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ORIGINAL STUDY

Weakly and Strongly Forms of Fibrewise Fuzzy

w-Topological Spaces

Mohammed A. Hussein', Yousif Y. Yousif

Department of Mathematics, College of Education for Pure Science (Ibn Al-haitham), University of Baghdad, Baghdad, Iraq

Abstract

This paper is devoted to introduce weak and strong forms of fibrewise fuzzy w-topological spaces, namely the
fibrewise fuzzy 0-w-topological spaces, weakly fibrewise fuzzy 0-w-topological spaces and strongly fibrewise fuzzy 0-w-
topological spaces. Also, Several characterizations and properties of this class are also given as well. Finally, we focused
on studying the relationship between weakly fibrewise fuzzy 0-w-topological spaces and strongly fibrewise fuzzy 0-w-

topological spaces.

Keywords: Weakly fibrewise fuzzy 0-w-topological spaces, strongly fibrewise fuzzy 6-w-topological spaces

1. Introduction and preliminaries

I n order to began the category in the classification
of fibrewise (shortly., fw) sets on a given set,
named the base set, which say B. A fw set on B
consist of a set M with a function p : M — B that is
named the projection (shortly., proj.). The fibre over
b for every point b of B is the subset M, = p~1(b) of
M. Perhaps, fibre will be empty because we do not
require p is surjective, also, for every subset B* of B
we considered Mg« = pfl(B*) as a fw set over B* with
the projection determined by p. The concept of fuzzy
sets was introduced by Zadeh [18]. The idea of fuzzy
topological spaces was introduced by Chang [6]. The
concept of fuzzyw-continuity, fuzzy almost
w-continuous and fuzzy weakly w-continuous in to-
pological spaces was introduced by Gazwan [1]. In
this paper, we introduce and study seven weak and
strong forms of fibrewise fuzzy topological spaces,
called fibrewise fuzzy w-topological spaces, fibrewise
fuzzy almost w-topological spaces, fibrewise fuzzy
almost weakly w-topological spaces, fibrewise fuzzy
weakly 6-w-topological spaces, fibrewise fuzzy §-w-
topological spaces, fibrewise fuzzy strongly §-w- to-
pological spaces and fibrewise fuzzy almost strongly
w-topological spaces, we study their basic properties

and we shall discuss relationships between weakly
fibrewise fuzzy 6-w-topological spaces and strongly
fibrewise fuzzy 6-w-topological spaces, we built on
some of the result in Refs. [3,4,15—-17] (see Fig. 1).

Definition 1.1. [7,8] A mapping ¢ : M — N, where
M and N are FW sets over B, with proj.’s py; : M — B
and py : N — B, is said to be FW mapping (written
as FW-M) if pyov = pm, or ¥(M,)CN,, for all point
beB.

Observe that a FW-M ¢ : M — N over B limited by
restriction, a FW-M ¢ : Mg — Np- over B" for all
subset B"CB.

Definition 1.2. [8] The fibrewise topology (written as
FWT) on a FW set M over a topological space (B, o)
signify any topology on M for which the proj. p is
continuous (written as FWTS).

Definition 1.3. [8] Let M and N be FWTS's over B,
the FW-M ¢ : M — N is said to be:

(a) continuous if b€B and for all point meM,,
the pre image of all open set of ¥(m) is an
open set of m.

(b) open if bEB and for all point meM,, the
image of all open set of m is an open set of
& (m).
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Fig. 1. Relationships between weakly fibrewise fuzzy q-u-topological spaces and strongly fibrewise fuzzy q-u-topological spaces.

Definition 1.4. [8] The FWTS (M, ) over (B,o) is
said to be:

(a) FW closed (written as FWC) if the proj. p is
closed mapping.

(b) FW open (written as FWO) if the proj. p is
open mapping.

Definition 1.5. [18] assume that M is a nonempty
set, a fuzzy set u in M is a mapping x, : M— [ where
I is the closed unite interval [0, 1] which is written as:

w={(m,x,(m)) :me&M,0<x,(m) <1},

The family of each fuzzy subsets in M will be
symbol by IM thus is IM = {u : u is fuzzy subset of u}
and x, is called the membership function.

Example 1.6. [12] We will suppose a possible
membership function for the fuzzy set of real
numbers close to zero as follows, x, : R —— [0, 1],
where

1

. VmeR
1+ (m_102) " "<

X, (m)=

Definition 1.7. [18] A fuzzy set in M is empty
denoted by 0,, if its membership function is iden-
tically the zero function, i.e.,

0,:M—[0,1] 5.t 0,(m) =0 VmeM.

Definition 1.8. [18] A universal fuzzy set in M,
denoted by 1,, is a fuzzy set defined as 1,(m) =1 V
meM.

Definition 1.9. [18] Let u, A€IM. A fuzzy set u is a
subset of an fuzzy set A, denoted by u < A iff u(m) <
A(m), VmeM.

Two fuzzy sets u and 1 are said to be equal (A= )
if A(m) = p(m), YmeM.

Definition 1.10. [18] Let A and u be fuzzy sets in M.
Then, for all meM,

¥ = Avpu o y(m) = max {A(m), u(m)},

6 = A < 6(m) = min {A(m), u(m)} ,

n=Xenm) =1— A(m).

More generally, for a family 4= {4 |i €I} of
fuzzy sets in M, the union y = v;4; and intersection
0 = AjA; are defined by
Y(x) = sup, {Ai(m) | m EM},

b(x) = inf, {6:(m) | m €M}.

Definition 1.11. [6] A fuzzy topology is a family 7 of
fuzzy sets in M, which satisfies the following
conditions:

@0,1em
b)Ifl, uer,thus AT
(c)If ; € tforalli e, thusvii € 7.

(M, 7) is said to be fuzzy topological spaces and each
member of 7 is named fuzzy open set on M and its
complement is fuzzy closed set.

Definition 1.12. [10] A fuzzy set on M is named a
fuzzy point iff it takes the value 0 for each yeM
except one, say, meM. If its value at m is r
(0 <r <1) we denote thus fuzzy point by m,, when
the point m is named its support.

Definition 1.13. [6,14] Let u be a fuzzy set and let
(M, 7) be a fuzzy topological space. u is a fuzzy
neighborhood of a fuzzy point m, if there exist a
fuzzy open set v since r < y(m) < u(m), V. m € M.

Definition 1.14. [6] assume that (M, 7) is a fuzzy
topological space as well uI. The fuzzy closure
(fuzzy interior) of A is symbol by cl(u) (int(u)) is
defined by:
dw=a{reru<i
int(n) =V {¢ € 7 < ul

Evidently, cl((u) (resp., int(u)) is the smallest fuzzy
closed (resp., largest fuzzy open) subset of M which
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contains (resp., contained in) u. Note that u is fuzzy
closed (fuzzy open) iff u = cl(u) (resp., int(u)).

