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ORIGINAL STUDY

Weakly and Strongly Forms of Fibrewise Fuzzy
u-Topological Spaces

Mohammed A. Hussein*, Yousif Y. Yousif

Department of Mathematics, College of Education for Pure Science (Ibn Al-haitham), University of Baghdad, Baghdad, Iraq

Abstract

This paper is devoted to introduce weak and strong forms of fibrewise fuzzy u-topological spaces, namely the
fibrewise fuzzy q-u-topological spaces, weakly fibrewise fuzzy q-u-topological spaces and strongly fibrewise fuzzy q-u-
topological spaces. Also, Several characterizations and properties of this class are also given as well. Finally, we focused
on studying the relationship between weakly fibrewise fuzzy q-u-topological spaces and strongly fibrewise fuzzy q-u-
topological spaces.

Keywords: Weakly fibrewise fuzzy q-u-topological spaces, strongly fibrewise fuzzy q-u-topological spaces

1. Introduction and preliminaries

I n order to began the category in the classification
of fibrewise (shortly., fw) sets on a given set,

named the base set, which say B. A fw set on B
consist of a set M with a function p : M / B that is
named the projection (shortly., proj.). The fibre over
b for every point b of B is the subset Mb ¼ p�1ðbÞ of
M. Perhaps, fibre will be empty because we do not
require p is surjective, also, for every subset B* of B
we consideredMB* ¼ p�1(B*) as a fw set over B* with
the projection determined by p. The concept of fuzzy
sets was introduced by Zadeh [18]. The idea of fuzzy
topological spaces was introduced by Chang [6]. The
concept of fuzzyu-continuity, fuzzy almost
u-continuous and fuzzy weakly u-continuous in to-
pological spaces was introduced by Gazwan [1]. In
this paper, we introduce and study seven weak and
strong forms of fibrewise fuzzy topological spaces,
called fibrewise fuzzy u-topological spaces, fibrewise
fuzzy almost u-topological spaces, fibrewise fuzzy
almost weakly u-topological spaces, fibrewise fuzzy
weakly q-u-topological spaces, fibrewise fuzzy q-u-
topological spaces, fibrewise fuzzy strongly q-u- to-
pological spaces and fibrewise fuzzy almost strongly
u-topological spaces, we study their basic properties

and we shall discuss relationships between weakly
fibrewise fuzzy q-u-topological spaces and strongly
fibrewise fuzzy q-u-topological spaces, we built on
some of the result in Refs. [3,4,15e17] (see Fig. 1).

Definition 1.1. [7,8] A mapping w : M / N, where
M and N are FW sets over B, with proj.’s pM : M / B
and pN : N / B, is said to be FW mapping (written
as FW-M) if pN+w ¼ pM, or wðMbÞ⊆Nb, for all point
b2B.
Observe that a FW-M w : M / N over B limited by
restriction, a FW-M w : MB*/ NB* over B* for all
subset B*⊆B.

Definition 1.2. [8] The fibrewise topology (written as
FWT) on a FW set M over a topological space ðB; sÞ
signify any topology on M for which the proj. p is
continuous (written as FWTS).

Definition 1.3. [8] Let M and N be FWTS's over B,
the FW-M w : M / N is said to be:

(a) continuous if b2B and for all point m2Mb,
the pre image of all open set of wðmÞ is an
open set of m.

(b) open if b2B and for all point m2Mb, the
image of all open set of m is an open set of
wðmÞ.
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Definition 1.4. [8] The FWTS ðM; tÞ over ðB;sÞ is
said to be:

(a) FW closed (written as FWC) if the proj. p is
closed mapping.

(b) FW open (written as FWO) if the proj. p is
open mapping.

Definition 1.5. [18] assume that M is a nonempty
set, a fuzzy set m inM is a mapping cm : M/ I where
I is the closed unite interval ½0; 1� which is written as:

m¼��
m;cmðmÞ� :m2M;0�cmðmÞ�1

�
;

The family of each fuzzy subsets in M will be
symbol by IM thus is IM ¼ fm : m is fuzzy subset of mg
and cm is called the membership function.

Example 1.6. [12] We will suppose a possible
membership function for the fuzzy set of real
numbers close to zero as follows, cm : Rd/ ½0; 1�,
where

cmðmÞ¼ 1
1þ �

m� 102
�;cm2R

Definition 1.7. [18] A fuzzy set in M is empty
denoted by 0m, if its membership function is iden-
tically the zero function, i.e.,
0m : M/½0; 1� s.t 0mðmÞ ¼ 0 cm2M.

Definition 1.8. [18] A universal fuzzy set in M,
denoted by 1m, is a fuzzy set defined as 1mðmÞ ¼ 1 c
m2M.

Definition 1.9. [18] Let m; l2IM. A fuzzy set m is a
subset of an fuzzy set l, denoted by m � l iff mðmÞ �
lðmÞ, cm2M.

Two fuzzy sets m and l are said to be equal (l¼ mÞ
if lðmÞ ¼ mðmÞ, cm2M.

Definition 1.10. [18] Let l and m be fuzzy sets in M:
Then, for all m2M;
j ¼ l∨m ⇔ jðmÞ ¼ max flðmÞ; mðmÞg,
d ¼ l∧m ⇔ dðmÞ ¼ min flðmÞ;mðmÞg ,
h ¼ lc ⇔ hðmÞ ¼ 1� lðmÞ.

More generally, for a family L ¼ fli j i2Ig of
fuzzy sets in M, the union j ¼ ∨ili and intersection
d ¼ ∧ili are defined by
jðxÞ ¼ supi fliðmÞ j m2Mg,
dðxÞ ¼ inf i fdiðmÞ j m2Mg.

Definition 1.11. [6] A fuzzy topology is a family t of
fuzzy sets in M; which satisfies the following
conditions:

(a) 0, 1 2 t;
(b) If l, m 2 t, thus l ∧ m 2 t;
(c) If li 2 t for all i 2 I, thus ∨ i li 2 t.

(M, t) is said to be fuzzy topological spaces and each
member of t is named fuzzy open set on M and its
complement is fuzzy closed set.

Definition 1.12. [10] A fuzzy set on M is named a
fuzzy point iff it takes the value 0 for each y2M
except one, say, m2M. If its value at m is r
(0 < r � 1Þ we denote thus fuzzy point by mr , when
the point m is named its support.

Definition 1.13. [6,14] Let m be a fuzzy set and let
ðM; tÞ be a fuzzy topological space. m is a fuzzy
neighborhood of a fuzzy point mr if there exist a
fuzzy open set n since r � nðmÞ � mðmÞ, c m 2 M.

Definition 1.14. [6] assume that (M, t) is a fuzzy
topological space as well m2IM. The fuzzy closure
(fuzzy interior) of A is symbol by cl(m) (int(m)) is
defined by:
cl(m) ¼ ∧ { l c 2 t, m � l}
int(m) ¼Z { x 2 t; x� m}.

Evidently, cl((m) (resp., int(m)) is the smallest fuzzy
closed (resp., largest fuzzy open) subset of M which

Fig. 1. Relationships between weakly fibrewise fuzzy q-u-topological spaces and strongly fibrewise fuzzy q-u-topological spaces.
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contains (resp., contained in) m. Note that m is fuzzy
closed (fuzzy open) iff m ¼ cl(m) (resp., int(m)).

Definition 1.15. [6] assume that f: M /N is a map-
ping. For a fuzzy set b in N and membership func-
tion b(n). The inverse image of b under f is the fuzzy
set f�1 (b) in M with membership function is deno-
ted by the rule:

f�1ðbÞ ðmÞ¼b
�
f ðmÞ�;cm2M: ð1Þ

For a fuzzy set l inM, the image of l under f is the
fuzzy set f ðlÞ in Bwith membership function f ðlÞðnÞ,
n2N is given by

f ðlÞ ðnÞ¼

8><
>:

sup
m2f�1ðnÞ

fðlðmÞg; if f�1ðnÞ nonempty

0 otherwise

ð2Þ

Definition 1.16. [2] Assume that mr is a fuzzy point
and m a fuzzy set in M. Then mr is said to be in m or
(belong to m) or (mr content in m) denoted mr 2 m if
and only if r � mðmÞ, for all m 2 M

Definition 1.17. [9,19] The set fm : m2M;mðmÞ
> 0g is called the support of m and is denoted by
Supp(m)

Definition 1.18. [10] A fuzzy point mr is said to be
quasi-coincident with m denoted by mrqm if there
exist m2M such that rþ mðmÞ> 1, if mr is not quasi
coincident with m, then r þ mðmÞ � 1 cm2M and
denoted by mr ~qm.

