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ARTICLE

Fixed Point Theorems in Generalized Banach Spaces
With Various Contraction Conditions and Weakly

a— Contraction

Wesam N. Khuen

Department of Mathematics, University of Al-Qadisiyah, Diwaniyah, Iraq

Abstract

In this paper we introduce some fixed point theorems type contractions on generalized Banach space and we introduce
a class of weakly a— contraction mappings. And we showed that these mappings must have unique fixed points in

generalized Banach space.

Keywords: Fixed point, Generalized banach space
1. Introduction

anach's contraction mapping theorem is well-
known as one of the most important conclu-
sions of functional analysis.
A mapping F:H — H where (H,d) is a metric
space, is said to be a contraction if there exists 0 <
k < 1 such that, for all x, y€H,

d(Fx,Fy) < kd(x,y) (L1)

The mapping fulfilling (1) has a unique fixed point
if the metric space (H,d) is complete. F is continuity
is implied by inequality (1). A natural question is
whether contractive conditions can be found that
imply the existence of a fixed point in a complete
metric space but not continuity.

See [1-3,6,8,9] Many researchers have proven the
oneness and uniqueness of the fixed point in many
conditions.

Kannan [4,5] Concluded the following conclusion,
in which the positive response to the following
question was provided.

If F:H — H where (H,d) is a complete metric

space, satisfies the inequality
d(Fx, Fy) < k[d(x,Fx) +d(y, Fy)] (12)

where k€ [0, 1)

In 1972, Chatterjea [9] introduced the dual of the
Kannan contraction condition.

d(Fx,Fy) <b[d(x,Fy)+d(y,Fx)],forallx,yeH, (1.3)

where b € [0, 1)
For shortcut we put the following code in place of
the names:

1.1. U.E.P.: unique fixed point

Definition 1.1. [7]If M nonempty is a linear
space havings > 1, let||. || dnotes a functon from linear
space M into R that satisfies the following axioms:

1. for all x€M |jx| > 0,||x || =0 if and only if x =
0;

2. for all x,y €M, [x + v || <s[llx | + Iy

3.for all xeM,a€R, ||ax | = |af [|x[;

(M, ||. || ) is called generalized normed linear space. If
fors =1, it reduces to standard normed linear space.

Definition 1.2. [7]JA Banach space (M,]|.||) is a
normed vector space such that M is complete under
the metric induced by the ||. ||.

Definition 1.3. [7]A linear generalized normed
space in which every Cauchy sequence is conver-
gent is called generalized Banach space.
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Definition 1.4. [7]Let (H, ||.|]) be a generalized
normed space then the sequence {u,} in H is called,

1. Cauchy sequence iff for each &) 0, there exist
n(e) € N such that for all m,n > n(e) we have
[tn — [ (e

2. Convergent sequence iff there exist u€ H such
that for all £ > 0, there exist n(¢) € N such that
for every n > n(e) we have ||u,—u || (e.

Definition 1.5. [10]JA mapping F:H — H where
(H,||.]|) is generalized Banach space is said to be
weakly contractive if

1Ex = Fy|| < llx =yl = ¥(llx=ylD), (1.4)

where ,y€H, ¢ :[0,00) — [0,00) is continuous and
nondecreasing, y(x) =0 if and only if x =0 and
Iim¢ = .

If we take y(x) =zx where 0 < z < 1 then (4) re-
duces to (3).

Lemma 1.1. .[6]Let (H,||.||) be a generalized Banach
space with a real number s > 1, and F self-mapping
on H, assume that {u,} is a sequence in H defined
by 4,41 = Fu, if,

-ty || <o ||thy-1 — y]|, forallneN (1.5)

where « €[0,1), 0 <sa<1. Then {u,} is a Cauchy
sequence and is a converges to some u* € H as n—
+ 0.

2. Main result

Theorem 2.1. Let (H,||.||) be a generalized Banach
space with a real number s > 1 and F : H—H such
that,

[[Fu — Fol| < af [ju— Ful| + [jv — Fo[|] + B[||u - Fo||

+lo—Foll), @1)

where «, 3 > 0 such that o + 8s< Tl for all u,ve H.
Then F has a U.F.P.

