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Abstract

Uniformly loaded rigid — plastic reinforced concrete (RC) square slabs having

six different cases of boundary restraints have been recently analyzed® under the
combined effect of bending and membrane action, and a separate load — deflection
relationship for each dab case has been obtained. In this paper, the load —
deflection behaviour of all these six slab cases is expressed in one single compact
equation as a function of the slab material properties and the configuration of the
slab boundary restraints. The application of the proposed equation in the analysis
of atypical RC Square slab indicates that when two or more edges of the slab are
restrained against rotation and horizontal trandlation the live load carrying
capacity of the slab can reach up to five times that suggested by the simple yield
line theory.
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Notations: fy, fs, Factors expressing
As Area of tensile fs configuration of slab
reinforcement per unit boundary restraints
width of slab h Thickness of slab
d, Effectle\t/e delptk(\jof Sstlab th ks, Parameters fixing concrete
fe oncrete cylinder streng , compressive stress block
f Yield strength of steel
y
reinforcement | Span of square slab
M Ultimate bending moment
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of resistance per unit width
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1-Introduction

Previous studies ? ¥ of the
phenomenon of membrane action
in RC slabs showed that the
presence of restraining conditions

3)

at the edges of a slab can
considerably enhance the load
carrying capacity of the slab.

Values of ultimate loads which are
many times greater than that
suggested by the simple Johansen's
yield line theory®® have been
recorded both theoretically®*>® and
experimentally®”®. Even in cases
of unrestrained slabs, the self

2048

balanced in — plane membrane
forces which develop inside the
dab as a result of the applied
loading have been found®'® to
help in producing higher vyield
loads with continuing deflection.

In a recently submitted M.Sc
thesis, the effect of boundary
restraints on the ultimate capacity
of rigid — plastic RC square slabs
has theoretically been established.
It has been found that the
combination of restrained and
unrestrained slab edges give six
possible cases of such slabs as
shown in Fig. (1). Accordingly,
each slab case has been analyzed
separately to include the combined
effect of bending and membrane
action and different load
deflection relationships have been
obtained for the six different slab
cases.

It is aimed from the present
research to express the load -
deflection behaviour of all the six
cases of RC square slabs in one

single compact equation. The
equation is general and is a
function of the slab material

properties and the configuration of
the slab boundary restraints.

2-Analysis of RC Square Slabs
Having Variously Restrained
Edges:

2.1 Analysis By The Simple
Johansen's Yield Line Theory
(Ignoring Membrane Action):

It is assumed that the RC square
slabs under consideration are
isotropically reinforced in the two
orthogonal directions and equal
amount of reinforcement are
provided at positive and negative
moment regions such that the
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ultimate bending moment of
resistance per unit width of the slab
is M, at all slab sections, where

o . (1)

are parameters

M, =rf dzgi
o~y -
and k, , kkg
defining the shape of the
compressive  stress  block  of

concrete which are given by
Hognested™ as functions of the

concrete cylinder strength f, (in
units of MPa);

k1k3

27+0.35f,
k,ky=——"-2C .... (22
VR 2044, (22)
;.

k,=05- —=C ... (2b

2 550 (2b)

As mentioned earlier, the
variation in the restraining

conditions at the periphery of a RC
square slab gives the six possible
cases shown in Fig. (1). Under the
applied uniform load these slabs
will collapse in the form of the
yield line patterns shown in the
same figure.

It can be seen that the yield line
pattern of slab cases (1) and (6),
being the well known cross yield
line pattern, has no variable
parameter. Theyield line pattern of
dab case (3) and (4) has one
variable parameter (which is x, in
slab case 3 and vy, in slab case 4)

while that for slab case (2) and (5)
has two variable parameters (which
IS X, X, inslabcase2 and x,,y, in
dlab case 5).

