
functions and f is the unknown function

to be determined.
From equation (9), we obtain canonical
form of Adomian's equation by writing

f(t) =g(t) + N(t) ...(20)
where
N(t) = c‘j((t,s) f(s)ds ...(1)

To solve by Adomian's method, let
¥ ¥
fH)=a f.(), ad NB=a A,
m=0

m=0
where A, m=0,1,K, are
polynomials depending on f,, f,,K,

and they are called Adomian polynomials.
Henca (20) can be rewritten as.

af (t) g(t)+a An(fo, fL K ).
..(12)

From (11) we define:

I fO(t) = g(t),
% fo.)=A,(f,f,K f,) m=012..

..(13)
In practice, al terms of the series

¥
f(t)= é f,(t)can not be determined
m=0
and so we use an approximation of the
solution by the following truncated series:

j(©=4 1,0t fimi O = 0.
(14

To determine Adomian polynomials, we
consider the expansions:

f, (1) = I”‘f (), ...(15)
m—O
$ \'m
N (=& 1"A,, ...(16)
m=0
Where, | is a parameter introduced for
convenience. From (16) we obtain:
1edm
An—— L N, (f )u ;A7)
e U =o
and from (11), (15) and (17) we have:
NGRS d(st)ﬁid al g ds
U=o

= c‘y(s,t) f ds ....(18)

a
So, (13) for the solution of linear Volterra
integral equation will be as follow:

| fo® = g(t)

. mFl(t) (‘)(st)f ds m=0,1,2K

1 a

Considering (13), we obtain:
t
=00 +Ft9f(9ds m=012A<

...(20)
Infact (15) is exactly the same as the well
known successive approximations method
for solving of linear Volterra integral
equation defining as, [4]:
t

-(19)

fa®=00)+¥t9f,(9ds m=0,1,3<-(21)

The initial approximations for the
successive approximation method is
usually zero function. In the other words,
if the initial approximation in this method
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is selected that is f,(t) = g(t), then the

Adomian decomposition method and the
successive approximation method are
exactly the same

The following algorithm
summarizes the steps for finding the
approximation solution for the second kind
of Volterraintegral equation.
3. Algorithm (ADVI)
Input: (g(t),k(t,s), f(s),a,x);
Output: series solution of given equation
Stepl:

Put f,(t) =g(t)

Step2:
Compute

fr () = tc‘j((x,t) f.(s)ds m=01,...

Step3:
Find

P (®=8 f.),

m=0

solution

01%...

the
m=

End

Example(1):
Consider the following Volterra integral
equation of the second kind with the exact

solution f (t) :e'tz.

f(t)=1- tc‘)stf (s)ds.

where compare the Volterra integral
equation of the second kind, we total

g(t) =1 , k(xt) =«

To derive the solution by using the
decomposition method, we can use the
following Adomian scheme:

fo(t) =1
And

t
o (t) = Ot (S)DS, m=0,12,K
0

For thefirst iteration, we have:
t

f,(t) = C‘ﬁfo (s)ds,
0

Then f,(t) =-t°
Considering (14), the approximated
solution with two terms are:

I 20 = fo(t)+ f,.(0)

888

j(t)=1-1t°
Next termis:

f,o(t) = tc‘)stfl(s)ds,

t4
f,(t) :E
Solution with threeterms are:
o) =)+ f,.(t) + £, (),
. t

t) =1- t> +—,
J 5(t) 5

In the same way, the component j , (t)

can be caculated for k=34,KThe
solution with six terms are given as:
o) =fo(t)+ f,(t) + F,(1) + K+ (D).

4 6 8 10
. t t
o) =1t al Ly ,
2 6 24 120
Approximated solution for some values of

t by using Decomposition method and

exact values f(t)=g *of Example(l),

depending on least square error (L.S.E) are
presented in Table(1).
4. Conclusions

This paper presents the use of the
Adomian decomposition method, for the
Volterra integral equation. As it can be
seen, the Adomian decompasition method
for Volterra integral equation is equivalent
to successive approximation method.
Although, the Adomian decomposition
method is a very powerful device for
solving the integral eguation. From
solving a numerical example the following
points have been identified:

1- this method can be used to solve
the second kind of linear Volterra
integral equation.

2- It is clear that wusing the
decomposition  method  basis
function to approximate when the
m order is increases the error will
be decreases, as we see that in

Figure(l).

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech. Journal,Val.27,N0.5,2009

Approximation Solution of VolterraIntegral
Equation Using Adomian Decomposition M ethod

Refer ences

[1] Abdul J. jerri, "Introduction to Integral
Equation with applications’ Marcel
Dekker, Inc, New Y ork, (1985).

[2] Lapidus L. and Seinfeid J., "Numerical

solution of Differential Equations”,

Wiley Eastern Limited. New Delhi,

(1979).

K. E. Atkinson. "The Numerical
Solution of Integral Equation of the
second kind". Cambridge University
press, C274, C279, (1997).

loan A. Rus and Egri Edith,
"Numerical and Approximate methods
in some mathematical models”, Babes-
Bolyai University of Cluj-Napoca,
(2006).

[3].

[4]

[5] Deves L. M. and J. L. Mohamed,
"Computational Methods for Integral
Equations, Cambridge University
Press, (1985).

[6] Ray S. Saha and Bera R. K, "Solution
of an Extraordinary Differential
Equatation by Adomian
Decomposition  Method",  Journal
Applied Mathematics 2004:4 331-338
URL:
http://dx.doi.org/10.1155/S1110757X0
4311010, (2004).

[7] A R. Vahidi and M. Mokhtari ,"On the

Decomposition M ethod for System of

Linear Fredholm Integral Equations of

Second Kind" Applied Mathematical

Science, Vol. 2, No. 2, P. 57-62, 2008.

Table (1) Theresults of Example(1) using (ADV1) algorithm.

t f(t) 0]
(Exact) (Approximation)

0 1 1
0.1 0.9900 0.9900
0.2 0.9608 0.9608
0.3 0.9139 0.9139
0.4 0.8521 0.8521
0.5 0.7788 0.7788
0.6 0.6977 0.6977
0.7 0.6126 0.6126
0.8 0.5273 0.5272
0.9 0.4449 0.4445

1 0.3679 0.3667

L.SE 1.6020e-006
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Figure (1 )Approximation and Exact solution of Volterra
integral equation of Examplel
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