Proof: Let ug arbitrary in 4 and we'll show that
{u,},o is Cauchy sequence, such that,

U, =Fu,_ = F'up,forall neN, (2.2)
([0 — i1 || = || Ftt—1 — Fuy |

< af [[ty1 — Fuy ||+ ||t — Fuy ||] + B[||t4n -1 — Fuss|
+ [ty — Fua 1]

= a [[un1 — | + [t — vy [|] + Bl b1 — sy |
+ {14 — 1]

([t =t || < |ty — ]| + e[t — s || + Bl

— Uy ||

< aHunfl 7”?!” Jr‘)‘Hun 7un+1H +65[Hun4 7”?!”
+ [t — 1 |]

< aflupg — || + af|tty — wpga || + Bst 1 — u|

+ﬁ5||un_un+l”
(1= (a+0s)) [|tn —thpsal| < (a+B5) [[th1 — thn |

[y — i1 || <k ||y_1 —uy||,in which k

_ a+fs
11— (a+Ps)

By lemma (1.1) we can draw the conclusion that
{u} is a Cauchy sequence in (H, ||.||). As (H, ||.||) is a
generalized Banach space, {u,} is a converges to
some u* €H as n— oo.

We show that, u* is the fixed point of F.

<1 (2.3)

" —Fu' | < s " —thasa | + it — Fu ]

<"~ ttpsa | + [[Futy — Fuc'|

" —Fu' | <s " —ttnen | +5 f ey — Fug ]| + 1" — Fu”|]
5 Bty — Fu’ | + 1" — |

= s lu" — tgal| -l — s |+ " — Fuc'|]

58 [ty — ' + [l — Fu” ] + 8 1" — ]

=s||u" —tpa| + 5 aljt, — ||+ allu” — 1w,

+salju’ —Fu'|
+8%6 ||un — 10" || + 526 [[u” — Fu" || + 56 [[u” — 1|
(1-s*8—sa) |lu" —Fu'|| <s(1+sa+8) || —tpul|

+5(a+6) |ty — ||

* * 1+ + *
I =l < e
2
g ] 24

In (2.4) taking lim we get lim|u" — Fu'|| =
OFM* — u*. n—oo n—oo

We proved u" is the fixed point of F.

Now, we have to show that, u* is U.F.P. of F.

Suppose that v* is another fixed point of F then,
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Fo*=v*and |[u" —v"||=||[Fu" — Fv'||

< af [’ —Fu'[|+*||o" — Fo|]
+HB[*[|u” — Fo'|| + [Jo” — Ful]]
= of|[u” —u | +*[[o" —oll] + Bll[u" —v"|| + 0" — ]

|u" —v*|| <2 B|lu" —0v*|, which is a contradiction.
There fore ||u* — v*|| =0 u" =7,
hence u" is the U.F.P.

Example 2.1.1. Let = {i, j, k}, and let
Il : HxH —[0,4+o0) be a mapping that fulfills, the
business condition (2.1), for all x,y€H,|x —y | = 0,

where x =y,

. T S A | .
===l =5l =kl = llk—i] =, llk—7ll
. 5

=ikl ==

Then (H, ||.||) be a generalized Banach space with
a coefficient s = 5 >1. Consider mapping F: H —
H, define by F(i) = i,F(j) =i,F(k) =j

Let a =4 and =+, + s 8(%, now we will verify
the condition (2.1).

It have the following case to, ||[Fu—Fv|| =0 the
condition (2.1) holds.
||[Fu — Fv||#0, we have the following there cases,

|1Fu — Fo| < af||u — Ful| +v [|v - F[]] + 6[||u — Fo|
+|lv—Fol]

Case 1. u =i,v = j, we can get |[Fu — Fv|| =0, then

[[Fu — Fol| <af [ju— Ful| + [jv — Fol|] + B[||u - Fo||
+ [[v = Fol]

0=t |04 1| 4 [0 | o =2
4 3 6 3] 12 18 36

therefore, the condition (2.1) holds.

Case 2. u =i,0 =k, we can get |[Fu — Fo|| = %, then

[[Fu — Fol| <l [ju— Ful| + [jv — Fol|] + [||u - Fo||

+|lv—Fol]
1_17,,57,171 .57 5 1 9
374 6] 616 6] 24 6 24

therefore, the condition (2.1) is holds.