Definition 1.15. [6] assume that f: M — N is a map-
ping. For a fuzzy set 8 in N and membership func-
tion 8(n). The inverse image of 8 under f is the fuzzy
set f~ 1(8) in M with membership function is deno-
ted by the rule:

F(B) (m)=B(f (m)), YmeM. 1)

For a fuzzy set A2 in M, the image of A under fis the
fuzzy set f (1) in B with membership function f(2)(n),
n€N is given by

sup {(A(m)},if f(n)

mef1(n)

nonempty
f) ()=
0 otherwise

(2)

Definition 1.16. [2] Assume that m, is a fuzzy point
and u a fuzzy set in M. Then m,; is said to be in u or
(belong to i) or (m, content in u) denoted m, € u if
and only if r < u(m), for allm € M

Definition 1.17. [9,19] The set {m:m €M, u(m)
> 0} is called the support of u and is denoted by
Supp(w)

Definition 1.18. [10] A fuzzy point m, is said to be
quasi-coincident with u denoted by m,qu if there
exist mEM such that r + u(m) > 1, if m, is not quasi
coincident with u, then r+ u(m) <1 VmeM and
denoted by m, gu.

Definition 1.19. [10] A fuzzy set u in (M, 7) is called
a "Q-neighborhood of m; " iff Iver such that
m,qv < (.

The family of all Q-nbhd's of m; is called the
system of Q-nbhd’s of m;.

Definition 1.20. [2] Fuzzy regular space if for each
fuzzy point m, in M and each fuzzy closed set F with
m,gF there exists fuzzy open u, A in M such that r <
u(m), Fm) < A(m) V m € M and g4 .

Definition 1.21. [11] A fuzzy set u is fuzzy 6-closed if
u = cly (u) = {m, fuzzy pointin (M, ): (cl (v)) q u, U is
fuzzy open g-nbd. of m,}). The complement of fuzzy
6-closed called fuzzy 6-open set.

Definition 1.22. [14] Let u be a fuzzy set in a fuzzy
topological space (M, 7) is named a fuzzy uncount-
able iff supp(u) is an uncountable subset of M.

Definition 1.23. [1] A fuzzy point m, of a fuzzy to-
pological space (M,7) is named a fuzzy

condensation point of u on M if min{u(m), A(m)}is
fuzzy uncountable for each fuzzy open set A con-
taining m;. And the set of all fuzzy condensation
point of u is denoted by Cond (u)

Definition 1.24. [1] A fuzzy subset u in a fuzzy to-
pological space (M, 7) is called a fuzzy w-closed set if
it contains each its fuzzy condensation point. The
complement fuzzy w-closed sets are called fuzzy
w-open sets. And the family of all fuzzy w-open
(resp.fuzzy w-closed) sets in a fuzzy topological
space (M,7) will be denoted by f. w-open (resp.
f.w-closed).

Definition 1.25. [1] Assume that u is a fuzzy set of a
fuzzy topological space (M, 7) then The w-closure of
u is symbol by cl”(u) and known that by cl“u
(m) = inf{F(m):Fi s a fuzzy w-closed set in,

(m) < F(m)} .

Definition 1.26. [1] For a fuzzy topological space
(M, 7) is named a fuzzy w-regular space when all
fuzzy w-closed subset u in M so well a fuzzy point

m, in M so that m,” q ~ u, there exists two fuzzy w-
open sets A and v such that r < A(m), u(m) < r(m)

and " q v

Definition 1.27. [6] A mapping ¢ : (M, 7)— (N, A) is
said to be

(a) fuzzy continuous (briefly f. continuous) if the
inverse image of every fuzzy open set of N is a
fuzzy open set in M.

(b) fuzzy open (briefly f. open) map if the image of
every fuzzy open set of M is a fuzzy open set in

(c) fuzzy close (briefly f. close) map if the image of
every fuzzy close set of M is a f. close set in N.

Definition 1.28. [13] A mapping ¢ : (M, 7)— (N, A)
is said to be Fuzzy ¢-continuous (f. §.continuous, for
short) if for each fuzzy point m in (M, 7) and each
fuzzy open gq-nbd. ~ of ¢(m), there exists fuzzy open
g-nbd. ~ of m so that p(cl( »)) < cl(»).

Definition 1.29. [1] A mapping ¢ : (M, 7)— (N, 4) is
said to be

(a) Fuzzy w-continuous at a fuzzy point m €M when
all fuzzy open subset A in N contains ¢ (i) there
exists a fuzzy w-open subset u on M which
contains m so that ¢(u) < A so well ¢ is called
fuzzy w-continuous if it is fuzzy w-continuous at
every fuzzy point.

(b) Fuzzy almost w-continuous at a fuzzy point me
M when all fuzzy open subset A in N contains ¢
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(m) there exists a fuzzy w-open subset u of M
which contains m so that ¢(u) < int(cl(1)) so well
¢ is named fuzzy almost w-continuous if it is
fuzzy almost w-continuous at every fuzzy point.

(c) Fuzzy weakly w-continuous at a fuzzy point me
M when all fuzzy open subset A in N contains ¢
(m) there exists a fuzzy w-open subset u of M
which contains m so that ¢(u) < cl(2) so well ¢ is
named fuzzy w-continuous if it is fuzzy w-
continuous at every fuzzy point.

2. Weakly fibrewise fuzzy 0-w-topological
spaces

In this section, we study the weakly fibrewise
fuzzy 0-w-topological spaces and some theorems
concerning them.

First, we introduced the following definition.

Definition 2.1. A mapping ¢ : (M, 7)— (N, 4) is said
to be fuzzy almost weakly #-w-continuous (briefly, f.
almost weakly 6#-w-continuous) if in a fuzzy point
m€EM when all fuzzy open subset A in N contains ¢
(m) there exists a fuzzy w-open subset u of M which
contains m so that ¢(u) < cl(A) so well ¢ is named
fuzzy almost weakly w-continuous if its fuzzy almost
weakly w-continuous at every fuzzy point.

Definition 2.2. A mapping ¢ : (M, 7)— (N, A) is said
to be fuzzy 0-w-continuous (briefly, f. §-w-conti-
nuous) at a fuzzy point m€M when all fuzzy open
subset A in N contains ¢ (m) there exists a fuzzy w-
open subset u of M which contains m so that
o(cl”(u)) < cl()) as well ¢ is named fuzzy 0-w-
continuous if its fuzzy 6-w-continuous at every fuzzy
point.

Definition 2.3. A fuzzy set A is fuzzy 6-w-closed if
A =cly (A) = {p fuzzy pointin (X,7): (cI” (W) q A, Uis
fuzzy w-open g-nbd. of p}. The complement of fuzzy
0-w-closed called fuzzy #-w-open set.