Definition 1.19. [10] A fuzzy set m in ðM; tÞ is called
a 00Q-neighborhood of ml

00 iff dn2t such that
mlqn<m.

The family of all Q-nbhd,s of ml is called the
system of Q-nbhd,s of ml.

Definition 1.20. [2] Fuzzy regular space if for each
fuzzy point mr in M and each fuzzy closed set F with
mr~qF there exists fuzzy open m; l in M such that r �
mðmÞ , FðmÞ � lðmÞ c m 2 M and ~ql .

Definition 1.21. [11] A fuzzy set m is fuzzy q-closed if
m ¼ clq (m) ¼ {mr fuzzy point in ðM;tÞ: (cl (n)) q m, U is
fuzzy open q-nbd. of mr}. The complement of fuzzy
q-closed called fuzzy q-open set.

Definition 1.22. [14] Let m be a fuzzy set in a fuzzy
topological space ðM; tÞ is named a fuzzy uncount-
able iff supp(m) is an uncountable subset of M.

Definition 1.23. [1] A fuzzy point mr of a fuzzy to-
pological space ðM; tÞ is named a fuzzy

condensation point of m on M if min{mðmÞ, lðmÞ}is
fuzzy uncountable for each fuzzy open set l con-
taining mr. And the set of all fuzzy condensation
point of m is denoted by Cond (m)

Definition 1.24. [1] A fuzzy subset m in a fuzzy to-
pological space (M; tÞ is called a fuzzy u-closed set if
it contains each its fuzzy condensation point. The
complement fuzzy u-closed sets are called fuzzy
u-open sets. And the family of all fuzzy u-open
(resp.fuzzy u-closed) sets in a fuzzy topological
space (M; tÞ will be denoted by f. u-open (resp.
f:u-closed).

Definition 1.25. [1] Assume that m is a fuzzy set of a
fuzzy topological space ðM; tÞ then The u-closure of
m is symbol by cluðmÞ and known that by clum
(m) ¼ inff FðmÞ : F i s a fuzzy u-closed set in,
ðmÞ� FðmÞg .

Definition 1.26. [1] For a fuzzy topological space
ðM; tÞ is named a fuzzy u-regular space when all
fuzzy u-closed subset m in M so well a fuzzy point

mr in M so that mr q
z}|{

m, there exists two fuzzy u-
open sets l and n such that r � lðmÞ, mðmÞ � nðmÞ
and l q

z}|{
n

Definition 1.27. [6] A mapping f : ðM; tÞ/ðN;LÞ is
said to be

(a) fuzzy continuous (briefly f. continuous) if the
inverse image of every fuzzy open set of N is a
fuzzy open set in M.

(b) fuzzy open (briefly f. open) map if the image of
every fuzzy open set of M is a fuzzy open set in
N.

(c) fuzzy close (briefly f. close) map if the image of
every fuzzy close set of M is a f. close set in N.

Definition 1.28. [13] A mapping f : ðM; tÞ/ðN;LÞ
is said to be Fuzzy q-continuous (f. q.continuous, for
short) if for each fuzzy point m in ðM; tÞ and each
fuzzy open q-nbd. v of fðmÞ, there exists fuzzy open
q-nbd. u of m so that pðclð uÞÞ � clðvÞ.
Definition 1.29. [1] A mapping f : ðM; tÞ/ðN;LÞ is
said to be

(a) Fuzzy u-continuous at a fuzzy point m2M when
all fuzzy open subset l in N contains f (m) there
exists a fuzzy u-open subset m on M which
contains m so that fðmÞ � l so well f is called
fuzzy u-continuous if it is fuzzy u-continuous at
every fuzzy point.

(b) Fuzzy almost u-continuous at a fuzzy point m2
M when all fuzzy open subset l in N contains f
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(m) there exists a fuzzy u-open subset m of M
which contains m so that fðmÞ � intðclðlÞÞ so well
f is named fuzzy almost u-continuous if it is
fuzzy almost u-continuous at every fuzzy point.

(c) Fuzzy weakly u-continuous at a fuzzy point m2
M when all fuzzy open subset l in N contains f
(m) there exists a fuzzy u-open subset m of M
which contains m so that fðmÞ � clðlÞ so well f is
named fuzzy u-continuous if it is fuzzy u-
continuous at every fuzzy point.

2. Weakly fibrewise fuzzy q-u-topological
spaces

In this section, we study the weakly fibrewise
fuzzy q-u-topological spaces and some theorems
concerning them.
First, we introduced the following definition.

Definition 2.1. A mapping f : ðM; tÞ/ðN;LÞ is said
to be fuzzy almost weakly q-u-continuous (briefly, f.
almost weakly q-u-continuous) if in a fuzzy point
m2M when all fuzzy open subset l in N contains f
(m) there exists a fuzzy u-open subset m of M which
contains m so that fðmÞ � clðlÞ so well f is named
fuzzy almost weakly u-continuous if its fuzzy almost
weakly u-continuous at every fuzzy point.

Definition 2.2. A mapping f : ðM; tÞ/ðN;LÞ is said
to be fuzzy q-u-continuous (briefly, f. q-u-conti-
nuous) at a fuzzy point m2M when all fuzzy open
subset l in N contains f (m) there exists a fuzzy u-
open subset m of M which contains m so that
fðcluðmÞÞ � clðlÞÞ as well f is named fuzzy q-u-
continuous if its fuzzy q-u-continuous at every fuzzy
point.

Definition 2.3. A fuzzy set A is fuzzy q-u-closed if
A ¼ cluq (A) ¼ {p fuzzy point in ðX;tÞ: (clu (U)) q A, U is
fuzzy u-open q-nbd. of p}. The complement of fuzzy
q-u-closed called fuzzy q-u-open set.

Definition 2.4. A mapping f : ðM; tÞ/ðN;LÞ is said
to be fuzzy weakly q-u-continuous (briefly, f. weakly
q-u-continuous) if in a fuzzy point m2M when all
fuzzy open subset l in N contains f (m) there exists
a fuzzy q-u-open subset m of M which contains m so
that fðmÞ � clðlÞ so well f is named fuzzy weakly
q-u-continuous if its fuzzy weakly q-u-continuous at
every fuzzy point.

Definition 2.5. Let ðB; sÞ be a fuzzy topological
space the fibrewise fuzzy u-topological spaces,
fibrewise fuzzy almost weakly u-topological spaces,
fibrewise fuzzy almost u-topological spaces, fibre-
wise fuzzy weakly q-u-topological spaces and
fibrewise fuzzy q-u-topological spaces (briefly, FWF

u-top. sp., FWF almost weakly u-top. sp., FWF
almost u-top. sp., FWF weakly q-u-top. sp. and FWF
q-u-top. sp.) on a fibrewise set M over B mean any
fuzzy topology on M which of them the projection
function p are fuzzy u-continuous, fuzzy almost
weakly u-continuous, fuzzy almost u-continuous,
fuzzy weakly q-u-continuous and fuzzy q-u-
continuous (briefly, f. u-continuous, f. almost
weakly u-continuous, f. almost u-continuous, f.
weakly q-u-continuous and f. q-u-continuous).

Theorem 2.6. The FWF topological space ðM; tÞ over
ðB; sÞ is FWF u-top. sp., then it is FWF almost u-top.
sp.

Proof. Assume that ðM; tÞ is a FWF u-top. sp. over
ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. u-contin-
uous. It suffices to demonstrate that p is f. almost u-
continuous. Assume that m2Mb; b2B and, m is a
fuzzy open set contains pðmÞ in B. Since p is f. u-
continuous, there is a f. u-open set l containing m so
that pðlÞ � m. Thus, intðmÞ � m and m � clðmÞ. Then,
intðmÞ � clðmÞ and intðintðmÞ� intð clðmÞÞ. It follows
that, p ðlÞ � intð clðmÞÞ. Therefore pðlÞ � intð clðmÞÞ.
So, p is f. almost u-continuous. Hence ðM; tÞ is FWF
almost u-top. sp.