By applying the principle of
virtual work for each slab case the

following values of Johansen's
uniform load (w;) will be
obtained;

2049

Slab Case (1)
W, =48% .. (3)
Slab Case (2)
2 10
oM, & % x5
=M, (4
T (8- %~ %) @

Differentiating Eq.(4) with respect
to x and x, each at a time and
setting the derivatives equal to
zero;
Ty _

... (5
™ (59)
W _o ... (5b)
1%,

The solution of Egs. (5a) and (5b)
gives the true values of x, and x,

that fix the actual yield line pattern
% =0.539

X, =0.381
A substitute of these values of x,
and x, into Eq. (4) gives;

w, = 41.352% .. (6)
Slab Case (3)
10
v &G
0 %] 7
J IZ 3- 2X0 . ( )
Setting ™2 =0 gives x, =04114

which when substituted into Eg. (6)

gives,

w; =35.444%

Slab Case (4)

W oM, €2
T2 gy, [

.. (8)

1 u

)a

Setting % =0 gives y, =05858
0

which when substituted into Eq. (9)

gives,

.. (9)
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W, =34.971% ... (10)
Slab Case (5)
J IZ (3- 2X0) Tl
Setting Wy _0 and Mg gives
% b

x, =0.4521 and y,=05858 which

when substituted into Eq. (11)
gives,

M
wy = 29.351|—2° ... (12)
Slab Case (6)
w, =24Mo ... (13)

IZ
The variation in the value of the
collapse uniform load w,; as

determined by Johansen's simple
yield line theory for the six cases
of RC square slabs is shown in

Fig. (2).

2.2 Analysis by the Modified
Yield Line Theory (Including
Membrane Action):

The  effect of including
membrane action in the yield line
analysis of the deferent slab cases
under study has been carried out in
ref. (1). It was found that, due to
the assumption of rigid — plastic
consideration, the maximum value
of the yield load in the restrained
dlab cases (1) to (5) occurs at zero
deflection and decreases non —
linearly with increasing slab
deflection. A reverse behaviour
was obtained for the unrestrained
slab case (6) where the yield load
at the start of collapse (i.e at zero
deflection) is Johansen's load and

increases non —linearly  with
increasing slab deflection.
However, the load — deflection

relationships for the different slab

2050

cases were derived separately and
were given in complex forms that

require lengthy  computations
before they can be used.
In this paper, these load -

deflection equations are re
examined, simplified further and re
— arranged in form of ordinary
guadratic equations. By doing so,
all the equations become identical
in form but they differ only in the
coefficients  of the  terms.
Therefore, a single compact
general equation is proposed to
express the load deflection
behaviour of all the six cases of the
RC square slabs. The proposed
equation is simple to use and
illustrates that the load — deflection
behaviour of a particular slab is
affected by the slab material
properties and the configuration of
the slab boundary restraints. This
equation, written in  non

dimensional form, is:
2

ﬂ :1+ fla_

W 4b

¢ g B2

2 .2
+ b 12 8529

2b gehg
....(14)

is the ratio of the slab
yield load
(considering
membrane action) to
the corresponding
Johansen's load
(neglecting membrane
action)
is the ratio of the slab
central deflection to
the thickness of the
slab.
are factors expressing
the slab  material
properties

where
w

W;

>|lo

a,b:
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. . f
inwhich t=r -

Cc
is the ratio of the slab
thickness to its
effective depth
are coefficients
expressing the
configuration of the
dlab boundary
restraints. Therefore
their values vary from
one sSlab case to
another, as given in
Table(1).

and —:

f,, £y o

The proposed equation (14)
is plotted in Figs. (3) and (4) to
show respectively the effects of the
slab material properties and the
configuration of the slab boundary
restraints on the load — deflection
behaviour of RC square slabs.

Figure (3) shows the effect
of varying the slab material
properties (represented by the

parametert:r%) on the load —
C
deflection characteristics of a
typical RC sguare slab (taken to be
slab case 1 as an example). The
figure clearly shows that for lower
values of t, higher load ratios w/w;
can be obtained at any relative slab
deflection (D/h).
Figure (4) shows the effect
of varying the slab boundary
restraints on the load deflection

2051

behaviour of a typical RC sguare

slab having the  following
properties;
h=150"", d=125"", r =0.2%, |,

f, = 400MPa, f, = 25MPa

It can be seen from this figure
that the increase in the maximum
yield load above the simple yield
line theory load is more
pronounced in slab case 1 (where
all the edges of the slab are
fixed). As the number of the fixed
edges in the slab decreases, the
enhancement in the maximum
yield load (due to membrane
action) will decrease, and when
the slab has all edges simply
supported the initial collapse load
of the slab will simply be the well
known Johansen's load.