Definition 2.4. A mapping ¢ : (M, 7)— (N, 4) is said
to be fuzzy weakly 0-w-continuous (briefly, f. weakly
-w-continuous) if in a fuzzy point mEM when all
fuzzy open subset 1 in N contains ¢ (m) there exists
a fuzzy 6-w-open subset u of M which contains m so
that ¢(u) < cl(2) so well ¢ is named fuzzy weakly
0-w-continuous if its fuzzy weakly §-w-continuous at
every fuzzy point.

Definition 2.5. Let (B,s) be a fuzzy topological
space the fibrewise fuzzy w-topological spaces,
fibrewise fuzzy almost weakly w-topological spaces,
fibrewise fuzzy almost w-topological spaces, fibre-
wise fuzzy weakly @-w-topological spaces and
fibrewise fuzzy 6-w-topological spaces (briefly, FWF

w-top. sp., FWF almost weakly w-top. sp., FWF
almost w-top. sp., FWF weakly §-w-top. sp. and FWF
f-w-top. sp.) on a fibrewise set M over B mean any
fuzzy topology on M which of them the projection
function p are fuzzy w-continuous, fuzzy almost
weakly w-continuous, fuzzy almost w-continuous,
fuzzy weakly 0-w-continuous and fuzzy 0-w-
continuous (briefly, f. w-continuous, f. almost
weakly w-continuous, f. almost w-continuous, f.
weakly §-w-continuous and f. f-w-continuous).

Theorem 2.6. The FWF topological space (M, 7) over
(B, 0) is FWF w-top. sp., then it is FWF almost w-top.
sp.

Proof. Assume that (M, 7) is a FWF w-top. sp. over
(B, 0), then the proj. p: (M,7)—(B,0) f. w-contin-
uous. It suffices to demonstrate that p is f. almost w-
continuous. Assume that meM,; beB and, u is a
fuzzy open set contains p(m) in B. Since p is f. w-
continuous, there is a f. w-open set A containing m so
that p(1) < u. Thus, int(u) < u and u < cl(u). Then,
int(u) < cl(n) and int(int(u) < int( cl(u)). It follows
that, p (A) <int(cl(n)). Therefore p(2) < int(cl(u)).
So, p is f. almost w-continuous. Hence (M, 7) is FWF
almost w-top. sp.

We can prove the same way by used property of
fuzzy interior and fuzzy closure set.

The converses does not hold as we show by the
following examples:

Example 2.7. Let M = {a,b,c}, B = {x,y,z}, 7 = {0,1,
K1 o i3} Where

M = {(u,Ol)}

p2 = {(b,0.2)}

M3 = {(ua 01)7 (bv 02)}

And let ¢ = {0,1,2}, where 2 = {(z,1)} be the fuzzy
topologies on set M and B respectively and let the
projection function p: (M,7) — (B,o) be the fuzzy
function as p(a) = p(b) = p(c) =z. Let A = {(a,0.1)}
fuzzy open in M and v = {(b, 0.2)}. Then,
plcl{(6,02)}) < cl{(a,0.1)} but P,
0.2)}) £int(cl({(a,0.1)}. Then, (M, 7) is FWF 6-w-top.
sp. but not FWF almost w-top. sp.

Example 2.8. Let M = {a,b,c}, B = {x,y,z}, 7 = {0,1,
U1, 4o} where

w = {(a,0.3),(b,0),(c,0.5)}

up = {(a,0.7),(b,1),(c,0.5)}

And let ¢ = {0,1,1}, where 1 = {(x,0), (y,0.3), (z,1)}
be the fuzzy topologies on set M and B respectively
and let the projection function p : (M, 1) — (B, 0) be
the fuzzy function as p(a) =y, p(b) =x, p(c) =z. Let
1 ={(a,0.5),(0,0.5),(c,0.5)} fuzzy 0-w-open in M
and v = {(a,0),(b,0.3),(c,0.5)} is fuzzy open in B.



M.A. Hussein, Y.Y. Yousif / Al-Qadisiyah Journal of Pure Science 29 (2024) 285—297 289

Then, p(n) < cl(v) but p(cl(n))<cl(v). Then, (M, ) is
FWF weakly #-w-top. sp. but not FWF §-w-top. sp.

Example 2.9. In Example 2.6, (M, 7) over (B,o) is a
FWF weakly 6-w-top. sp., but is not FWF w-top. sp.
Moreover, (M, 7) over (B, o) is FWF weakly 6-w-top.
sp., but is not FWF almost w-top. sp. Moreover,
(M, 1) over (B,o) is FWF almost weakly w-top. sp.,
but is not FWF #-w-top. sp., and not FWF w-top. sp.
Example 2.10. Let = {a,b},
{05 15 M5 M2, #3} where

uy = {(a,0.9), (b, 0'7)}

uz = {(a,1),(b,0.9)}

u3 = {(a,0.11), (b,0.31)}

And let ¢ = {0,1, A}, where A = {(x,0.11), (y,0.31)}
be the fuzzy topologies on set M and B respectively
and let the projection function p : (M, 7) — (B, g) be
the fuzzy function as p(a) = x, p(b) = y. Let n =
{(a,0.7),(b,04)} fuzzy w-open in M and »=
{(a,0.11), (,0.31)} is fuzzy open in B. Then, p(n) <
int(cl(v)) but p(n))£v. Then, (M, ) is FWF almost
w-top. sp. but not FWF w-top. sp. Moreover, (M, 7) is
FWF almost weakly w-top. sp. but not FWF almost
w-top. sp.

B= {x, y}, 7=

Lemma 2.11. [1] A fuzzy topological space (M, ) is
fuzzy w-regular if and only if for all fuzzy point m in
M and all fuzzy w-open u containing m, there exists
fuzzy w-open set A such that me i < cl”(1) < u.

Theorem 2.12. Let (M, 7) be a fuzzy w-regular space.
The FWF topological space (M, 7) over (B, o) is FWF
almost weakly w-top. sp., then it is FWF 6-w-top. sp.

Proof. Let (M, 7) be a FWF almost weakly w-top. sp.
over (B, o), then the proj. p : (M, 7)— (B, ) f. almost
weakly w-continuous. It suffices to demonstrate that p
is f. #-w-continuous. Assume that meM,; b B so
well, u is a fuzzy open set containing p (m) in B. Since
p is f. almost weakly w-continuous, there exists is a f.
w-open set A containing m such that p(1) < cl(u).
Because (M, 7) is a fuzzy w-regular space, by Lemma
2.12, there is 1 fuzzy w-open in My, b€B so that me
n < cl®(n) < A Therefore, p(cl®(n)) < cl(u). Then, p is
f. -w-continuous. Then (M, 1) is FWF §-w-top. sp.