We can prove the same way by used property of
fuzzy interior and fuzzy closure set.

The converses does not hold as we show by the
following examples:

Example 2.7. LetM ¼ fa;b;cg, B ¼ fx;y;zg, t ¼ f0; 1;
m1;m2;m3g where
m1 ¼ fða; 0:1Þg
m2 ¼ fðb; 0:2Þg
m3 ¼ fða; 0:1Þ; ðb; 0:2Þg
And let s ¼ f0;1; lg, where l ¼ fðz; 1Þg be the fuzzy
topologies on set M and B respectively and let the
projection function p : ðM; tÞ /ðB; sÞ be the fuzzy
function as pðaÞ ¼ pðbÞ ¼ pðcÞ ¼ z. Let l ¼ fða; 0:1Þg
fuzzy open in M and n ¼ fðb; 0:2Þg. Then,
pðclfðb; 0:2ÞgÞ � clfða; 0:1Þg but pðfðb;
0:2ÞgÞFintðclðfða;0:1Þg. Then, ðM; tÞ is FWF q-u-top.
sp. but not FWF almost u-top. sp.

Example 2.8. LetM ¼ fa;b;cg, B ¼ fx;y;zg, t ¼ f0; 1;
m1;m2g where
m1 ¼ fða; 0:3Þ; ðb; 0Þ; ðc; 0:5Þg
m2 ¼ fða; 0:7Þ; ðb; 1Þ; ðc; 0:5Þg
And let s ¼ f0;1;lg, where l ¼ fðx; 0Þ; ðy; 0:3Þ; ðz; 1Þg
be the fuzzy topologies on set M and B respectively
and let the projection function p : ðM; tÞ /ðB; sÞ be
the fuzzy function as pðaÞ ¼ y, pðbÞ ¼ x, pðcÞ ¼ z. Let
h ¼ fða; 0:5Þ; ðb; 0:5Þ; ðc; 0:5Þg fuzzy q-u-open in M
and n ¼ fða; 0Þ; ðb; 0:3Þ; ðc; 0:5Þg is fuzzy open in B.
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Then, pðhÞ � clðnÞ but pðclðhÞÞ⩽clðnÞ. Then, ðM; tÞ is
FWF weakly q-u-top. sp. but not FWF q-u-top. sp.

Example 2.9. In Example 2.6, ðM; tÞ over ðB; sÞ is a
FWF weakly q-u-top. sp., but is not FWF u-top. sp.
Moreover, ðM; tÞ over ðB; sÞ is FWF weakly q-u-top.
sp., but is not FWF almost u-top. sp. Moreover,
ðM; tÞ over ðB; sÞ is FWF almost weakly u-top. sp.,
but is not FWF q-u-top. sp., and not FWF u-top. sp.

Example 2.10. Let ¼ fa; bg; B ¼ fx; yg, t ¼
f0; 1;m1;m2;m3g where
m1 ¼ fða; 0:9Þ; ðb; 0:7Þg
m2 ¼ fða; 1Þ; ðb; 0:9Þg
m3 ¼ fða; 0: 11Þ; ðb; 0:31Þg
And let s ¼ f0; 1; lg, where l ¼ fðx; 0:11Þ; ðy; 0:31Þg
be the fuzzy topologies on set M and B respectively
and let the projection function p : ðM; tÞ /ðB; sÞ be
the fuzzy function as pðaÞ ¼ x, pðbÞ ¼ y. Let h ¼
fða; 0:7Þ; ðb; 0:4Þg fuzzy u-open in M and n ¼
fða; 0:11Þ; ðb; 0:31Þg is fuzzy open in B. Then, pðhÞ �
intðclðnÞÞ but pðhÞÞFn. Then, ðM; tÞ is FWF almost
u-top. sp. but not FWF u-top. sp. Moreover, ðM; tÞ is
FWF almost weakly u-top. sp. but not FWF almost
u-top. sp.

Lemma 2.11. [1] A fuzzy topological space ðM; tÞ is
fuzzy u-regular if and only if for all fuzzy point m in
M and all fuzzy u-open m containing m, there exists
fuzzy u-open set l such that m2l � cluðlÞ � m.

Theorem 2.12. Let ðM; tÞ be a fuzzy u-regular space.
The FWF topological space ðM; tÞ over ðB; sÞ is FWF
almost weakly u-top. sp., then it is FWF q-u-top. sp.

Proof. Let ðM; tÞ be a FWF almost weakly u-top. sp.
over ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. almost
weaklyu-continuous. It suffices to demonstrate that p
is f. q-u-continuous. Assume that m2Mb; b2 B so
well, m is a fuzzy open set containing p ðmÞ in B. Since
p is f. almost weakly u-continuous, there exists is a f.
u-open set l containing m such that pðlÞ � clðmÞ.
Because ðM; tÞ is a fuzzy u-regular space, by Lemma
2.12, there is h fuzzy u-open in Mb, b2B so that m2
h � cluðhÞ � l. Therefore, pðcluðhÞÞ � clðmÞ. Then, p is
f. q-u-continuous. Then ðM; tÞ is FWF q-u-top. sp.

Corollary 2.13. Let ðM; tÞ be an fuzzy u-regular
space. The FWF topological space ðM; tÞ over ðB; sÞ
is FWF almost weakly u-top. sp. if and only if it is
FWF q-u-top. sp.

Theorem 2.14. Assume that f : ðM; tÞ /ðN;LÞ is a
f. u-continuous fibrewise surjection function, when
ðM; tÞ so well ðN;LÞ are FWF topological spaces on

ðB; sÞ. If ðN;LÞ is a FWF almost weakly u-top. sp.,
then ðM; tÞ is so.

Proof. Assume that m2Mb, b2B and l be a fuzzy
open set containing pMðmÞ in B, since pN is f. almost
weakly u-continuous, there exists is a fuzzy open set
m containing fðmÞ in Nb, b2B such that
pNðmÞ � clðlÞ. Since f is f. u-continuous, then for
each m2Mb, b2B and each fuzzy open set m of
fðmÞ ¼ n2Nb in N, there exists a f. u-open h of m
in Mb, b2B such that f ðhÞ � m. Thus, pN ðfðhÞÞ
� pN ðmÞ. And, pM ¼ ðpN+fÞh � pNðhÞ. Then,
pMðpN+fÞh � clðlÞ. Thus, pM f. almost weakly u-
continuous. Hence, ðM; tÞ is FWF almost weakly
u-top. sp.

Theorem 2.15. Let ðM; tÞ be a fuzzy u-regular space.
The FWF topological space ðM; tÞ over ðB; sÞ is FWF
weakly q-u-top. sp., then it is FWF u-top. sp.

Proof. Assume that ðM; tÞ is a FWF weakly q-u-top.
sp. over ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f.
weakly q-u-continuous. It suffices to demonstrate that
p is f.u-continuous. Letm2Mb; b2B and, m be a fuzzy
open set containing p ðmÞ2B. Where M is a f. u-
regular space there is a fuzzy open set m12Mb so that
p ðmÞ2m1. And, clðm1Þ � m where p is f. weakly q-u-
continuous, there is an f. u-open set l containing m
such that pðlÞ � clðm1Þ. It follows that, pðlÞ � m.
Therefore, p is f. u-continuous. Thus, ðM; tÞ is FWF
u-top. sp.

Corollary 2.16. Assume that ðM; tÞ is a fuzzy
u-regular space. The FWF topological space ðM; tÞ
over ðB; sÞ is FWF weakly q-u-top. sp. if and only if it
is FWF u-top. sp.

Theorem 2.17. The FWF topological space ðM; tÞ
over ðB; sÞ is fuzzy u-regular space. If ðM; tÞ is FWF
q-u-top. sp., then it is FWF almost u-top. sp.

Proof. Assume that ðM; tÞ is a FWF q-u-top. sp. over
ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. q-u-
continuous. It suffices to demonstrate that p is f.
almost u-continuous. Let m2Mb; b2B and, m be a
fuzzy open set containing p ðmÞ in B. Because p is
q-u-continuous, there exists is a f. u-open set h con-
taining m such that p ðcluðhÞÞ� clðmÞ. Because
intðclðmÞ� clð mÞ, then p ðcluðhÞÞ� intðclðmÞÞ � clðmÞ,
then p ðcluðhÞÞ� clðmÞ. Also ðM; tÞ is f. u-regular
space, there exists is a f. u-open set h1 inMb such that
m<h1. Also, clðh1Þ � h. Thus, p ðcluðh1ÞÞ � pðhÞ and
intðclðmÞ� clð mÞ. It follows, p ðhÞ � intðclðmÞÞ. So, p is f.
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almost u-continuous. Thus ðM; tÞ is FWF almost
u-top. sp.

