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Abstract

The purpose of this work is to give some definitions and prove some theorems on
projective 3-space S=PG(3,K) over afiddK.

Also, the principle of duality in S is given which state that any theorem true in the
projective 3-space concerned with the points, planes and the incidence relation, the same
theorem is true by interchanging "point" and "plane’ whenever they occur, where as the

dual of alineisaline.
Keyword : point, plane, duality.
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I ntroduction

A projective 3-space PG(3,K) over a
fidd K is a 3-dimensional projective
space which consists of points, lines and
planes with the incidence rdation
between them, [1].

The projective 3-space satisfies the
following axioms:

A. Any two distinct points are contained
inauniqueline.

B. Any three distinct non-collinear
points, also any line and a point not on
the line are contained in a unique plane.
C. Any two distinct coplanar lines
intersect in a unique point.

D. Any line not on a given plane
intersects the plane in a unique point.

E. Any two distinct planes intersect in a
uniqueline.

Principle of duality, [2] any properly
worded valid statement in a projective
3-gpace concerning incidence of points
and planes gives rise to a second
statement obtained from the first by
interchanging the words "point" and
"plane’.

A
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Thus the dual elements are the point and
the plane with the word "ling" left
unchanged.

Any point in PG(3,K) has the form of
a quadrable (X1,X2,X3,X4), Where Xy, Xz, X3,
X, are dements in K with the exception
of the quadrable consisting of four zero
elements.

Two quadrables (Xg,X2,X3,Xs) and
(Y1,Y2,¥3,Ys) represent the same point if
there exists | in K\{0} such that
(X1, X2,X3,Xa) =1 (Y1,Y2,Y3,Y4).

Similarly, any plane in PG(3,K) has
the form of a quadrable [Xi,X2,X3,X4],
where Xi, Xo, X3, X4 are dements in K
with the exception of the quadrable
consisting of four zero dements.

Two quadrables [Xi,X2,X3,X4 and
[Y1Y2YaY4 represent the same plane if
there exists | in K\{0O} such that
[X1,X2.X3Xd] =1 [Y1,Y2,Y3,Yal-

Also a point P(Xy,X2,X3,X4) iS incident
with the plane p [ay,&,85,84] iff
Ay Xy + @ Xp +as X3 + a4 X4=0.[3]

Now, some theorems on projective
3-space PG(3k) can be proved.
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Theorem 1:

Four distinct points A(Xy, Xo, X3, Xa),

By, Y2 V3 Ya), Cz, 2, z, z), and
D(wy, Wa, Ws, Wy) are coplanar iff

Xl X2 X3 X4
D = Yo Y. Ye Vi _ 0
Zl ZZ Z3 Z4
W, w, w, w,
Proof
L p J[uyUsusu] be a plane

containing the points A, B, C, D, then
Xp Ui+ X Up+ X3 Uz + XUy =0
yili+y U +YaUs+YsUs =0
zu+zU+Zuz+zU,=0

Wi U +Wo U+ Wa U+ W, U =0

It is known from the linear algebra that
this system of equations have non zero
solutions for uy, Uy, U, Us iff D=0. Thus
the necessary and sufficient conditions
for four points to be coplanar that D= 0.
Corollary

If four distinct points A(X1, X2, X3, Xa),
Bys Y2 V3 Ya), Cz, 2, z, z), and
D(wy, Wa, Ws, Wy) are collinear, then D=0.

This follows from theorem (1) and
theincidence of these points on aline of
some plane.

From the principle of duality, one can
prove

Theorem 2

Four distinct planes A[X1, X, X3, X4,
Blys, Y2 Y3 Val, Clz, 22, 73, 4], and D[w,
Wo, W, Wy are concurrent (intersecting
in one point) iff

Xl X2 X3 X4
D=|Y Y: Y Yel_ g
z, z, z, z,

W, W, W, w
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Theorem 3

The equation of the plane determined
by three distinct points A(Y1, Y2, Y3, Ya),
B(z1, 22, 73, zs), and C(wy, W, W3, Wy) iS

X, X, X, X,

y1 yz y3 y4 _

z, z, z, z,

W, W, w, w,

y2 y3 y4 y3 yl y4
z, z, z,|x +|z, z, zZ, |X,
W, W, w, W, w, w,
Y. Y. VY. Y. Y. Y.
Zl ZZ Z4 X3+ Z3 ZZ Zl X4
Wl WZ W4 W3 WZ Wl

where (X1, Xo, X3, X4) be any variable
point on the plane, and it’s coordinates
are