Corollary 2.13. Let (M,7) be an fuzzy w-regular
space. The FWF topological space (M, r) over (B, o)
is FWF almost weakly w-top. sp. if and only if it is
FWF 0-w-top. sp.

Theorem 2.14. Assume that ¢ : (M,7) = (N,A) is a
f. w-continuous fibrewise surjection function, when
(M, 1) so well (N, A) are FWF topological spaces on

(B,o). If (N, A) is a FWF almost weakly w-top. sp.,
then (M, 7) is so.

Proof. Assume that m&M,;, b€B and 1 be a fuzzy
open set containing pp(m) in B, since py is f. almost
weakly w-continuous, there exists is a fuzzy open set
w containing ¢(m) in N, b&B such that
pn(p) < cl(A). Since ¢ is f. w-continuous, then for
each meM,;, beB and each fuzzy open set u of
¢(m) =n&EN, in N, there exists a f. w-open 7 of m
in M, b€B such that ¢ (n) < pu. Thus, pn (db(n))
<pnv(u). And, pm=(pn°d), <pn(n). Then,
pm(pned), < cl(4). Thus, py f. almost weakly w-
continuous. Hence, (M,7) is FWF almost weakly
w-top. sp.

Theorem 2.15. Let (M, 7) be a fuzzy w-regular space.
The FWF topological space (M, 7) over (B, o) is FWF
weakly §-w-top. sp., then it is FWF w-top. sp.

Proof. Assume that (M, 7) is a FWF weakly #-w-top.
sp. over (B, o), then the proj. p: (M,7)—(B,0o) f.
weakly 6-w-continuous. It suffices to demonstrate that
pisf. w-continuous. Letm € M;; bEB and, u be a fuzzy
open set containing p (m)EB. Where M is a f. w-
regular space there is a fuzzy open set u; €M, so that
p (m)Euy. And, cl(uq) < u where p is f. weakly §-w-
continuous, there is an f. w-open set A containing m
such that p(A) <cl(u). It follows that, p(1) < pu.
Therefore, p is f. w-continuous. Thus, (M, 7) is FWF
w-top. sp.

Corollary 2.16. Assume that (M,7) is a fuzzy
w-regular space. The FWF topological space (M, 1)
over (B, o) is FWF weakly #-w-top. sp. if and only if it
is FWF w-top. sp.

Theorem 2.17. The FWF topological space (M,7)
over (B, o) is fuzzy w-regular space. If (M, 7) is FWF
0-w-top. sp., then it is FWF almost w-top. sp.

Proof. Assume that (M, 7) is a FWF §-w-top. sp. over
(B, o), then the proj. p: (M,7)—(B,0) f. 0-w-
continuous. It suffices to demonstrate that p is f.
almost w-continuous. Let meM,;,; beB and, u be a
fuzzy open set containing p (m) in B. Because p is
f-w-continuous, there exists is a f. w-open set 7 con-
taining m such that p (cI”(n)) <cl(u). Because
int(cl(u) < cl( u), then p (cI”(n)) <int(cl(u)) < cl(u),
then p (cI“(n)) <cl(u). Also (M,7) is f. w-regular
space, there exists is a f. w-open set 7, in M, such that
m<nq. Also, cl(n,) <n. Thus, p (cI“(n1)) < p(n) and
int(cl(n) < cl( u). Itfollows, p (n) < int(cl(n)).So, pisf.
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almost w-continuous. Thus (M, 7) is FWF almost
w-top. sp.

Corollary 2.18. The FWF topological space (M,7)
over (B,o) is fuzzy w-regular space. Then (M, 7) is
FWF 6-w-top. sp. if and if it is FWF almost w-top. sp.

Theorem 2.19. Assume that (B, o) is a fuzzy w-reg-
ular space. For a FWF topological space (M, 1) over
(B,o) is FWF almost weakly w-top. sp., then it is
FWF w-top. sp.

Proof. Assume that (M, 7) is a FWF almost weakly
w-top. sp. over (B,q), then the proj. p : (M, 7)— (B, 0)
f. almost weakly w-continuous. It suffices to
demonstrate that p is f. w-continuous. Let m& M,;
beB and, u be a fuzzy open set containing p (m) €
B. Where B is a f. w-regular space there is a fuzzy
open set u; in B so that p (m) € u;. So well, cl(u,) < p
since p is f. almost weakly w-continuous, there exists
is a f. w-open set A containing m such that p(1) <
cl(uq). It follows that, p(1) < u. Therefore, p is f.
w-continuous. Then (M, 7) is FWF w-top. sp.

Corollary 2.20. Assume that (B,o) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B,o) is FWF almost weakly w-top. sp. if and
only if it is FWF w-top. sp.

Theorem 2.21. Assume that (M,7) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF weakly -w-top. sp., then it is FWF
6-w-top. sp.

Proof. Assume that (M, 7) is a FWF weakly §-w-top.
sp. over (B, o), then the proj. p: (M,7)—(B,0) f.
weakly §-w-continuous. It suffices to demonstrate
that p is f. §-w-continuous. Assume that me M,; be
B and, u is an fuzzy open set containing p (m)€ B.
Where M is an f. w-regular space there is a fuzzy
open set u; €M, so that p (m)Epu,. And, cl(uy) < u
where p is f. weakly #-w-continuous, there is f. w-
open set A containing m such that p(1) <cl(u). It
follows that, p(cl”(1)) <cl( u). Therefore, p is f.
0-w-continuous. Thus, (M, 1) is FWF §-w-top. sp.

Corollary 2.22. Assume that (M,7) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF weakly 6-w-top. sp. if and only if it
is FWF 0-w-top. sp.

Theorem 2.23. Assume that (B, ¢) is a fuzzy w-regular
space. For a FWF topological space (M, 7) over (B, ¢) is
FWF almost w-top. sp., then it is FWF w-top. sp.

Proof. Assume that (M, 1) is a FWF almost w-top. sp.
over (B,o), then the proj.p : (M, 7)— (B, o) f. almost w-
continuous. It suffices to demonstrate that p is f. w-
continuous. Assume that meM,; b€B and, u is an

fuzzy open set containing p(m) €B. Since p is f. almost
w-continuous, there exists is an f. w-open set A con-
tains m such that p(1) < int( cl(u)). Because int(cl(u))
<cl(u). Then (A)<int(cl(n)) <cl(u). Thus,
p(4) <cl(u), and Bis a f. w-regular space there exists is
a f. w-open set A1 in M, such that me1;. And,
cl(uq) < p. Therefore, p(A) <cl(uy) < u. It follows
that, p(2) < u. Thus, p is f. w-continuous. Then (M, 7)
is FWF w-top. sp.

corollary 2.24. Assume that (B,s) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF almost w-top. sp. if and only if it is
FWF w-top. sp.