Corollary 2.18. The FWF topological space ðM; tÞ
over ðB; sÞ is fuzzy u-regular space. Then ðM; tÞ is
FWF q-u-top. sp. if and if it is FWF almost u-top. sp.

Theorem 2.19. Assume that ðB; sÞ is a fuzzy u-reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF almost weakly u-top. sp., then it is
FWF u-top. sp.

Proof. Assume that ðM; tÞ is a FWF almost weakly
u-top. sp. over ðB;sÞ, then the proj. p : ðM; tÞ/ðB; sÞ
f. almost weakly u-continuous. It suffices to
demonstrate that p is f. u-continuous. Let m2 Mb;
b2B and, m be a fuzzy open set containing p ðmÞ 2
B. Where B is a f. u-regular space there is a fuzzy
open set m1 in B so that p ðmÞ2m1. So well, clðm1Þ � m

since p is f. almost weakly u-continuous, there exists
is a f. u-open set l containing m such that pðlÞ �
clðm1Þ. It follows that, pðlÞ � m. Therefore, p is f.
u-continuous. Then ðM; tÞ is FWF u-top. sp.

Corollary 2.20. Assume that ðB; sÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF almost weakly u-top. sp. if and
only if it is FWF u-top. sp.

Theorem 2.21. Assume that ðM; tÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF weakly q-u-top. sp., then it is FWF
q-u-top. sp.

Proof. Assume that ðM; tÞ is a FWF weakly q-u-top.
sp. over ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f.
weakly q-u-continuous. It suffices to demonstrate
that p is f. q-u-continuous. Assume that m2 Mb; b2
B and, m is an fuzzy open set containing p ðmÞ2 B.
Where M is an f. u-regular space there is a fuzzy
open set m12Mb so that p ðmÞ2m1. And, clðm1Þ � m

where p is f. weakly q-u-continuous, there is f. u-
open set l containing m such that pðlÞ � clðmÞ. It
follows that, pðcluðlÞÞ� clð mÞ. Therefore, p is f.
q-u-continuous. Thus, ðM; tÞ is FWF q-u-top. sp.

Corollary 2.22. Assume that ðM; tÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF weakly q-u-top. sp. if and only if it
is FWF q-u-top. sp.

Theorem 2.23. Assume that ðB; sÞ is a fuzzyu-regular
space. For a FWF topological space ðM; tÞ over ðB; sÞ is
FWF almost u-top. sp., then it is FWF u-top. sp.

Proof. Assume that ðM; tÞ is a FWF almost u-top. sp.
over ðB;sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. almostu-
continuous. It suffices to demonstrate that p is f. u-
continuous. Assume that m2Mb; b2B and, m is an

fuzzy open set containing pðmÞ2B. Since p is f. almost
u-continuous, there exists is an f. u-open set l con-
tains m such that pðlÞ � intð clðmÞÞ. Because intðclðmÞÞ
� clðmÞ. Then ðlÞ� intðclðmÞÞ � clðmÞ. Thus,
pðlÞ � clðmÞ, and B is a f.u-regular space there exists is
a f. u-open set l1 in Mb such that m2l1. And,
clðm1Þ � m. Therefore, pðlÞ � clðm1Þ � m. It follows
that, pðlÞ � m. Thus, p is f. u-continuous. Then ðM; tÞ
is FWF u-top. sp.

corollary 2.24. Assume that ðB; sÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF almost u-top. sp. if and only if it is
FWF u-top. sp.

Theorem 2.25. Assume that ðB; sÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF weakly q-u-top. sp., then it is FWF
almost u-top. sp.

Proof. Assume that ðM; tÞ is a FWF weakly q-u-top.
sp. over ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f.
weakly q-u-continuous. It suffices to demonstrate
that p is f. almost u-continuous. Let m2Mb; b2B
and, m be a fuzzy open set containing p ðmÞ2B.
Where B is f. u-regular space, there is a fuzzy open
set m12B so that lðmÞ2m1 and clðm1Þ � m. Because p
is weakly q-u-continuous, there is a f. u-open set l
contains m so that p ðlÞ � clðm1Þ. Where, intðclðmÞ�
clð mÞ, then p ðlÞ � intðclðmÞÞ � clðmÞ, Therefore
pðlÞ � intðclðmÞÞ. So, p is f. almost u-continuous on
M. Then ðM; tÞ is FWF almost u-top. sp.

Corollary 2.26. Assume that ðB; sÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF weakly q-u-top. sp. if and only if it
is FWF almost u-top. sp.

Theorem 2.27. The FWF topological space ðM; tÞ
over ðB; sÞ is FWF q-u-top. sp. Iff the graph fuzzy
mapping g : ðM; tÞ/ðM; tÞ� ðB; sÞ, knowledge
before gðmÞ ¼ ðm ; pðmÞÞ, for every m2M is a f.
q-u-continuous

Proof. Necessity. Let g be an f. q-u-continuous. It
suffices to demonstrate that ðM; tÞ is a FWF q-u-top.
sp. over ðB;sÞ, i.e. the proj. p : ðM; tÞ/ðB; sÞ is f. q-u-
continuous. Let m2Mb, b2B and l be a fuzzy open
set containment p ðmÞ. Thus, M � l is an fuzzy open
set of M � B containing gðmÞ. Because g is q-u-
continuous, there is f. u-open set h contains m so
that g ðcluðhÞÞ � clðM � lÞ ¼ M� clðlÞ. Therefore,
pðcluðhÞÞ⊆clðlÞ. Then, p is f. q-u-continuous. Then,
ðM; tÞ is FWF q-u-top. sp.
Sufficiency. Assume that ðM; tÞ is a FWF q-u-top. sp.
over ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. q-u-
continuous. It suffices to demonstrate that g is f. q-u-
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continuous. Let m2Mb; b2B and m be a fuzzy open
set of M � B containing g ðmÞ, there exists a fuzzy
open sets h1 � M. And, l � B such that g ðmÞ ¼ ðm;
pðmÞÞ < h1 � l � m. Because p is f. q-u-continuous,
there is f. u-open h2 so that pðcluðh2ÞÞ � clðmÞ: As-
sume h ¼ h1Yh2. Then, h is f. u-open in M.
Therefore, gðcluðhÞÞ � clðh1Þ� pðcluðh2ÞÞ � clðh1Þ�
clðlÞ � clðmÞ. Then , g is q-u-continuous.

Theorem 2.28. Assume that ðM; tÞ is a FWF topo-
logical space over ðB; sÞ so well ðB; sÞ is a fuzzy
u-regular space. The following properties are
equivalent:

(a) FWF weakly q-u-top. sp.
(b) FWF u-top. sp.
(c) FWF almost u-top. sp.
(d) FWF q-u-top. sp.
(e) FWF almost u-top. sp.

proof. The proof follows directory from by Theo-
rems 2.15, 2.6, 2.17, and 2.25.

Remark 2.29. The relation between FWF weakly
u-top. sp.is given by the following figure (see
Fig. 2):

3. Strongly fibrewise fuzzy q-u-topological
spaces

In this part, we study the strongly fibrewise q-u-
continuous topological spaces and some theorems
concerning them.

Definition 3.1. A function f : ðM; tÞ/ ðN;LÞ is
called fuzzy almost strongly u-continuous (shortly.,
f. almost strongly u-continuous) when if every m2
M so well all fuzzy open set m in B contains fðmÞ,
there is a fuzzy u-open subset l so that fðclðlÞÞ �
intðclðmÞÞ.

Definition 3.2. A function f : ðM; tÞ/ ðN;LÞ is
named fuzzy strongly q-u-continuous (briefly f.
strongly q-u-continuous) when if every m2 M so

well all fuzzy open set m in B contains fðmÞ, there is
a fuzzy u-open subset l such that fðcluðlÞÞ � m.

