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Abstr act

In this paper a model for the shear capacity of rectangular reinforced
concrete beams is proposed. This modeling depends on statistical analysis for 101
experimental results from literatures, as will be indicated. These results are pure
shear results and shear resistance is predicted by concrete only (without shear
reinforcement).
The ACI approach for predicting shear strength as the sum of diagonal cracking
and 45" degree truss modd predicts the shear strength of beams, with an average of
experimental to predicted shear strength ratio of 1.4 with a coefficient of variation
of 46.7%.
In this study, experimental pure shear test results as much as possible are revised to
study the shear behavior and then modeling it using statistical analysis, to reduce
the ratio and coefficient of variation. This model gives average ratio of 1.003 and
coefficient of variation of 20.90%.
Also in this study, all the factors effecting shear capacity are introduced with
separate modeling. These factors are, concrete compression strength (fc'), beam
width (b), size of aggregate (da), shear span to depth ratio (a/d), and percentage of
longitudinal reinforcement.
Then assembly model for shear strength containing all these factors is presented
and compared with experimental results.
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Introduction

Even of the behavior of reinforced
concrete in shear has been studied for
more than 100 years, the problem of
determining the shear strength of
reinforced concrete beams remains
open to discussion. Thus the shear
strengths predicted by different design
codes for a particular beam section
can vary by factors of more than 2, so
in this study a formula (modeling) for
shear strength of rectangular cross
section beams are presented. This
mode contains all factors which are
,compressive strength of concrete(fc)
, beam width (b) , size of aggregate
(da) , shear span to depth ratio (a/d) ,
and percentage of longitudinal
reinforcement (p) depending on 101
pure shear test results obtained in(14)
researches that deal with pure shear
resistance (no shear reinforcement),
Moody® K.G.et a (1954); Taylor®,
R. and Brewer, R. S (1963);
Mattock™, Alan H. (1969); Krefeld®,
William J. and Thurston, charles W.
(1966);
Gaston®, J. R. , Sless, C. P. and
Newmark, N. M. (1952); Placas”
and Regan (1971);Diaz de Cossio®,
Roger and Siess, Chester P. (1960);
Moody®, K. G. , e a. (1954);
Mathey’?, Robert G. and Watstein ,
David (1963);Ahmed™ Shuaib H. ,
Khaloo, A. R. (1986); Kani®, G. N.
J. (1967), Kani®, G. N. J
(1966);Chana™, P. S. (1981);
Elzanty'™, Ashraf H., Nilson, Arthur
H. and Slate, F. O. (1986).
In 1962, joint ACI-ASCE Committee
326 published a report regarding the
design and behavior of beams failed
due to shear and the diagonal tension.
To develop safe design
recommendation, a database Of 194

beams tests without shear
reinforcement was compiled. The
database consisted of 130 laboratory
specimens tested under single and two
point load and 64 beams subjected to
uniformly distributed loading. Based
on those results, the following design
equation was developed, which
adopted by ACI 318M-05 code®.
Ve=[Vic+120pw(Vu.d/Mu)]bw.d/7

And the simplified formula

Ve=1/6(\fc.bw.d) .....(2)

Where

Vc= nominal  shear strength of

concrete

fc'= compressive strength of concrete

pw= web sted ratio As/bw.d

Vu= factored applied shear force

Mu= factored applied moment

bw= web width

d= effective depth of the
reinforcement

As= area of tension reinforcement

To find the concrete shear resistance
modd, the effect of each factor will
be discussed separately.

1- The Effect of compressive
strength(fc) on shear capacity:
Compressive strength, is evaluated
under compression load using
standard concrete cylinder at 28 days,
now in this study we want to find the
correlation formula between shear
strength and compressive strength, for
the same data, where fc' varies from
15.37 to 72.8 using statistical

analysis.

Model Definition(Tenth order
Polynomial).