Theorem 2.25. Assume that (B,o) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF weakly 6-w-top. sp., then it is FWF
almost w-top. sp.

Proof. Assume that (M, 7) is a FWF weakly 6-w-top.
sp. over (B, o), then the proj. p: (M,7)—(B,0) f.
weakly #-w-continuous. It suffices to demonstrate
that p is f. almost w-continuous. Let meM;; bEB
and, 4 be a fuzzy open set containing p (m)EB.
Where B is f. w-regular space, there is a fuzzy open
set u; €B so that A(m) €, and cl(u;) < u. Because p
is weakly 6-w-continuous, there is a f. w-open set A
contains m so that p (1) < cl(u,). Where, int(cl(u) <
c(u), then p(2) <int(cl(n)) <cl(u), Therefore
p(A) <int(cl(n)). So, p is f. almost w-continuous on
M. Then (M, 7) is FWF almost w-top. sp.

Corollary 2.26. Assume that (B,o) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF weakly -w-top. sp. if and only if it
is FWF almost w-top. sp.

Theorem 2.27. The FWF topological space (M,7)
over (B,o) is FWF 0-w-top. sp. Iff the graph fuzzy
mapping g: (M, 7)— (M, 7)x (B, ), knowledge
before g(m) = (m , p(m)), for every meM is a f.
#-w-continuous

Proof. Necessity. Let g be an f. #-w-continuous. It
suffices to demonstrate that (M, 7) is a FWF 6-w-top.
sp. over (B,0), i.e. the proj.p : (M,7)— (B, o) is f. §-w-
continuous. Let m€M,, bEB and A be a fuzzy open
set containment p (m). Thus, M x A is an fuzzy open
set of M x B containing g(m). Because g is 6-w-
continuous, there is f. w-open set n contains m so
that g (cI”(n)) < (M x A) = M x cl(A). Therefore,
p(cl”(n))Ccl(A). Then, p is f. §-w-continuous. Then,
(M, 7) is FWF 6-w-top. sp.

Sufficiency. Assume that (M, 7) is a FWF 6-w-top. sp.
over (B, g), then the proj. p: (M,7)— (B,0) f. 0-w-
continuous. It suffices to demonstrate that g is f. §-w-
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continuous. Let m&M;; bEB and u be a fuzzy open
set of M x B containing g (m), there exists a fuzzy
open sets 7, < M. And, A < B such that g (m) = (m,
p(m)) < ny x A < u. Because p is f. f-w-continuous,
there is f. w-open 7, so that p(cl®(n,)) < cl(u). As-
sume 1 = n;An,. Then, n is f. w-open in M.
Therefore, g(cl”(n)) < cl(n) x p(cl®(ny)) < cl(ny) x
c(A) <cl(u). Then , g is §-w-continuous.

Theorem 2.28. Assume that (M, 7) is a FWF topo-
logical space over (B,o) so well (B,o) is a fuzzy
w-regular space. The following properties are
equivalent:

(a) FWF weakly 6-w-top. sp.
(b) FWF w-top. sp.

(c) FWF almost w-top. sp.
(d) FWF 0-w-top. sp.

(e) FWF almost w-top. sp.

proof. The proof follows directory from by Theo-
rems 2.15, 2.6, 2.17, and 2.25.

Remark 2.29. The relation between FWF weakly
w-top. sp.is given by the following figure (see
Fig. 2):

3. Strongly fibrewise fuzzy 0-w-topological
spaces

In this part, we study the strongly fibrewise 6-w-
continuous topological spaces and some theorems
concerning them.

Definition 3.1. A function ¢ : (M,7) = (N,A) is
called fuzzy almost strongly w-continuous (shortly.,
f. almost strongly w-continuous) when if every me
M so well all fuzzy open set u in B contains ¢(m),

there is a fuzzy w-open subset A so that ¢(cl(1)) <
int(cl(w)).

Definition 3.2. A function ¢: (M,7) = (N,A) is

named fuzzy strongly 6-w-continuous (briefly f.
strongly 6-w-continuous) when if every m& M so

FWF w-top. sp.

T
_—

FWF weakly 8-w-top.sp. «

—> FWEF almost weakly w-top. sp.

/

FWF almost w-top. sp.

T~

FWF 6-w-top. sp.

Fig. 2. The relation between FWF weakly w-top. sp.

well all fuzzy open set u in B contains ¢(m), there is
a fuzzy w-open subset A such that ¢(cI”(1)) < u.

Definition 3.3. The FWF topological space (M,7)
over (B,s) is named a FWF strongly #-w-top. sp.
(resp., FWF almost strongly w-top. sp.) if the proj.
function p is f. strongly 6-w-continuous mapping
(resp., f. almost strongly w-continuous) mapping.

The converses does not hold as we show by next
examples:

Example 3.4. Assume M = {a,b,c}, B = {x,y,z}, 7 =
{0,1, q, up} where

w = {(a,0.3),(b,0),(c,0.5)}

py = {(a,0.7),(b,0.7),(c,0.5)}

So well assume that ¢ = {0,1,1}, where 1 = {(x,0.6),
(y,0.7), (z,0.5)} is the fuzzy topologies on set M and
B respectively and let the projection function
p:(M,7) = (B,o) be the fuzzy function as (a) =
p() =y, p(c) =z Let n = {(a,0.5), (b,0.5), (¢,0.5)}
fuzzy w-open of M so well v = {(a,0.6),(b,0.7),
(c,0.5)} is fuzzy open of B. Thus, p(n) < (v) but
p(cl®(n))<(v). Then, (M, 1) is FWF w-top. sp. but not
FWF strongly 6-w-top. sp.

Theorem 3.5. Assume that (B, o) is a fuzzy regular
space. For a FWF topological space (M, 7) over (B, o)
is FWF w-top. sp., then it is FWF strongly 6-w-top.
sp.

Proof. Assume that (M, 7) is a FWF w-top. sp. over
(B, g), then the proj. p: (M,7)—(B,o) f w-
continuous. It suffices to demonstrate that p is f.
strongly ¢-w-continuous. Assume that meM;; bEB
and, 1 is a fuzzy open set containing p (m) €B. Since
B is a fuzzy regular space there is a fuzzy open set y,
such that p(m)eu < cl(u) < A since p is f. w-contin-
uous. Thus, M, is a f. w-open set so well, My, is a f.
w-closed. Assume § = M,. Then, meM, < My, §
is a f. w-open. Also cl”(£) < M), we have p(cl”(£))
< cl(u) < A. Therefore, p is f. strongly 6-w-contin-
uous. Then, (M, 1) is FWF strongly 6-w-top. sp.