Definition 3.3. The FWF topological space ðM; tÞ
over ðB; sÞ is named a FWF strongly q-u-top. sp.
(resp., FWF almost strongly u-top. sp.) if the proj.
function p is f. strongly q-u-continuous mapping
(resp., f. almost strongly u-continuous) mapping.

The converses does not hold as we show by next
examples:

Example 3.4. Assume M ¼ fa;b;cg, B ¼ fx;y;zg, t ¼
f0; 1;m1;m2g where
m1 ¼ fða; 0:3Þ; ðb; 0Þ; ðc; 0:5Þg
m2 ¼ fða; 0:7Þ; ðb; 0:7Þ; ðc; 0:5Þg
So well assume that s ¼ f0;1;lg, where l ¼ fðx; 0:6Þ;
ðy; 0:7Þ; ðz; 0:5Þg is the fuzzy topologies on set M and
B respectively and let the projection function
p : ðM; tÞ /ðB; sÞ be the fuzzy function as ðaÞ ¼
pðbÞ ¼ y, pðcÞ ¼ z. Let h ¼ fða; 0:5Þ; ðb; 0:5Þ; ðc; 0:5Þg
fuzzy u-open of M so well n ¼ fða; 0:6Þ; ðb; 0:7Þ;
ðc; 0:5Þg is fuzzy open of B. Thus, pðhÞ � ðnÞ but
pðcluðhÞÞ⩽ðnÞ. Then, ðM; tÞ is FWF u-top. sp. but not
FWF strongly q-u-top. sp.

Theorem 3.5. Assume that ðB; sÞ is a fuzzy regular
space. For a FWF topological space ðM; tÞ over ðB; sÞ
is FWF u-top. sp., then it is FWF strongly q-u-top.
sp.

Proof. Assume that ðM; tÞ is a FWF u-top. sp. over
ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. u-
continuous. It suffices to demonstrate that p is f.
strongly q-u-continuous. Assume that m2Mb; b2B
and, l is a fuzzy open set containing p ðmÞ2B. Since
B is a fuzzy regular space there is a fuzzy open set m,
such that pðmÞ2m � clðmÞ � l since p is f. u-contin-
uous. Thus, Mm is a f. u-open set so well, MclðmÞ is a f.
u-closed. Assume x ¼ Mm. Then, m2Mm � MclðmÞ, x
is a f. u-open. Also cluðxÞ � MclðmÞ, we have pðcluðxÞÞ
� clðmÞ � l. Therefore, p is f. strongly q-u-contin-
uous. Then, (M; t) is FWF strongly q-u-top. sp.

Corollary 3.6. Assume that ðB; sÞ is a fuzzy regular
space. For a FWF topological space ðM; tÞ over ðB; sÞ
is FWF u-top. sp. if and only if it is FWF strongly
q-u-top. sp.

Example 3.7. LetM ¼ fa;b;cg, B ¼ fx;y;zg, t ¼ f0; 1;
m1;m2g where
m1 ¼ fða; 0:1Þ; ðb; 0:2Þ; ðc; 0:5Þg
m2 ¼ fða; 0:4Þ; ðb; 0:3Þ; ðc; 0:5Þg
And let s ¼ f0; 1; lg, where l ¼ fðx; 0:3Þ;
ðy; 0:4Þ; ðz; 0:5Þg be the fuzzy topologies on set M and
B respectively and let the projection function
p : ðM; tÞ /ðB; sÞ be the fuzzy function as pðaÞ ¼ y,
pðbÞ ¼ x, pðcÞ ¼ z. Let h ¼ fða; 0:2Þ; ðb; 0:1Þ; ðc; 0:3Þg

FWF -top. sp. FWF almost weakly -top. sp.

FWF almost -top. sp.

FWF weakly - -top. sp. FWF - -top. sp.

Fig. 2. The relation between FWF weakly w-top. sp.
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fuzzy u-open of M so well n ¼ fðx; 0; 3Þ; ðy; 0:4Þ;
ðz; 0:5Þg is fuzzy open of B. Thus, pðhÞ � ðnÞ but
pðclðhÞÞFintðclðnÞÞ. Then, ðM; tÞ is FWF u-top. sp.
but not FWF almost strongly u-top. sp.

Theorem 3.8. Assume that ðM; tÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF u-top. sp., then it is FWF almost
strongly u-top. sp.

Proof. Assume that ðM; tÞ is a FWF u-top. sp. over
ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. u-contin-
uous. It suffices to demonstrate that p is f. almost
strongly u-continuous. Assume that m2Mb; b2 B
and, l is a fuzzy open set contains p ðmÞ in B. Since p
is f. u-continuous, there is a f. u-open set m contains
m in M so that pðmÞ � l. And, l � clðlÞ. Thus, pðmÞ �
clðlÞ. Since M is f. u-regular, there is a f. u-open set
m12M so that m2m1 and, clðm1Þ � m. Thus, pðclðm1ÞÞ
� pðmÞ. And, pðmÞ � clðlÞ then, intðclððlÞÞ� clðlÞ. It
follows that, ðclðm1ÞÞ � intðclðlÞÞ. Therefore, p is f.
almost strongly u-continuous. Thus, ðM; tÞ is FWF
almost strongly u-top. sp.

Corollary 3.9. Assume that ðM; tÞ is a fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF u-top. sp. if and only if it is FWF
almost strongly u-top. sp.

Example 3.10. Let M ¼ fa;b; cg, B ¼ fx;y; zg, t ¼ f0;
1;m1;m2g where
m1 ¼ fða; 0:3Þ; ðb; 0; 4Þ; ðc; 0:5Þg
m2 ¼ fða; 0:2Þ; ðb; 0:2Þ; ðc; 0:5Þg
And let s ¼ f0; 1; lg, where l ¼ fðx; 0:2Þ; ðy; 0:2Þ;
ðz; 0:5Þg be the fuzzy topologies on set M and B
respectively and let the projection function
p : ðM; tÞ /ðB; sÞ be the fuzzy function as pðaÞ ¼ y,
pðbÞ ¼ x, pðcÞ ¼ z. Then, ðM; tÞ is FWF q-u-top. sp.
but not FWF strongly q-u-top. sp.

Theorem 3.11. Assume that ðB; sÞ is a fuzzy regular
space. For a FWF topological space ðM; tÞ over ðB; sÞ
is FWF q-u-top. sp., then it is FWF strongly q-u-top.
sp.

Proof. Assume that ðM; tÞ is a FWF q-u-top. sp. over
ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. q-u-
continuous. It suffices to demonstrate that p is f.
strongly q-u-continuous. Let m2Mb; b2B and, l be
a fuzzy open set contains p ðmÞ in B. Because p is f.
q-u-continuous, there is a f. u-open set m contains m
in M so that pðcluðmÞÞ � clðlÞ since B is f. regular,
there exists is a fuzzy open set א such that ðmÞ2 א �
clðאÞ � l. Then, ðcluðmÞÞ � clðאÞ � l. Therefore, ðclðm

ÞÞ � l. Thus, p is f. strongly q-u-continuous. Then
ðM; tÞ is FWF strongly q-u-top. sp.

Corollary 3.12. Let ðB; sÞ be a fuzzy regular space.
The FWF topological space ðM; tÞ over ðB; sÞ is FWF
q-u-top. sp. if and only if it is FWF strongly q-u-top.
sp.

Example 3.13. Let M ¼ fa;b; cg, B ¼ fx;y; zg, t ¼ f0;
1;m1;m2g where
m1 ¼ fða; 0:3Þ; ðb; 0; 4Þ; ðc; 0:5Þg
m2 ¼ fða; 0:3Þ; ðb; 0:3Þ; ðc; 0:5Þg
And let s ¼ f0; 1; lg, where l ¼ fðx; 0:3Þ; ðy; 0:3Þ;
ðz; 0:5Þg be the fuzzy topologies on set M and B
respectively and let the projection function
p : ðM; tÞ /ðB; sÞ be the fuzzy function as pðaÞ ¼ y,
pðbÞ ¼ x, pðcÞ ¼ z. Then, ðM; tÞ is FWF q-u-top. sp.
but not FWF almost strongly u-top. sp.

Theorem 3.14. Assume that ðB; sÞ is a fuzzy u-reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF q-u-top. sp., then it is FWF almost
strongly u-top. sp.