Y. Y,

z

Y.
Z, |

3 4

w, w,

Ys
V4

Y. Y.
z z, |,

3 1 4

W, w, w,

D> D> D> D~

z,
w,
Y.
V4

Yo Yal|Ys Y. Y
z, z z, z, z

1 2 4 (7 3 2 1

W, W, w,

e Y e Y ey e

Wl W2 W4
Theorem 4
The equation of the point determined

by three distinct planes (non-collinear)

alyy, Yo, Vs Yal, bz, z, z, z], and
C[Wi, Wo, Ws, Wy] iS

X, X, X, X,
Yo Y. Vi Ve
z, z, z, z,
w, w, W, W

1 2 3 4
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Y. ¥Ys Y. Yo Y. Y.

z, z, z,|X,+\z, z, z,|x,+
w, W, w, w, w, w,

Y. Y. Y. Y. Y. Y.

z, z, z,|X,+\z, z, 2z |x,=0
w, w, w, W, w, w,

where [x1, X, X3, X4 be any variable

plane passing through the point, and it’s
coordinates are;

%y2 y3 y4 y3 yl y4
z, z, z z, z, 2

(; 2 3 4 |1 “3 1 4 |

Slw, w, w,||w, w, w,

O:

Y.
V4

Yo Ya||Y: Yo Y
z, z z, z, z

1 2 4 (1 3 2 1

W3 W2 Wl

w, w, w,
Notation

g

If v is the vector with components
(a1, @, as ay), then the symbol P(v)
means that the coordinates of the point P
are (ay, ap, ag, a4) in a projective 3—-space
S = PG(3,K).

Definition 1:[3]

The points P(v), withi =1, ..., m
are linearly dependent or independent
according as the vectors v; are linearly
dependent or independent.

Definition 2:[3]

If the points Py, P, Y4, P, are
linearly dependent, then at least one of

the ¢’s of the equation _5 cR\,)=0is

not equal to zero, then

say Cy,
P, = -—J-(C2P2+C3P3+ >¢¢<+Qan).The

1

point P, is then said to be a linear
combination of the points Py, Ps, %4, Pn.

This definition may be dualized by
replacing the word "point" by the word
"plane’, and the geometric meaning of

1457

linear dependence of points or planes
may now be given.

Theorem 5

Two points (planes) are linearly
dependent iff they coincide.

Proof

Let P and Q be any two points. If P
and Q are linearly dependent, then there
exist ¢; and ¢, such that (c;, ¢) * (0,0),
caP+c,Q=q.

Ifc,=0,thenc, Q=gq.
This implies ¢, = 0, since Q * (0,0,0).
Then ¢ * 0 and similarly ¢, * 0,

_C2 Q-

c

1

This means that P and Q coincide. If P
and Q are coincide, then there exist c;t
0,ct 0st.c;P=c Q.

Hence, ¢; P- ¢, Q =g andthus P and Q
are linearly dependent.

R=

Theorem 6

Four points are linearly dependent
iff they are coplanar.

Pr oof

Let A(Xy, X2, X3, Xa), B(Y1, Y2, Y3: Va),
C(zy, 2, Z3, Z4), and D(wi, Wo, W5, Wy) be
any four pointsin S. If A, B, C, D are
linearly dependent, then there exist ¢, ¢,
C3 and ¢4 in K such that (cy, €, C3, Cg) 1
(0,0,0,0)and c; A+ c,B+csC+c,D =q

GQA+CcB+c3C+cyD=cp (X, X Xa,

Xa) + C2 (Y1, Yo, Y3, Ya) + C3 (21, 2o, Z3, Zs) +
Ca (Wi, Wo, W3, Wg) = (0,0,0,0)

C1X1+C2y1+C321+C4W1=0
C1X2+C2y2+C322+C4W2=0

Ya (1)
C1X3+C2y3+C323+C4W3=0
CiX+CYa+C3zy+CawW, =0

This system has non zero solutions for
C1, Cp, Cg, C4 iff

PDF created with pdfFactory Pro trial version www.pdffactory.com
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Xy, z, w| [x x, x, X, Theorem 8
D= Xz yz Zz Wz _ y1 yz y3 y4 -0 If P11 P21 1/41 I:)m are |Ineal’|y
“Ix. y. z w.| |z z =z z | independent points while Py, Pz, ¥, Pr.
PoEe P are linearly  dependent, then the
X4 y4 Z4 W4 Wl WZ W3 W4

by theorem (1) the points A, B, C, D are
coplanar.