Corollary 3.6. Assume that (B,¢) is a fuzzy regular
space. For a FWF topological space (M, 7) over (B, o)
is FWF w-top. sp. if and only if it is FWF strongly
0-w-top. sp.

Example 3.7. LetM = {a,b,c}, B = {x,y,z}, 7 = {0,1,
f1, pp} where

w = {(a,0.1),(b,0.2),(c,0.5)}

= {(a,0.4),(b,0.3),(c,0.5)}

And let ¢ = {0, 1, A}, where A= {(x,03),
(y,0.4), (z,0.5)} be the fuzzy topologies on set M and
B respectively and let the projection function
p: (M,7) — (B, o) be the fuzzy function as p(a) =y,
P(b) =X P(C) = z. Let n = {(a,0.2), (,0.1),(c,0.3)}



292 M.A. Hussein, Y.Y. Yousif / Al-Qadisiyah Journal of Pure Science 29 (2024) 285—297

fuzzy w-open of M so well v={(x,0,3),(y,0.4),
(z,0.5)} is fuzzy open of B. Thus, p(n) < (v) but
p(cl(n)) £int(cl(v)). Then, (M, ) is FWF w-top. sp.
but not FWF almost strongly w-top. sp.

Theorem 3.8. Assume that (M,r) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF w-top. sp., then it is FWF almost
strongly w-top. sp.

Proof. Assume that (M, 7) is a FWF w-top. sp. over
(B, 0), then the proj. p: (M,7)— (B, ) f. w-contin-
uous. It suffices to demonstrate that p is f. almost
strongly w-continuous. Assume that meM,; be B
and, 1 is a fuzzy open set contains p (m) in B. Since p
is f. w-continuous, there is a f. w-open set u contains
m in M so that p(u) < A. And, A < cl(A). Thus, p(u) <
cl(A). Since M is f. w-regular, there is a f. w-open set
u €M so that me€ pu, and, cl(uq) < p. Thus, p(cl(uy))
<p(u). And, p(n) <cl(2) then, int(cl((1)) < cl(A). It
follows that, (cl(uq)) < int(cl(1)). Therefore, p is f.
almost strongly w-continuous. Thus, (M, 7) is FWF
almost strongly w-top. sp.

Corollary 3.9. Assume that (M,7) is a fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF w-top. sp. if and only if it is FWF
almost strongly w-top. sp.

Example 3.10. Let M = {a,b,c}, B = {x,y,z}, 7 = {0,
1, g, 4y} where

pu = {(a,0.3),(b,0,4),(c,0.5)}

Mo = {(a,0.2),(b,0.2),(c,0.5)}

And let ¢ = {0, 1, A}, where 1= {(x,0.2),(y,0.2),
(z,0.5)} be the fuzzy topologies on set M and B
respectively and let the projection function
p: (M,7) —(B,0) be the fuzzy function as p(a) = y,
p(b) = x, p(c) = z. Then, (M, 1) is FWF 6#-w-top. sp.
but not FWF strongly 6-w-top. sp.

Theorem 3.11. Assume that (B, ¢) is a fuzzy regular
space. For a FWF topological space (M, 7) over (B, d)
is FWF §-w-top. sp., then it is FWF strongly 6-w-top.
sp.

Proof. Assume that (M, 7) is a FWF #-w-top. sp. over
(B, g), then the proj. p:(M,7)—(B,o) f 6-w-
continuous. It suffices to demonstrate that p is f.
strongly #-w-continuous. Let mEM,; b€B and, 1 be
a fuzzy open set contains p (m) in B. Because p is f.
0-w-continuous, there is a f. w-open set u contains m
in M so that p(cl®(n)) < cl(A) since B is f. regular,
there exists is a fuzzy open set & such that (m)e x <
cl(x) < A Then, (cI*(u)) < cl(x) < A. Therefore, (cl(u

)) < A. Thus, p is {. strongly #-w-continuous. Then
(M, 7) is FWF strongly -w-top. sp.

Corollary 3.12. Let (B,0) be a fuzzy regular space.
The FWF topological space (M, 7) over (B, d) is FWF
0-w-top. sp. if and only if it is FWF strongly §-w-top.
sp.

Example 3.13. Let M = {a,b,c}, B = {x,y,z}, 7 = {0,

17 M1, IU’Z} where

w1 = {(a,0.3),(b,0,4),(c,0.5)}

U, = {(a,0.3),(,0.3),(c,0.5)}

And let ¢ = {0, 1, 1}, where 1= {(x,0.3),(y,0.3),
(z,0.5)} be the fuzzy topologies on set M and B
respectively and let the projection function
p: (M,7) — (B, o) be the fuzzy function as p(a) =y,
p(b) = x, p(c) = z. Then, (M, 1) is FWF #-w-top. sp.
but not FWF almost strongly w-top. sp.

Theorem 3.14. Assume that (B, o) is a fuzzy w-reg-
ular space. For a FWF topological space (M, 1) over
(B,g) is FWF 0§-w-top. sp., then it is FWF almost
strongly w-top. sp.

Proof. Assume that (M, 7) is a FWF #-w-top. sp. over
(B, g), then the projection p: (M,7)—(B,0) f. 0-w-
continuous. It suffices to demonstrate that p is f.
strongly §-w-continuous. Assume that meM,; bEB
and, 1 is a fuzzy open set contains p (m) €B. Since p
is f. -w-continuous, there exists is an f. w-open set u
contains m €M such that p(cl”(u)) < cl(2). Since B is
f. w-regular, there exists is a fuzzy open set A, in B
such that p(m)€l; so well cl(4) <A Thus,
(cl(M1)) < cl(A1). It follows that, p(cl(n)) < int(cl(41)).
Then, p is f. almost strongly w-continuous. Then
(M, 1) is FWF strongly 6-w-top. sp.

Example 3.15. Let M = {a,b}, B = {x,y,z}, 7 = {0,1,
K1, o i3} Where

M1 = {(ll, 06)7 (bv 0, 7)}

My = {(ll, 1)7 (b7 09)}

Mo = {(ua 02)7 (bv 03)}

And let ¢ = {0,1, 1}, where A = {(x,0.2), (,0.3)} be
the fuzzy topologies on set M and B respectively and
let the projection function p : (M, 7) — (B, o) be the
fuzzy function as p(a) = x, p(b) =y, let n = {(a,0.5)
,(,0.5)} fuzzy w-open in M. Then, (M, 7) is FWF
almost w-top. sp. but not FWF almost strongly
w-top. sp.

Theorem 3.16. Assume that (M,7) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF almost w-top. sp., then it is FWF
almost strongly w-top. sp.