3- Determination of the Actual
Load Carrying Capacity of RC
Squar e Slabs:

Previous studies * 3 ® of
the effect of membrane action in
elastic — plastic RC restrained slabs
show that the real load — deflection
relationship of the slab consists of
an initial ascending part
(representing  both  the elastic
deformations and the subsequent
elastic — plastic stage which is
characterized by the development
of compressive membrane action in
the slab) followed by a descending
part (representing the spread of full

depth  cracking and  tensile
membrane action in the slab).
Therefore, the ultimate load is

reeched at a certain value of
deflection and is many times
greater than Johansen's load due to
the combined effect of bending and
membrane action.
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The proposed Equation
(14), being based on the
assumption of considering the slab
to behave in a rigid — perfectly
plastic ~ manner, predicts a
continuous  descending load
deflection curve starting from
maximum value of load at zero
slab deflection. Therefore to make
use of equation (14) in estimating
the actual load carrying capacity of
a particular RC sguare slab, the
value of the slab central deflection
corresponding to the slab ultimate
load has to be specified first and
then can be inserted in the
equation to get the actual value of
the ultimate load.

Existing experimental test
on restrained RC slabs indicated an
average value of such deflection to
be 0.3 times the slab thickness.
Therefore inserting D/h=0.3 in Eq.
(14) will enable determining the
actual load carrying capacity of
any RC square slab as illustrated in
the following typical examined
slab.

g (12 13

3.1 Properties of the Examined
Slab:

Fig. (5) shows a RC square slab
of dimensions 6m  6m  and
thickness 140mm (calculated as
perimeter of slab/180). The slab
carries uniform load distributed
over its entire area. All the six
cases of boundary restraints
described in Fig. (1) will be
examined in this slab.

The properties of concrete and
steel bars used in the slab are such

that f.=25MPa and f, =400MPa.
The dab is assumed to be
reinforced with the minimum

amount of reinforcement (required
for shrinkage and temperature) as
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specified by ACI-05 Code ¥ |
giving

A=A, =0.00180bh =

0.0018* 1000* 140 = 252mm?/m

The slab is isotropically
reinforced with this amount of
reinforcement in the two

directions, which are placed at the
bottom face only at positive
moment regions (slab central zone)
and at the top face only at negative

moment regions (zones of fixed
edges if present).
Using f12mm steel bars and

considering a concrete cover to the
reinforcement of  20mm, the
average effective depth of the slab
is d,. =108mm. Therefore the steel

ratio r at any slab section is;

d 1000*108

The constant a and b of the
slab section (as defined in Eq. 14)
can be calculated as follows;

From Eq. (2a);

_27+0.35f, _27+0.35* 25

kK ‘
YR 2241, 22+25

From Eq. (2b);

fe
550
and since

=05- Ei 0.4545

k, =05-
550

f
t =r —~ =0.002333* % =0.03733

C

therefore;
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1,140 2*0.4545

2 108 0.7606
1. 04585, h3733
0.7606
kZ
KiKs
K

1- 2 ¢
KiKs

*0.03733

=0.6173

04545, 4 03733
__0.7606

L. 04545
0.7606

b=

*0.03733

The yield moment of the slab
section (given by Eq. 1) is;