Vc=
a*fcM10+b *fch9+c * feh8+d * feh 7+
e*fch6+ *fehb+g * fehd+h * feh 3+ *
fch2+j*fetky ... (@)
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For 99% Confidence Intervals

Variable Vaue
& 2.78E-09
b, -1.16E-06
C1 2.11E-04
dy -2.22E-02
e 1.49

f1 -66.54

(o} 1998.65

hy -39926.92
i1 507994.80
j1 -3720322.16
ky 11968863.51

Number of observations = 101

Solver type: Nonlinear

Residual Sum of Squares (Absolute) =
252348298.22

Residual Sum of Squares (Relative) =
252348298.22

Coefficient of Multiple Determination
(R"2) =0.795

Proportion of Variance Explained =
79.57%

Adjusted coefficient of multiple
determination (Ra*2) = 0.753.
Residual tolerance = 0.000001

Sum of Residuals = -7.360E-05
Average Residual = -1.24E-06
Nonlinear iteration limit = 250
Figl.shows the model plot for Tenth
Order Polynomial,

Fig2.Shows the Residual Scatter Plot
Fig3.Shows Residual Normal
Probability plot for presented model.
2-Effect of Shear Span to depth
ratio(a/d) on shear strength.

Shear span(a) is the distance between
point load and the support, hasa
symbol (a), and d is effective depth of
steel reinforcement.

statistical Analysis.

Model Definition:(Tenth order
polynomial).

Vc=

a* (ald)"10+by* (a/d)"9+c,* (a/d) 8+
do* (a/d)N7+e* (ald) 6+ ,* (a/d)"5+0y*
(a/d)M+hy* (ald)"3+i* (ald)2+),* (ald
)+Ko ... ... 2

For 99% Confidence Intervals

Variable Vaue
2 1.32

b, -57.35

C 1053.74

d, -10592.21

& 62378.78

fs -208029.14

o2 294677.06

h, 349124.0

in -2015017.46

j2 2885942.146

Kz -1384435.75

Residual Sum of Squares (Absolute) =
191126302.10

Residual Sum of Squares (Relative) =
191126302.10

Coefficient of Multiple Determination
(R"2) =0.781

Proportion of Variance Explained =
78.17%

Adjusted coefficient of multiple
determination (Ra*2) = 0.72

Solver type: Nonlinear

Nonlinear iteration limit = 250
Residual tolerance = 0.0001

Sum of Residuals = 1.37E-04
Average Residual = 2.74E-06
Fig4:shows the model plot for vc
vs.ald

Fig5:shows Residual scattar

plot.

Fig6:Shows Residual Normal
probability plot

3- The Effect of Size of Aggregate
(da) on shear strength:

Depending on database, the size of
aggregate varies from 12.7mmto

2354
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25.4mm. This factor was not included
in ACI codeformula, and tried to be
included in this study.

Equation ID:

Fourth order logarithm

Model Definition:

Ve=
ag* da 4+bg* da\3+c5* da*2+ds* da
+63 ...... (3)

For 99% Confidence Intervals

Variable Vaue
& -24.28

bs 1685.41

C3 -42317.82

ds 455232.94

& -1719434.35

Solver type: Nonlinear
Nonlinear iteration limit = 250
Residual tolerance = 0.0001

Sum of Residuals = 4.89E-06
Average Residual = 1.13E-07
Residual Sum of Squares (Absolute) =
181801228.25

Residual Sum of Squares (Relative) =
181801228.25

Coefficient of Multiple Determination
(R"2) =0.62

Proportion of Variance Explained =
62.20%

Adjusted coefficient of multiple
determination (Ra*2) = 0.58
Fig7:shows model plot for Vc vs.da
Fig8: shows residual scattar plot
Fig9: shows normal probability plot
4- The Effect of Percentage of
Longitudinal Reinforcement(p)on
Shear Strength:

Percentage of longitudinal
reinforcement= Ag/b.d. In
experimental results, the value of p
varies from .0046 to .0503.