Proof. Assume that ðM; tÞ is a FWF q-u-top. sp. over
ðB; sÞ, then the projection p : ðM; tÞ/ðB; sÞ f. q-u-
continuous. It suffices to demonstrate that p is f.
strongly q-u-continuous. Assume that m2Mb; b2B
and, l is a fuzzy open set contains p ðmÞ 2B. Since p
is f. q-u-continuous, there exists is an f. u-open set m
contains m2M such that pðcluðmÞÞ� clðlÞ. Since B is
f. u-regular, there exists is a fuzzy open set l1 in B
such that pðmÞ2l1 so well clðl1Þ � l. Thus,
ðclðl1ÞÞ � clðl1Þ. It follows that, pðclðmÞÞ � intðclðl1ÞÞ.
Then, p is f. almost strongly u-continuous. Then
ðM; tÞ is FWF strongly q-u-top. sp.

Example 3.15. Let M ¼ fa;bg, B ¼ fx;y;zg, t ¼ f0; 1;
m1;m2;m3g where
m1 ¼ fða; 0:6Þ; ðb; 0; 7Þg
m2 ¼ fða; 1Þ; ðb; 0:9Þg
m2 ¼ fða; 0:2Þ; ðb; 0:3Þg
And let s ¼ f0; 1; lg, where l ¼ fðx; 0:2Þ; ðy; 0:3Þg be
the fuzzy topologies on set M and B respectively and
let the projection function p : ðM; tÞ /ðB; sÞ be the
fuzzy function as pðaÞ ¼ x, pðbÞ ¼ y, let h ¼ fða; 0:5Þ
; ðb; 0:5Þg fuzzy u-open in M. Then, ðM; tÞ is FWF
almost u-top. sp. but not FWF almost strongly
u-top. sp.

Theorem 3.16. Assume that ðM; tÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF almost u-top. sp., then it is FWF
almost strongly u-top. sp.

Proof. Assume that ðM; tÞ is a FWF almost u-top.
sp. over ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f.
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almost u-continuous. It suffices to demonstrate that
p is f. almost strongly u-continuous. Assume that
m2Mb; b2B so well, l is a fuzzy open set containing
p ðmÞ2B. Since p is f. almost u-continuous. There is
a f. u-open set m containing m of M so that pðmÞ �
intðclðlÞÞ. Since M is fuzzy u-regular. There is a f. u-
open set m12M so that m2m1 so well, clðm1Þ � m.
Thus, ðclðm1ÞÞ � pðmÞ. where, pðclðm1ÞÞ � pðmÞ �
intðclðlÞÞ. It follows that, ðclðm1ÞÞ � intðclðlÞÞ. There-
fore, p is f. almost strongly u-continuous. Then
ðM; tÞ is FWF almost strongly u-top. sp.

Corollary 3.17. Assume that ðM; tÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF almost u-top. sp. if and only if it is
FWF almost strongly u-top. sp.

Lemma 3.18. Assume that f : ðM; tÞ/ðN;LÞ is a f.
strongly q-u-continuous fibrewise surjection func-
tion, since ðM; tÞ so well ðN;LÞ are FWF topological
spaces over ðB;sÞ. Just as ðN;LÞ is a FWF top. sp., so
ðM; tÞ is FWF strongly q-u-top. sp.

Theorem 3.19. The FWF topological space ðM; tÞ
over ðB; sÞ is FWF strongly q-u-top. sp. and ðM; tÞ is
a fuzzy u-regular iff the graph fuzzy mapping g : ðM
; tÞ /ðM; tÞ� ðB; sÞ, knowledge before gðmÞ ¼ ðm;
pðmÞÞ, for all m2M is a f. strongly q-u-continuous.

Proof. By Lemma 3.17. Then, ðM; tÞ is FWF strongly
q-u-top. sp. if the graph mapping g is f. strongly q-u-
continuous. It follows that, M is fuzzy regular. To
prove conversely. Assume that ðM; tÞ is a FWF
strongly q-u-top. sp. over ðB; sÞ, then the proj.
p : ðM; tÞ/ðB; sÞ f. strongly q-u-continuous. Let m2
Mb; b2B and, l be a fuzzy open set containing g ðmÞ
in M� B, there exists fuzzy open sets m1 in M also n

in B such that g ðmÞ ¼ ðm;pðgÞÞ2m1 � n � l. Because
p is f. strongly q-u-continuous, there is m2 is f.
u-open so that pðcluðm2ÞÞ � l. Because M is a f. u-
regular and, m1∧m2 is f. u-open, there is m f. u-open
such that m2m � cluðmÞ � m1∧m2 by Lemma 2.12.
Therefore, gðcluðmÞÞ � m1 � p ðcluðm2ÞÞ � m1 � n � l.
Then, g is f. strongly q-u-continuous.

Example 3.20. In Example 3.14. Then, ðM; tÞ is FWF
almost u-top. sp. but not FWF strongly q-u-top. sp.

Theorem 3.21. Assume that ðM; tÞ is a fuzzy u-reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF almost u-top. sp., then it is FWF
strongly q-u-top. sp.

Proof. Assume that ðM; tÞ is a FWF almost u-top.
sp. over ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f.
almost u-continuous. It suffices to demonstrate that
p is f. strongly q-u-continuous. Let m2Mb; b2 B
and, l be a fuzzy open set containing p ðmÞ2B.

where p is f. almost u-continuous. There is a f. u-
open set m containing m2M so that pðmÞ � intðclðlÞÞ.
Where M is fuzzy u-regular. There is a f. u-open set
m12M such that m2m1 so well, clðm1Þ � m. Thus,
ðclðm1ÞÞ � pðmÞ. Then, intðclðlÞÞ� clðlÞÞ. It follows
that, pðclðm1ÞÞ � l. Therefore, p is f. strongly q-u-
continuous. Then ðM; tÞ is FWF strongly q-u-top. sp.

Corollary 3.22. Assume that ðM; tÞ is an fuzzy
u-regular space. For a FWF topological space ðM; tÞ
over ðB; sÞ is FWF almost u-top. sp., if and only if it
is FWF strongly q-u- top. sp.

Theorem 3.23. Assume that ðM; tÞ is an FWF topo-
logical space over ðB; sÞ so well ðB; sÞ is a fuzzy
u-regular space. The following properties are
equivalent:

(a) FWF almost strongly q-u-top. sp.
(b) FWF u-top. sp.
(c) FWF almost u-top. sp.
(d) FWF q-u-top. sp.

proof. The proof follows directory from by Theo-
rems 3.4, 3.6, 3.10, 3.12 and 3.13.

Remark 3.24. The relation between FWF strongly u-
top. sp. is given by the following figure (see Fig. 3):

4. Relationship between weak and strong
forms of fibrewise fuzzy u-topological spaces

In this section, we study the relation between FWF
weakly q-u-top. sp. and FWF strongly q-u-top. sp.
and the some theorems concerning them.

Definition 4.1. A mapping f : ðM; tÞ / ðN;LÞ are
said to be fuzzy almost weakly (resp., fuzzy almost
strongly) continuous (briefly, f. almost weakly and f.
almost strongly) continuous if for each m2M and
each fuzzy open neighborhood (resp., fuzzy open
set) l of N containing fðmÞ, there exists a f. u-open

FWF - top. sp. FWF almost strongly -top. sp.

FWF almost -top. sp.

FWF strongly - - top. sp. FWF - -top. sp.

Fig. 3. The relation between FWF strongly w-top. sp.
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neighborhood (resp., f. u-open set) m of M so that
f ðint ðclðmÞÞ� l (resp., fðmÞ � clðlÞ, fðclðmÞÞ � l .

Definition 4.2. A mapping f : ðM; tÞ/ ðN;LÞ is
said to be f. super (resp., f. weakly, f. strongly) u-
continuous if for each m2M and each fuzzy open
(resp., fuzzy regular open) set l of N containing
fðmÞ, there is a fuzzy open set m of M so that f ðmÞ �
clðlÞ (resp., fðclðmÞÞ � l).

Definition 4.3. A mapping f : ðM; tÞ / ðN;LÞ is
called fuzzy weakly q-continuous (briefly, f. weakly
q-continuous) if for each m2M and each fuzzy open
l of B containing pðmÞ, there exists a fuzzy open set m
of M such that p ðmÞ � clðlÞ.