Conversdy, if the points A, B, C, D are
coplanar, then

X, X, X, X,

yl y2 y3 y4
D= =0, then

z, z, z, z,

w, W, w, w,
Xl yl Zl Wl
X2 yz Zz w _ o

=V, so0 the system

X3 y3 Z3 W3
X4 y4 Z4 W4

(1) of eguations has non zero solutions
for ¢, G, Cs Ci Thus A, B, C, D are
linearly dependent.

Theorem 7

Any five points (planes) in S are
linearly dependent.

Pr oof

Ld A(a]_, a21 a31 a4)1 B(bl1 b21 b31
b4), C(Cy, Cz, Cs, Cs), D(dhy, o, ds, ds) and

E(e, &, &, &) be any five points in S.
Let aA+bB+cC+dD+eE=q

a (aaagar) + b (bybybgbsy) +
C (€1,C2C3Cs) + d (di,dp,d3ds) +
e(e1,€,636) = Q

agy+tbby+cc+dd,+ee =0
aapt+tbh,+cc,+dd,+ee=0
aaz+bby+ccs+dd;+ee;=0
aa+tbb,+cc,+dd,+ee =0

This system of 4 linear homogeneous
equations in 5 unknowns a, b, ¢, d, e has
non trivial solutions since 4 < 5. Then A,
B, C, D, E arelinearly dependent.

1458

coordinates of the points may be chosen
sothat Py + P, + 2+ Py, =

m+ 1.

Pr oof

Since the points Py, Py, %4, Py .1 are
linearly dependent, constants c¢;, ¢,
Ya,Cm+11 0,0, Y4, O exist such that

C1 P1(va) + Co Pa(Vo) + 2%+ Cyy Pr(Vim) + Cny
+1 Pm+1(Vm+1) = CI

Now, Cn+1 ! O, for otherwise the points
P, P, ¥, P, would be dependent

contrary to hypothesis. The equation
may, therefore, be solved for P . 3

giving

1
Pm+1=- C_ [ C1 Pl(Vl) +XK+ Cpy Pm(Vm) ]

=k Pi(vy) + %+ kiy Prn(Vim)
= Py(ky v1) + %%+ Pry(Kin Vim)

-c .
where k, =——, i

Cm+1
dropping the symbols k vi , Py + =P+
Pot¢-Pp,.

1, Y4, m or

Theorem 9

A point D is on the plane determined
by three distinct points A, B, Ciff D isa
linear combination of A, B, C.

Pr oof

If D is on the plane determined by
three distinct points, then A, B, C, D are
coplanar. By theorem (5), they are
linearly dependent, there exist constants
a, b, ¢, d such that not all of them are
zeoand aA+bB+cC+dD=q.

Ifd=0,thena A+ bB+cC=q,which
impliesthata=b=c=0, sinceA, B, C
are linearly independent, which is a
contradiction. Since any  three
noncollinear points in the plane are
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linearly independent, [3]. Sod * 0O, and
then

D:('d_a) A+('d_b) B+('d_°)c

Thus D is a linear combination of A, B,
C. Suppose D is a linear combination of
A, B, C, then there exist constants ¢;, Gy,
¢z not all of them are zero such that:

D=c A+ cB+c C, which implies
GGA+cB+cC+ (1) D=q,thenit
follows that A, B, C, D are linearly
dependent. By theorem (5), the points A,
B, C, D arecoplanar.

Theorem 10

The points of PG(3,K) have unique
forms which are (1,0,0,0), (x1,0,0),
% v,1,0), (x, v, z1) for al x,y, zinK.

Pr oof

Let P(Xq, Xo, X, Xa); X1} X2, Xa, X4 1 K
be any point in PG(3,K), then either x,t O
or x4=0.

If x4 1 0, then P(xs, X, X3, Xg) °
X

X, X
R—,—=%,—=2,) = P, Y, z 1), where
X, X, X,
X X
X:_l, :_21 7z ==
y X X

If x4=0, thenether x31 Oor x;=0.
If X 1 0, then P(X;, X, X3, 0) °

RE: X2 10) = P y, 1, 0), where
X, x

3

If x3=0, thenetherx,t Oor x,=0.

If X 1 O, then P(Xl, Xo, O, O) °

RZ£,1,0,0) = P 1, 0, 0), where
XZ

X =1,
2

If % =0,thenx * 0andP(xy, 0,0, 0)°
R(*+,0,0,0) =P(1, 0, 0, 0).
X

1

Similarly, one can prove the dua of
theorem (10).

Theorem 11

The planes of PG(3,K) have unique
forms which are [1,0,0,0], [x,1,0,0],
[x, v,1,0], [x, ¥, z1] for all x, y, zin K.
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