Model Definition:(Tenth order
polynomial)

Vc = a* p MO+b* p N9+c* p8+d,*
p /\7+e4*X/\6+f4* p /\5+g4* p /\4+h4* p
A3+i4* p A2+j4* p +k4 (4)

For 99% Confidence Intervals

Variable Vaue
au -4, 72E+22

b4 1.22E+22

Cs -1.36E+21

ds 8.63E+19

€ -3.42E+18

O4 -1.48E+15

hy 1593905335.8
ia -10390806.033

ja 364313227.0

Kq -468538.12

Solver type: Nonlinear

Nonlinear iteration limit = 250
Residual tolerance = 0.00001

Sum of Residuals = -2.91E-05
Average Residual = -5.83E-07
Residual Sum of Squares (Absolute) =
153895532.15

Residual Sum of Squares (Relative) =
153895532.15

Cosfficient of Multiple Determination
(R*2) =0.791

Proportion of Variance Explained =
79.176%

Adjusted coefficient of multiple
determination (Ra*2) = 0.738
Fig10:shows model plot for Vcvs. p.
Figl1:shows residual scattar plot.
Figl2: residua normal probability
plot.

Finally, formulafor shear strength
included al these factors is presented
Thesefactors are, b,fc,da,a/d and p.

Model Definition:
V¢ = exp(as*b+bs* (a/d)+cs* datds* fc
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+&5* p +fs) ....(5)

For 99% Confidence Intervals

Variable Vaue
35 1.85E-03

bs -6.30E-02

Cs 1.71E-02

ds 6.36E-03

& 572

fs 10.09

Number of observations = 101

Solver type: Nonlinear

Nonlinear iteration limit = 250
Residual tolerance = 0.0001

Residual Sum of Squares (Absolute) =
764821304.13

Also in this study we will introduce a
simplified formula for shear strength
including all significant factors,
instaed of using eg.5 asfollows:

Ve=(b*ald*Vfc)*......(6)

This simlified formula has amean

of 1.387 and C.O.V is48.7%in
compares with ACI code 1.4 and
46.7% respectively.

Conclusions:

1- Depending on 101 experimental
test results from 14 researches are
revised present formula of shear
strength including factors,
compressive strength, shear spanto
depth ratio, Size of aggregate, beam
width, and percentage of longitudinal
reinforcement which is.

V¢ = exp(as*b+bs* (a/d)+cs* datds* fc
+65* p +fs).

2- Theaverage of experimental to
predicted shear strength ratio is 1.003,
and Coefficient of variation is 20.90%

Residual Sum of Squares (Relative) =
764821304.13

Coefficient of Multiple Determination
(R"2) =0.790

Proportion of Variance Explained =
79.09%

Adjusted coefficient of multiple
determination (Ra*2) = 0.779

By compares our model with ACI, we
can notice the mean value 1.00296,
and Coefficient of variation is 20.90%
in compares with 1.4 and
46.7%respectively.

Figl3:model plot of shear strength
included all factors

Figl4:residual scattar plot
Figl5:residual normal probability
plot.

which gives us an indication of a good
accuracy for the presented formula.
3- The effect of shear span to depth
ratio has the model definition Tenth
order polynomial.

4- The effect of size of aggregate on
shear strength has the model
definition Fourth order logarithm.

5- The effect of percentage of
longitudinal reinforcement on shear
strength has the model definition
Tenth order polynomial.

6- The effect compressive strength on
shear has the model definition Tenth
order polynomial.

7- A simplified formula for shear
strength including all significant
factorsis presented.
Ve=(b*ald*Vfc')-*

which has a mean value

of 1.387 and C.O.V is48.7%in
comparison with ACI code 1.4 and
46.7% respectively.
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Table 1- Components of database

Vc exp/Ve

Refer ences No | b a/d Da fc p Vc exp Vc cal cal

Moody, K.