Definition 4.4. The FWF topological space ðM; tÞ
over ðB; sÞ is named a FWF super u-top. sp. (resp.,
FWF weakly u-top. sp., FWF strongly u-top. sp.,
FWF almost strongly u-top. sp., FWF almost weakly
u-top. sp., FWF weakly q-top. sp.) if the projection
function p is fuzzy super u-continuous mapping
(resp., f. weakly u-continuous, f. strongly u-contin-
uous, f. almost strongly u-continuous, f. almost

weakly u-continuous, f. weakly q-continuous)
mapping.
The relation between FWF weakly and FWF strongly
u-top. sp. given by the following figure (see Fig. 4).
The following examples show that these implica-
tions are not reversible:

Example 4.5. Assume M ¼ fa;b;cg, B ¼ fx;y;zg, t ¼
f0; 1;m1;m2;m3g where
m1 ¼ fða; 0:3Þ; ðb; 0; 4Þ; ðc; 0:5Þg
m2 ¼ fða; 0:2Þ; ðb; 0:2Þ; ðc; 0:5Þg
m3 ¼ fða; 0:5Þ; ðb; 0:6Þ; ðc; 0:5Þg
So well assume that s ¼ f0; 1; lg, where l ¼ fðx; 0:5Þ;
ðy; 0:6Þ; ðz; 0:5Þg is the fuzzy topologies on set M and
B respectively and let the projection function
p : ðM; tÞ /ðB; sÞ be the fuzzy function as pðaÞ ¼ x,
pðbÞ ¼ y, pðcÞ ¼ z. let h ¼ fða; 0:5Þ; ðb; 0:5Þ; ðc; 0:5Þg
fuzzy u-open in M. Then, ðM; tÞ is FWF super u-top.
sp. but not FWF strongly q-u-top. sp.

Theorem 4.6. Assume that ðM; tÞ is a fuzzy regular
space. For a FWF topological space ðM; tÞ over ðB; sÞ
is FWF super u-top. sp., then it is FWF strongly
q-u-top. sp.

Proof. Assume that ðM; tÞ is a FWF super u-top. sp.
over ðB; sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. super

FWF strongly                       FWF -top. sp. FWF weakly - -top. 
sp. -top. sp.

FWF - -
top.sp.

FWF almost -top. 
sp.

FWF super -
top. sp.

FWF almost
weakly -top. 
sp.

FWF almost strongly
top. sp.

FWF -top. sp.

FWF almost 
top. sp.

FWF top. 
sp.FWF   

weakly
-top. sp.

FWF -
top. sp.

FWF -
-top. sp.

FWF almost strongly top. sp. FWF almost weakly
top. sp.

FWF 
strongly 
top. sp.

FWF     
top. sp.

FWF weakly top. 
sp.

FWF weakly 
-top. sp.

FWF 
strongly -
top. sp.

FWF -
top. sp.

FWF weakly
-top. sp.

FWF 
weakly - -
top. sp.

Fig. 4. The relation between FWF weakly and FWF strongly w-top. sp.
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u-continuous. It suffices to demonstrate that p is f.
strongly q-u-continuous. Assume that m2 Mb; b2 B
so well, l is a fuzzy open set containing p ðmÞ2 B.
Because of p is a f. super u-continuous, there exists
is a fuzzy regular open set m containing m, such that
pðmÞ � l. Because intðclðlÞÞ � clðlÞ, then pðmÞ � intðcl
ðlÞÞ � clðlÞ. Then, p ðmÞ � clðlÞ: And, M is a fuzzy
regular space, there is an fuzzy open set n so that
m2n � clðnÞ � m. since, pðclðnÞÞ � l. Therefore, p is f.
strongly q-u-continuous. Then ðM; tÞ is FWF
strongly q-u-top. sp.

Corollary 4.7. Assume that ðM; tÞ is an fuzzy regular
space. For a FWF topological space ðM; tÞ over ðB; sÞ
is FWF super u-top. sp. if and only if it is FWF
strongly q-u-top. sp.

Example 4.8. Let M ¼ fa; bg, B ¼ fx; y; zg, t ¼ f0; 1;
m1;m2g where
m1 ¼ fða; 0:7Þ; ðb; 0; 6Þg
m2 ¼ fða;0:7Þ;ðb;0:9Þg
And let s ¼ f0; 1; lg, where l ¼ fðx; 0:7Þ; ðy; 0:6Þg be
the fuzzy topologies on set M and B respectively and
let the projection function p : ðM; tÞ /ðB; sÞ be the
fuzzy function as pðaÞ ¼ x, pðbÞ ¼ y, let h ¼ fða; 0:5Þ
; ðb; 0:5Þg fuzzy u-open in M. Then, ðM; tÞ is FWF
u-top. sp. but not FWF super u-top. sp.

Theorem 4.9. Assume that ðM; tÞ is an fuzzy regular
space. For a FWF topological space ðM; tÞ over ðB; sÞ
is FWF u-top. sp., then it is FWF super u-top. sp.

Proof. Assume that ðM; tÞ is a FWFu-top. sp. over ðB;
sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. u-continuous. It
suffices to demonstrate that p is f. superu-continuous.
Letm2Mb; b2B and, l be a fuzzy open set containing
p ðmÞ in B. Because of p is a f. u-continuous, there is a
fuzzy u-open set m contains m, so that pðmÞ � l, also
intð clðmÞÞ � clðmÞ: Then, pðintð clðmÞÞ� p ðclðmÞÞ: And,
M is a fuzzy regular space. There is an fuzzy open set
m1 such that 2m1 � clðm1Þ � m. Thus, pðintðclðmÞÞ�
p ðclðm1ÞÞ so well, pðmÞ � l. Then, pðintðclðmÞÞ� l. It
follow that, p is f. super u-continuous. Then ðM; tÞ is
FWF super u-top. sp.

Corollary 4.10. Assume that ðM; tÞ is an fuzzy reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF u-top. sp. if and only if it is FWF super
u-top. sp.

Example 4.11. For an fuzzy topological space ðM;

tÞ ¼ ðB; sÞLets ¼ t ¼ �
0; 1;m : 13� mðmÞ� 2

3 ; for some
fixed element m of M and mðmÞ ¼ 0; otherwise}. As-
sume that (M; tÞ is a FWF topological space over ðB; sÞ
also assume that the projection function p : ðM; tÞ/

ðB; sÞ is the fuzzy function as the identity maps. Then,
ðM; tÞ is FWF top. sp. but not FWF strongly top. sp.

Theorem 4.12. Assume that ðM; tÞ is an fuzzy reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF top. sp. , then it is FWF strongly top. sp.

Proof. Assume that ðM; tÞ is a FWF top. sp. over ðB;sÞ,
then the proj. p : ðM; tÞ/ðB; sÞ f. continuous. It suf-
fices to demonstrate that p is f. strongly continuous.
Letm2Mb; b2B and, l be a fuzzy open set containing
p ðmÞ in B. Because of p is a f. continuous, there is a
fuzzy open set m containsm, so that pðmÞ � l, whereM
is fuzzy regular space, there is a fuzzy open set m12M
such that m2m1 also, clðm1Þ � m. Thus, pðclðm1ÞÞ �
pðmÞ. Then, pðclðm1ÞÞ � l. Therefore, p is f. strongly
continuous. Then ðM; tÞ is FWF strongly compact.

Corollary 4.13. Assume that ðM; tÞ is an fuzzy reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF u-top. sp., if and only if it is FWF
strongly compact.

Theorem 4.14. Let ðB; sÞ be a fuzzy regular space.
The FWF topological space ðM; tÞ over ðB; sÞ is FWF
weakly top. sp., then it is FWF top. sp.

Proof. Assume that ðM; tÞ is a FWF weakly top. sp.
over ðB;sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. weakly
continuous. It suffices to demonstrate that p is f.
continuous. Let m2Mb; b2B and, l be a fuzzy open
set containing p ðmÞ2B. Where B is fuzzy regular,
there is a fuzzy open set l12B so that pðmÞ2l1 also,
clðl1Þ � l. Because p is weakly continuous, there
exists is a fuzzy open set m containing m in M so that
pðmÞ � clðl1Þ. Thus, pðmÞ � l. It follows that, p is f.
continuous. Then, ðM; tÞ is FWF top. sp.