Proof. Assume that (M, 7) is a FWF almost w-top.
sp. over (B, o), then the proj. p: (M,7)—(B,0) f.
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almost w-continuous. It suffices to demonstrate that
p is f. almost strongly w-continuous. Assume that
me&My; bEB so well, 1is a fuzzy open set containing
p (m) €B. Since p is f. almost w-continuous. There is
a f. w-open set u containing m of M so that p(u) <
int(cl(4)). Since M is fuzzy w-regular. There is a f. w-
open set u; €M so that meu; so well, cl(u;) < p.
Thus, (cl(w)) < p(u). where, p(cl(m)) < p(u)<
int(cl(2)). It follows that, (cl(u,)) < int(cl(4)). There-
fore, p is f. almost strongly w-continuous. Then
(M, ) is FWF almost strongly w-top. sp.

Corollary 3.17. Assume that (M,7) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, o) is FWF almost w-top. sp. if and only if it is
FWF almost strongly w-top. sp.

Lemma 3.18. Assume that ¢ : (M,7) = (N,A) is a f.
strongly 6-w-continuous fibrewise surjection func-
tion, since (M, 1) so well (N, A) are FWF topological
spaces over (B, o). Just as (N, A) is a FWF top. sp., so
(M, 1) is FWF strongly 6-w-top. sp.

Theorem 3.19. The FWF topological space (M, )
over (B, g) is FWF strongly 6-w-top. sp. and (M, 7) is
a fuzzy w-regular iff the graph fuzzy mapping g : (M
,7) — (M, 1) x (B,0), knowledge before g(m) = (m,
p(m)), for all meM is a £. strongly #-w-continuous.

Proof. By Lemma 3.17. Then, (M, ) is FWF strongly
0-w-top. sp. if the graph mapping g is f. strongly 6-w-
continuous. It follows that, M is fuzzy regular. To
prove conversely. Assume that (M,7) is a FWF
strongly 6#-w-top. sp. over (B, o), then the proj.
p: (M,7)—(B,o) £ strongly 6-w-continuous. Let me
M,; b€B and, A be a fuzzy open set containing g (m)
in M x B, there exists fuzzy open sets u; in M also »
in B such that g (m) = (m,p(g)) Euq x v < A. Because
p is f. strongly 0-w-continuous, there is u, is f.
w-open so that p(cl”(u,)) < A. Because M is a f. w-
regular and, u;Au, is f. w-open, there is u f. w-open
such that meu <cl”(u) < uyAu, by Lemma 2.12.
Therefore, g(cl”(1)) < ug x p (cl”(1y)) < pg x v < A
Then, g is f. strongly 6-w-continuous.

Example 3.20. In Example 3.14. Then, (M, 7) is FWF
almost w-top. sp. but not FWF strongly 6-w-top. sp.

Theorem 3.21. Assume that (M, 7) is a fuzzy w-reg-
ular space. For a FWF topological space (M, 1) over
(B,o) is FWF almost w-top. sp., then it is FWF
strongly 0-w-top. sp.

Proof. Assume that (M, 7) is a FWF almost w-top.
sp. over (B, o), then the proj. p: (M,7)—(B,0) f.
almost w-continuous. It suffices to demonstrate that
p is f. strongly 6-w-continuous. Let meM,; be B
and, A be a fuzzy open set containing p (m)€EB.

where p is f. almost w-continuous. There is a f. w-
open set u containing m &M so that p(u) < int(cl(2)).
Where M is fuzzy w-regular. There is a f. w-open set
w1 €EM such that mepu; so well, cl(u;) < u. Thus,
(cl(uy)) <p(u). Then, int(cl(1)) <cl(2)). It follows
that, p(cl(11)) < A. Therefore, p is f. strongly 6-w-
continuous. Then (M, 7) is FWF strongly 6-w-top. sp.

Corollary 3.22. Assume that (M,7) is an fuzzy
w-regular space. For a FWF topological space (M, 7)
over (B, g) is FWF almost w-top. sp., if and only if it
is FWF strongly 6-w- top. sp.

Theorem 3.23. Assume that (M, 7) is an FWF topo-
logical space over (B,o) so well (B,o) is a fuzzy
w-regular space. The following properties are
equivalent:

(a) FWF almost strongly 6-w-top. sp.
(b) FWF w-top. sp.

(c) FWF almost w-top. sp.

(d) FWF 0-w-top. sp.

proof. The proof follows directory from by Theo-
rems 3.4, 3.6, 3.10, 3.12 and 3.13.

Remark 3.24. The relation between FWF strongly w-
top. sp. is given by the following figure (see Fig. 3):

4. Relationship between weak and strong
forms of fibrewise fuzzy w-topological spaces

In this section, we study the relation between FWF
weakly 0-w-top. sp. and FWF strongly 6-w-top. sp.
and the some theorems concerning them.

Definition 4.1. A mapping ¢ : (M,7) — (N, A) are
said to be fuzzy almost weakly (resp., fuzzy almost
strongly) continuous (briefly, f. almost weakly and f.
almost strongly) continuous if for each meM and
each fuzzy open neighborhood (resp., fuzzy open
set) A of N containing ¢(m), there exists a f. w-open

FWF - top. sp.

FWF strongly 8-w- top. sp.

FWF almost strongly w-top. sp.

FWF 0-w-top. sp.

FWF almost w-top. sp.

Fig. 3. The relation between FWF strongly w-top. sp.
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neighborhood (resp., f. w-open set) u of M so that
¢ (int (cl(u)) < A (resp., d(u) < cl(A), d(cl(p)) <A.

Definition 4.2. A mapping ¢ : (M,7)— (N,A) is
said to be f. super (resp., f. weakly, f. strongly) w-
continuous if for each mEM and each fuzzy open
(resp., fuzzy regular open) set A of N containing
¢(m), there is a fuzzy open set u of M so that ¢ (u) <

cl(A) (resp., d(cl(un)) < A).

Definition 4.3. A mapping ¢ : (M,7) — (N, A) is
called fuzzy weakly #-continuous (briefly, f. weakly
@-continuous) if for each m €M and each fuzzy open
A of B containing p(m), there exists a fuzzy open set u
of M such that p (u) < cl(A).

Definition 4.4. The FWF topological space (M,7)
over (B, o) is named a FWF super w-top. sp. (resp.,
FWF weakly w-top. sp.,, FWF strongly w-top. sp.,
FWF almost strongly w-top. sp., FWF almost weakly
w-top. sp., FWF weakly 6-top. sp.) if the projection
function p is fuzzy super w-continuous mapping
(resp., f. weakly w-continuous, f. strongly w-contin-
uous, f. almost strongly w-continuous, f. almost
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weakly w-continuous,
mapping.