G. e d 1

(1954) 177.8 306 | 254 30.34 0.02163 60048 58934.37 | 0.981454
2 1778 |3 254 | 2116 Joo01619 | 62672 | 540887 | 0.961283
3 1778 | 298 | 254 | 2158 | 001624 | 60048 54317.53 | 0.904569
4 1778 | 296 | 254 | 1923 | o016 55600 53505.02 | 0.962321
° 1778 | 295 | 254 | 1675 | 001657 | 55600 528725 | 0.950944

Taylor, R.

and

Brewer, R.|¢g

S. (1963) 18669 | 379 ] 19.05 | 27.99 | 0.0194 48323 4992097 | 1.033069
7 187.96 | 379 ] 1905 | 2799 | 001928 | 463304 | 5000431 | 1.079298
8 187.45 | 379 | 1905 | 3743 | 00193 53304.8 | 53057.14 | 0.995354
9 187.45 | 379 ] 1905 | 3116 | 00193 49319.4 | 509812 | 1.033695
10 18745 | 379 | 1005 | 3116 | 0.0193 49319.4 | 509812 | 1.033695
11 ) 18796 | 377 | 1005 | 2937 | 0.0123 463304 | 4853036 | 1.047484
12 Y 18796 | 377 | 1905 | 3744 | 001235 | 498176 | 5110317 | 1.025806

Mattock,

Alan H. 13

(1969) 152.4 274 | 19.05 | 46.8 0.01033 54710.4 53565.67 | 0.979077
14 V1504 ) 274 1905 | 1854 ] 0031 56044.8 | 503686 | 0.89872
15 11524 | 514 | 1005 | 1613 | 0031 40032 4263177 | 1.064942

Krefed,

William J.

and

Thurston,

charles W. | 16

(1966) 152.4 384 | 254 30.06 0.0452 64051.2 61147.2 0.954661
17 Y1524 ) 289 | 254 | 2206 | 0.0267 60048 55499.37 | 0.92425
18 Y1504 |28 |254 | 1092 | ooo7er | 484832 | 4927407 | 1016312
19 Y1524 | 280 |254 | 2013 | 0.0134 45814.4 | 5080186 | 1.108862
20 Ji1sp4 | 289 | 254 | 2068 | 00134 52041.6 | 50980.03 | 0.979602
21 Y1524 Ja77 | 254 | 2082 | 00198 440352 | 47000.63 | 1.067547
22 11524 Jasr | 254 | 2282 | 00424 53376 54052.88 | 1.012681
23 11524 |604 |254 | 2034 | 00335 44480 46787.23 | 1.051871
24 11524 |72 |254 | 2124 Joo2633 | 418112 | 419759 | 1.003939
25 11524 | 724 | 254 | 1051 | 00335 395872 | 43147.01 | 1.089923
26 11524 |73 |254 | 101 0.0429 42256 45242.64 | 1.07068
2 11524 |8a |254 |2103 Joo02633 | 360184 | 388631 | 1052676
28 1504 | 845 | 254 | 2193 | 00335 41811.2 | 40596.16 | 0.97004

2358

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng.& Tech. Journal ,Vol.27, No.12,2009 Modeling of Shear Srength in
Rectangular Reinforced Concrete Beams

29 l1s04 |52 | 254 | 2137 | 00420 404768 | 4250045 | 1.049995
30 11504 |362 254 | 2013 | 00335 51152 5443255 | 1.064133
31 li1s04 | 357 | 254 | 3454 | 00108 55600 55334.82 | 0.995231
32 11504 |36 254 | 202 0.0263 57824 55408.6 | 0.958228
3 11504 |362 | 254 | 3282 | 00335 56934.4 | 5901208 | 1.036493
34 1504 | 365 | 254 | 344 0.0429 60048 62785.84 | 1.045504
35 Y1504 |a77 | 254 | 3185 | oo198 53376 5042895 | 0.944787
36 Ji1s04 Jas |254 | 3047 |o002633 | 538208 | 5179416 | 0.960345
37 11504 |as2 | 254 | 3282 | 00335 542656 | 54700.03 | 1.008171
38 11504 |ass | 254 | 3413 | 00420 501584 | 58071 0.981619
39 1504 |e 254 | 384 0.0263 504864 | 50494.86 | 0.962056
40 11504 603 254 |3744 | 00335 57379.2 | 5220057 | 0.909747
41 Vispa | 724 | 254 | 3744 | 00335 53376 48363.67 | 0.906094
42 Y1504 |73 254 | 3378 | 00420 48926 4967429 | 1.015294
43 | 1524 |362 | 254 | 1537 | 00335 s0262.4 | 52807.96 | 1.050645
4 Nispa |73 1254 |3626 | 00420 53376 50464.71 | 0.945457
45 1504 |73 254 | 3626 | 0.0420 53376 50464.71 | 0.945457
46 11504 |6 254 | 3571 | 00286 484832 | 4943002 | 1.019714
47 V124 |6 254 | 3902 | 00256 52486.4 | 5049176 | 0.961997