& f, 0
M, :rfydzg_ ﬁr ¥
fo o

Kiks
= 0.002333* 400* (108)°
5. 04545
e 0.7606
=10.642kN.mym
By assuming the slab to be a
panel in an intermediate floor of a
RC residential building, the total
dead load of the slab (assuming a
unit weight of 24 kN/m® for
concrete and tiles) is;
Self weight of the slab=
0.14* 24 = 3.36kN/m?
Weight of tiles and mortar=
0.04* 24 = 0.96kN/m?
\ thetotal dead
load (wg ) = 4.32kN/ m?
3.2 Estimation of the live load
Carrying Capacity Using the
Simple Yield Line Theory:
According to the simple vyied
line theory, the values of the
collapse uniform load for the six
cases of the RC sguare slab under
examination are given by Egs. (3),
(6), (8), (10), (12) and (13)
respectively. The values of w,

* 00373321073
7]

=0.0228
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obtained from these equations are
listed in column (3) of Table (2)
for the six consecutive cases of the
slab. By deducting from these
values the total dead load of the
dlab (which is listed in column 4 of
the table) the collapse uniform live
load. w,),, as predicted by the
simple yield line theory can by
obtained as listed in column (5) of
the table.

3.3 Estimation of the live load

carrying capacity using the
proposed modified vyield line
equation (14) of the present
research (accounting for
membr ane action):

By inserting D/h=0.3 in the

proposed equation (14) and using
the calculated values of a and b
together with the values of the
coefficients f,, f, and f; that

express the configuration of the
slab boundary restraints as listed in
table (1), the load ratios w/w,; for

the six cases of the examined slab
can be determined as listed in
column (6) of table (2). By
multiplying each value of w/w,
with its corresponding w; value
(from column 3 of the table) the
actual ultimate uniform load of
each slab case can be obtained as
listed in column (7) of the table,
and when w, is subtracted the

collapse  uniform  live  load
Wi )iy, @S predicted by the
modified yield line  theory

(accounting for membrane action)
can be obtained as listed in column
(8). Finally column (9) of table (2)
shows the ratio w; ), .4y /Wi )y, for
each slab case.

It can be seen from the last
column of table (2) that when two
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or more edges of the examined
RC square slab are restrained
against rotation and horizontal
translation (i.e fixed), the actual
live load carrying capacity of the
dlab can reach up to five times
that suggested by the simple yield
line theory.

4- Conclusions

The main conclusions to be
drawn from the present study are:
1. R.C square slabs having
different boundary restraints are
categorized into six cases. The
load — deflection behaviour of all
these slab cases, considering
membrane action, is expressed in
one single compact equation.
The equation is a function of two
main parameters, namely, the
slab material properties and the
configuration of the slab
boundary restraints.

According to the proposed
load — deflection eguation, RC
square slabs having edges
restrained against rotation and
lateral movement have ultimate
loads which are, in many cases,
far in excess of those indicated
by Johansen's yield line theory

due to the development of
compressive membrane forces.
The enhancement in

ultimate load above Johansen's
load is more pronounced in slabs
having lower values of the slab
material parameter t

f
(Wheret = f—y ) and  greater
Cc

number of fixed edges.

The application of the
proposed equation in the analysis
of a typical R.C sguare slab
indicates that when two or more

2054

edges of the slab are fixed, the
live load carrying capacity of the

dab will be five times that
estimated by the simple yield
line theory.
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Table (1) Valuesof the Coefficients f, f,, T, in
the Proposed Equation

slah

e Slab Shap o A A £
1 ] 1 o5 0.11 66
2@ LY os01s 04712
X { K572 1HAAZIU 151721
A i 08784 04460 | 04852
= 05551 02905 0.4540
[ 1] 1} 0.3333
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Table (2) Estimation of the Uniform Live Load Carrying Capacity of
the Examined RCSquare Slab by: (1) The SimpleYield Line Theory
(2) The Proposed Modified Yield Line Equation (14)
of the Present Research

O ® | ® | ® | ®] 6] 0606
o Kl BT F BT N B Lo e P
; arfy | ety | iy | w7 | Y L oy | )
1 1419 432 987 4.01 5690 5258 53
| 1222 = 790 380 475 4322 547
N 1048 = 6.16 156 373l KPALY 5.36
4 1034 s 6.02 47 3588 3156 54
5 | 8.68 = 436 2.73 23.70 1938 4.44
i 7.10 = 278 L.15 8.16 iy 1.38
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