Case 3. u =j,v =k, we can get |[Fu — Fv|| =, then

|[Fu— Fol| <af [|u—Ful| + [lo— Fol[] + B[[|u — Fo|

+ [[v — Fol]
1 11 5] 1[ 5] 7 5
S VIR N [ ) [
3_4[3+6}+6{0+6] 2 36 P

thus, the condition (2.1) holds.

We proved that condition (2.1) is fulfilled in all
case.

Then F has a UF.P,, u" = i such that (F(i) = i).

2.1. The following are the corollaries of Theorem 2.1

Corollary 2.1. Let (H,||.||) be a generalized Banach
space with a real number s > 1, and F : H—H, such
that,

|Fu — Fo|| < a max|||u — Ful|, |v — Fo||] + 8 min

(| — Fo||, ||v — Fo|] (2.5)

where a, 8 > Osuchthat0 < o,8< 1, forallu,veH,
then F has a U.F.P.

Definition 2.2. (weak o.— contraction)

Let (H, ||.||) be a G.B.S. with a rail number s > 1, and
F: H—H is said to weakly a— contraction, for all x,
YyEH,

[0
IFx— Fyll <2 [Jx— Fyl| +x |}y — Fl|

— b(llx—Fyll, ly — Exl)), (2.9)

and 0 < o <~

Where ¢ : (R xR" ) > R" is a continuous mapping
in order for ¢(x,y) =0if and only if x =y = 0.

If we take ¢ (x,y) = 0, where 0 < o < then (2.9)
reduces to (2.8).

Theorem 2.2. Let F : H— H where (H,||.||) is a G.B.S.
be a weak a— contraction. Then F has a U.F.P.

Proof. Let u arbitrary in H and we will show that
{un} ;. is Cauchy sequence, such that

un=Fun —1=F'ug,forall neN,

we assume u, #u, 1 for all neN,
putting x =u,_1 and y = u, in (2.9), for all n = 0,1,
2.

”un 7un+lH = Hpunfl 7Pun||

o
< 'y (1|t — Ft || + (|4 — Ftn||]] = ¢ (||t 1
— Fuy ||, |lu — Fuy 1 ||)
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= [l =il + lft =l [ = ¥ (2 = i1 [,

o
S
[l — 1] )
o
= =t =y ([[tn-1 —wn1a]|,0)

sa
it =t < 5 ot =]+t — 1]

Hun _un+l|| <o [Hunfl _unll +1Hun _un+||]

(al*)”un *un+l|| <a Hun—l *unH

[0 o
Il — v | §1 lt4,-1 — ||, where 1 (1

- -
From By lemma (1.1) we can draw the conclusion

that {u,} is a Cauchy sequence in (H, |.||). As (H, ||.]|)

is a G.B.S,, {u,} is a converges to some u* € H asn—

0.

We'll prove that Fu* = u*.

[ — Fu’|| < s[ | — s || +*[lttu1 — Ful]

[ = Fu | <s[ " — || + || Foty — Fu”| ]

* [24 * *
Ss[llu = ||+ [llot = Fu' || + [l — Fua ]

. . 10)
—V(l[un — Fu ||, || — Fuy|])

by taking the limit as n — + oo, using (2.10) and
continuity of ¢ we obtain that,

" = Fu' )| <2 ' = Fa | = 0, " ~ ')
<afu’ |

which is a contradiction (0 < o0 < ), |[u” —Fu’|| =
0, hence Fu" = u".

Now show that u" is U.F.P., suppose that, " and
v*are different fixed points of F.

[ —"|| = ||[Fu” — Fol|

<— [l —F"|[ + 0" = Fu"|| ] =y (|| — Fo"]],

[o" —Fu’])

o
S

o
=~ [l ="+ 0" —wll] = v (" = 0[], []o" =2}

2u
[ STIIu* — 0| = ([l = 0"[|, *[[o" —ul]).

Which by property of ¢y = 0, which is a

contradiction.
On him ||u" —v"|| =0, thatis u" = v".
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