Gaston, J.

R. Sess, C.

P. and

Newmark,

N. M. ] 48

(1952) 152.4 342 | 254 30.82 0.01395 53153.6 52756.69 | 0.992533

Places and

Regan 49

(1971) 152.4 336 | 19.05 | 26.2 0.041 52486.4 53853.53 | 1.026047

Diaz de

Cossio

Roger and

Siess,

Chester P. | 50

(1960) 152.4 402 | 254 28 0.0335 53376 55802.69 | 1.045464
51 Y1504 | 604 | 254 | 2792 | 00335 500206 | 4910013 | 0.964078

Moody, K.

G. , e a
52

(1954) 152.4 341 | 254 36.68 0.0189 57824 56371.67 | 0.974884
53 |is04 | 341 | 254 | 257 0.0189 52064 50566.14 | 1.005781
4 11524 | 341 | 254 | 308 0.0189 51152 5430069 | 1.061555
5 li1s24 341 254 411 0.0189 53376 57980.28 | 1.086261
56 | 1504 | 341 | 254 | 239 0.0189 48928 51967.27 | 1.062117
57 Y1524 | 341 | 254 | 381 0.0189 60048 5688354 | 0.947301
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58 | 1504 | 341 | 254 | 202 0.0189 471488 | 5075759 | 107654
9 |is04 341 | 254 |377 0.0189 55600 56738.88 | 1.020483
60 | 1504 | 341 | 254 |373 0.0189 51152 5659459 | 1.1064
Mathey,
Robert  G.
and
Watsein,
David 61
(1963) 203.2 378 | 254 26.3 0.0046 54488 52188.92 | 0.957806
62 Y2032 378 |254 | 2578 | 00046 499288 | 5201645 | 1.041813
63 11504 436 | 1005 | 203 0.02 41597.6 | 43179.87 | 1038038
64 | 1504 49 | 1005 | 1787 |oo02 398541 | 41092.88 | 1031083
Ahmed,
Shuaib  H.
Khaloo, A.
R. and
Proveda, A. | 65
(1986) 127 4 12.7 66.12 0.0395 57824 56578.65 | 0.978463
66 | 107 4 127 16612 | 00173 46704 498251 | 1.066827
67 | 107 3 127 6612 | 00173 48928 53070.09 | 1.084657
68 | 107 2 127 16612 | 00173 55600 56526.42 | 1.016662
69 | 107 3 127 | 728 0.0503 68944 6689253 | 0.970244
0 |17 23 127 | 728 0.0219 64051.2 | 5942059 | 0.927705
1 107 23 127 | 699 0.0324 569344 | 6194838 | 1.088066
Kani, G. N.
J. (1967) 2 152.4 24 19.05 | 27.23 0.026 51441.12 | 52852.68 | 1.02744
73 115443 | 266 | 1005 | 2661 | 00263 50151.2 | 5207262 | 1.038313
4 115404 | 293 | 1905 | 2675 | 0.0264 51152 5131655 | 1.003217
Kani, G. N.
J. (1966) S Nispa | 148 1005 | 28 000496 | 547104 | 4989827 | 0.912044
76 11526 | 249 | 1005 |18 0.0077 436571 | 446415 | 1000548
77 Yis26 | 248 | 1905 |18 0.0077 461702 | 44669.68 | 0.9675
78 11534 | 201 | 1005 | 253 0.0076 487945 | 4824679 | 0.988775
9 1504 |25 | 1005 | 262 0.0077 45302.8 | 469865 | 1037165
80 |1504 |3 1905 | 2034 | 00185 48928 4665821 | 0.95361
8l 1554 | o298 | 1005 | 1627 | 00178 427008 | 45593.17 | 1.067736
82 11534 |54 | 1005 |18 0.0178 40032 3942392 | 0.98481
8 115113 | 248 | 1005 | 1813 | 00185 495507 | 4742006 | 0.957182
84 1536 |25 | 1005 | 184 001814 | 519506 | 4757041 | 0.91565
85 29.786
1524 |25 1905 |4 0018727 | 51374.4 | 5120455 | 0.996694