Corollary 4.15. Assume that ðB; sÞ is an fuzzy reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF weakly top. sp. if and only if it is FWF
top. sp.

Example 4.16. Let ¼ fa; bg; B ¼ fx; yg, t ¼ f0; 1;m1;
m2;m3g where
m1 ¼ fða; 0:60Þ; ðb; 0:60Þg
m2 ¼ fða; 1Þ; ðb; 0:9Þg
m3 ¼ fða; 0: 11Þ; ðb; 0:31Þg
And let s ¼ f0; 1; lg, where l ¼ fðx; 0:11Þ; ðy; 0:31Þg
be the fuzzy topologies on set M and B respectively
and let the projection function p : ðM; tÞ /ðB; sÞ be
the fuzzy function as pðaÞ ¼ x, pðbÞ ¼ y. Let
h ¼ fða; 0:7Þ; ðb; 0:4Þg fuzzy u-open in M also
n ¼ fða; 0:11Þ; ðb; 0:31Þg be an fuzzy open of B. Thus,
pðhÞ � intðclðnÞÞ but ðint clðhÞÞFn. Then, ðM; tÞ is
FWF almost u-top. sp. but not FWF super u-top. sp.

M.A. Hussein, Y.Y. Yousif / Al-Qadisiyah Journal of Pure Science 29 (2024) 285e297 295



Definition 4.17. [5] A fuzzy topological space ðM; tÞ
is called a fuzzy semi-regular space iff the collection
of all fuzzy regular open sets of M forms a base for
fuzzy topology t.

Theorem 4.18. assume that ðM; tÞ and ðB; sÞ are an
fuzzy regular space. For a FWF topological space
ðM; tÞ over ðB; sÞ is FWF almost u-top. sp., then it is
FWF super u-top. sp.

Proof. Assume that ðM; tÞ is a FWF almost u-top.
sp. over ðB; sÞ, then the projection p : ðM; tÞ/ðB; sÞ
f. almost u-continuous. It suffices to demonstrate
that p is f. super u-continuous. Let m2Mb; b2 B
and, l be a fuzzy open set containing p ðmÞ in B.
Because of p is f. almost u-continuous, there exists is
a f. u-open set m containing m. For each fuzzy reg-
ular open set l of B contains pðmÞ so that pðmÞ � l.
Thus, ðmÞ � ðintðclðlÞÞ. Because the space M is fuzzy
semi-regular space, There exists is a fuzzy open set
m12M so that m2m1 also, l � intðclðlÞÞ � m. Thus,
ðlÞ � pðintð clðlÞÞÞ � pðmÞ. Also, pðmÞ � intðclð mÞÞ.
Thus, ðintðclðlÞÞÞ � pðmÞ � intðclðlÞÞ. So well, the
space B is fuzzy semi-regular space, there exists is a
fuzzy open set l1 in B such that pðmÞ2l1 then, m �
intðclðmÞÞ � l. Thus, pðmÞ � pðintðclðmÞÞÞ. It follows
that, pðintðclðmÞÞÞ � l. Then, p is f. super u-contin-
uous. Hence ðM; tÞ is FWF super u-top. sp.

corollary 4.19. Let ðM; tÞ and ðB;sÞ be a fuzzy reg-
ular space. The FWF topological space ðM; tÞ over
ðB; sÞ is FWF almost u-top. sp. if and only if it is FWF
super u-top. sp.

Example 4.20. Let M ¼ fa;b; cg, B ¼ fx;y; zg, t ¼ f0;
1;m1;m2g where
m1 ¼ fða; 0:1Þ; ðb; 0:2Þ; ðc; 0:5Þg
m2 ¼ fða; 0:4Þ; ðb; 0:3Þ; ðc; 0:5Þg
And let s ¼ f0; 1; lg, where l ¼ fðx; 0:3Þ; ðy; 0:4Þ;
ðz; 0:5Þg be the fuzzy topologies on set M and B
respectively and let the projection function
p : ðM; tÞ /ðB; sÞ be the fuzzy function as pðaÞ ¼ y,
pðbÞ ¼ x, pðcÞ ¼ z. Let n ¼ fðx; 0; 3Þ; ðy; 0:4Þ; ðz; 0:5Þg is
fuzzy open in B. Then, pðm1Þ � clðnÞ but
pðclðm1ÞÞ⩽intðclðnÞÞ. Then, ðM; tÞ is FWF almost
weakly top. sp. but not FWF almost strongly top. sp.

Theorem 4.21. Assume that ðM; tÞ is an fuzzy reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF almost weakly u-top. sp., then it is
FWF almost strongly top. sp.

Proof. Assume that ðM; tÞ is a FWF almost weakly
top. sp. over ðB;sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f.
almost weakly continuous. It suffices to demonstrate
that p is f. almost strongly continuous. Let m2 Mb;
b2B and, l be a fuzzy open set containing p ðmÞ in B.

Because of p is f. almost weakly continuous, m2Mb,
b2B for each open set l of B containing pðmÞ there is
a fuzzy open set m contains m so that pðmÞ � clðlÞ.
Because the space M is a fuzzy regular space, there
is a fuzzy open set m12M such that m2m1 also
clðm1Þ � m, so pðclðm1ÞÞ � pðmÞ. Also, pðmÞ � clðlÞ.
Then, pðclðm1ÞÞ � clðlÞ also, intðclðl1ÞÞ � clðl1Þ. Then,
ðclðl1Þ Þ � intðclðl1ÞÞ. It follows that, p is f. almost
strongly continuous. Hence ðM; tÞ is FWF almost
strongly top. sp.

Corollary 4.22. Assume that ðM; tÞ is an fuzzy reg-
ular space. For a FWF topological space ðM; tÞ over
ðB; sÞ is FWF almost weakly u-top. sp. if and only if
it is FWF almost strongly top. sp.

Theorem 4.23. Assume that ðM; tÞ is a FWF topo-
logical space over ðB; sÞ also ðB; sÞ is a fuzzy regular
space. The following properties are equivalent:

(a) FWF strongly top. sp.
(b) FWF top. sp.
(c) FWF weakly top. sp.

proof. The proof follows directory from by Theo-
rems 4.12, 2.16.

Definition 4.24. [4] Let M and B be an fuzzy spaces
are called fuzzy homeomorphic denoted by MyB if
there exists a fuzzy homeomorphism on M to B.

Theorem 4.25. The FWF topological space ðM; tÞ
over ðB; sÞ is FWF strongly top. sp. Also ðM; tÞ is a
fuzzy regular, so the graph fuzzy function : ðM; tÞ/
ðM; tÞ � ð B;sÞ, defined by gðmÞ ¼ ðm;pðmÞÞ, for each
m2M is a f. strongly continuous.

Proof. Assume that ðM; tÞ is a FWF strongly top. sp.
over ðB;sÞ, then the proj. p : ðM; tÞ/ðB; sÞ f. strongly
continuous mapping. Let m2Mb, b2B and m be a
fuzzy open set of M � B containing pðmÞ. There ex-
ists fuzzy open sets x12IM and l2IB so that gðmÞ ¼
ðm; pðmÞÞ< x1 � l � m. Where p is f. strongly
continuous also,M is fuzzy regular space, there is an
fuzzy open set x containing m in M so that clðxÞ � x1
also pðclðxÞÞ � l. Therefore, pðclðxÞÞ � x1 � l � m.
Then, p is f. strongly continuous. Thus, the mapping
g ¼ idM △ p : ðM; tÞ/ðM; tÞ � ðB; sÞ maps fuzzy
homeomorphically onto the graph gðmÞ which is
fuzzy closed subset of M� B, so p is f. continuous
and because M is an fuzzy regular, then M � B is
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fuzzy regular, by Theorem 4.24. Hence, g : M/ M�
B is f. strongly continuous mapping.

Theorem 4.26. Assume that ðM; tÞ is a FWF topo-
logical space over ðB; sÞ also ðB; sÞ is a fuzzy regular
space. The following properties are equivalent:

(a) FWF almost strongly q-u-top. sp.
(b) FWF u-top. sp.
(c) FWF almost u-top. sp.
(d) FWF q-u-top. sp.
(e) FWF almost weakly u-top. sp.

proof. The proof follows directory from by Theo-
rems 3.6, 2.15, 3.16.
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