86 29.165
1524 |25 |1005 |85 0018727 | 542656 | 51002.68 | 0.939871
87 24.546
1524 Jas | 1905 |2 0018727 | 429232 | 4365343 | 1.017013
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83 25.166
1524 a5 | 1005 | 75 0018727 | 462502 | 4382622 | 0.947405
89 | 155.19 26.063
4 35 J1905 |1 0018202 | 449248 | 4704085 | 1.047302
90 | 154.68 33.923
6 5 1905 | 4 0017852 | 48750.08 | 44864.89 | 0.920304
o1 | 15341 34.612
6 244 | 1905 |9 0018026 | 56712 50889.67 | 0.932601
92 | 15392 34.612
4 293 J 1905 |9 0017966 | 51152 51310.23 | 1.003093
93 | 153.16 34.612
2 394 1905 o 0018205 | 47260 4814032 | 1.018627
94 | 150.36 35.991
8 248 | 1905 |9 0018351 | 53376 530201 | 0.993332
Chana, P. s | 15011
S. (1981) 4 3 14.986 | 45507 | 0.016184 | 46383.74 | 50199.06 | 1.082256
96 | 199.89 19.989 [ 39.701
8 3 8 41 0017968 | 54995.07 | 58394.00 | 1.061806
Elzanty,
Ashraf H.,
Nilson,
Arthur  H. 97 | 19989 19989 | 30.701
(1986) 8 3 8 41 0.017968 | 55995.87 | 58394.09 | 1.042829
98 1778 |4 127 | 20685 | 0.012016 | 44480 3977521 | 0.804227
9 1778 |4 127 | 30901 | 0012016 | 462502 | 4497644 | 097207
100 65.502
1778 | 4 127 s 0012016 | 582688 | 52906.99 | 0.907982
101 L1778 |6 127 | 63434 | 0012016 | 435004 | 4602474 | 1055846
M ean 1.003
Coe.of
varation
20.90%
Where:

bin mm, a/d in mm/mm, dain mm, fc' in Mpa, p in mm2/mm2, Vcin N,
Vc exp=experimental shear strength value, Vc cal= calculated by presented shear strength model.

Mudel Plot for tenth order polynomial (Ve ve.fc)
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Figl: Model Plot for Tenth Order polynomial Equation(Vc vs.fc)
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Residual Error for Equatian Tenth arder polynarmial
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Model Plot for Tenth Order Polynomial (Vc vs.a/d)
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Residual Eror for Equation Tenth order polynomial
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Fig7: Model Plot for Fourth order logarithm (Vc vs. da)
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Fig8: Residual Scatter Plot

Fig.9: Residual Normal Probability Plot
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Fig.10: Mode Plot for Tenth Order Polynomial (Vcvs. p)
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Fig.11: Residual Scatter Plot

Fig.12: Residual Nor Figl2: Residual Normal Probability Plot.

Fig.13: Mode Plot of shear strength included all factors.
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Fig.14: Residual Scatter Plot

Fig.15: Residual Nor mal Probability Plot
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