The relation between FWF weakly and FWF strongly
w-top. sp. given by the following figure (see Fig. 4).
The following examples show that these implica-
tions are not reversible:

f. weakly #-continuous)

Example 4.5. Assume M = {a,b,c}, B = {x,y,z}, 7 =
{0,1, uq, tp, 3} where

M1 = {(ua 03)7 (bv 074)7 (Cv 05)}

py = {(a,0.2),(b,0.2),(c,0.5)}

us = {(a,05),(b,0.6),(c,0.5)}

So well assume that ¢ = {0,1, 1}, where 1 = {(x,0.5),
(y,0.6), (z,0.5)} is the fuzzy topologies on set M and
B respectively and let the projection function
p: (M,7) — (B, o) be the fuzzy function as p(a) = x,
p(b) =y, plc) = z. let n={(a,0.5),(0,0.5),(c,0.5)}
fuzzy w-open in M. Then, (M, 7) is FWF super w-top.
sp. but not FWF strongly 6-w-top. sp.

Theorem 4.6. Assume that (M, 7) is a fuzzy regular
space. For a FWF topological space (M, 7) over (B, o)
is FWF super w-top. sp., then it is FWF strongly
0-w-top. sp.

Proof. Assume that (M, 7) is a FWF super w-top. sp.
over (B, o), then the proj. p: (M, 7)— (B, o) f. super

FWF strongly = FWF w-top. sp. = FWF weakly 6-w-top.
sp. ﬂ w-top. sp.
FWF  super - => FWF almost w-top. => FWF 6-0
top. sp. sp. top.sp.
FWF o-top. sp. <= FWF almost strongly => FWF  almost
top. sp. weakly w-top.
H ﬂ sp.
FWF 6- <= FWF 6- FWF top. FWF  almost
®-top. sp. top. sp. F\ZF <= sp. top. sp.
weakly
6-top. sp. ﬂ H
FWEF almost strongly top. sp. bFWF almost weakly
top. sp.
FWF  weakly : FWF weakly top. €<= FWF == FWF
6-top. sp. sp. top. sp. strongly
ﬂ ﬂ ﬂ top. sp.
FWF FWF weakly FWF - &< FWF
weaklyf-w- => w-top. sp. top. sp. strongly -
top. sp. top. sp.

Fig. 4. The relation between FWF weakly and FWF strongly w-top. sp.
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w-continuous. It suffices to demonstrate that p is f.
strongly ¢-w-continuous. Assume that me M,; b€ B
so well, A is a fuzzy open set containing p (m) <€ B.
Because of p is a f. super w-continuous, there exists
is a fuzzy regular open set u containing m, such that
p(n) < A. Because int(cl(1)) < cl(2), then p(u) < int(cl
(A)) <cl(A). Then, p (u) <cl(A). And, M is a fuzzy
regular space, there is an fuzzy open set v so that
mev < cl(v) < u.since, p(cl(v)) < A Therefore, p is £.
strongly 6-w-continuous. Then (M,r) is FWF
strongly 0-w-top. sp.

Corollary 4.7. Assume that (M, 7) is an fuzzy regular
space. For a FWF topological space (M, 7) over (B, o)
is FWF super w-top. sp. if and only if it is FWF
strongly 0-w-top. sp.

Example 4.8. Let M = {a,b}, B = {x,y,z}, 7 = {0,1,
1, uo } where

uy = {(a,0.7), (b7 0, 6)}

Uy ={(a,0.7),(0,0.9)}

And let ¢ = {0,1, 1}, where 1= {(x,0.7), (y,0.6)} be
the fuzzy topologies on set M and B respectively and
let the projection function p : (M, 7) — (B, ) be the
fuzzy function as p(a) = x, p(b) =y, let n = {(4,0.5)
,(0,0.5)} fuzzy w-open in M. Then, (M, 1) is FWF
w-top. sp. but not FWF super w-top. sp.

Theorem 4.9. Assume that (M, 7) is an fuzzy regular
space. For a FWF topological space (M, 7) over (B, o)
is FWF w-top. sp., then it is FWF super w-top. sp.

Proof. Assume that (M, 7) is a FWF w-top. sp. over (B,
), then the proj. p : (M, 7) — (B, o) f. w-continuous. It
suffices to demonstrate that p is f. super w-continuous.
Let m&Mj;; b€ B and, A be a fuzzy open set containing
p (m) in B. Because of p is a f. w-continuous, there is a
fuzzy w-open set u contains m, so that p(u) < 2, also
int( cl(u)) < cl(u). Then, p(int( cl(u)) < p (cl(n)). And,
M is a fuzzy regular space. There is an fuzzy open set
uq such that €py < cl(uq) < p. Thus, p(int(cl(u)) <
p (cl(uq)) so well, p(u) < A. Then, p(int(cl(p)) < A It
follow that, p is f. super w-continuous. Then (M, 7) is
FWF super w-top. sp.

Corollary 4.10. Assume that (M, ) is an fuzzy reg-
ular space. For a FWF topological space (M, 1) over
(B, o) is FWF w-top. sp. if and only if it is FWF super
w-top. sp.

Example 4.11. For an fuzzy topological space (M,
7)=(B,0)Leto =7 ={0,1,u:3< u(m) <3, forsome
fixed element m of M and u(m) = 0, otherwise}. As-
sume that (M, ) is a FWF topological space over (B, o)
also assume that the projection function p : (M, 7)—

(B, o) is the fuzzy function as the identity maps. Then,
(M, 1) is FWF top. sp. but not FWF strongly top. sp.

Theorem 4.12. Assume that (M, 7) is an fuzzy reg-
ular space. For a FWF topological space (M, 1) over
(B, 0) is FWF top. sp., then it is FWF strongly top. sp.

Proof. Assume that (M, 7)is a FWF top. sp. over (B,s),
then the proj. p : (M, 7)— (B, 0) f. continuous. It suf-
fices to demonstrate that p is f. strongly continuous.
Let m€M,; b€ B and, A be a fuzzy open set containing
p (m) in B. Because of p is a f. continuous, there is a
fuzzy open set u contains m, so thatp(u) < A, where M
is fuzzy regular space, there is a fuzzy open set u; €M
such that meu, also, cl(u;) < u. Thus, p(cl(uy)) <
p(u). Then, p(cl(uy)) < A. Therefore, p is f. strongly
continuous. Then (M, 7) is FWF strongly compact.

Corollary 4.13. Assume that (M, ) is an fuzzy reg-
ular space. For a FWF topological space (M, T) over
(B,g) is FWF w-top. sp., if and only if it is FWF
strongly compact.

Theorem 4.14. Let (B,o) be a fuzzy regular space.
The FWF topological space (M, ) over (B, o) is FWF
weakly top. sp., then it is FWF top. sp.

Proof. Assume that (M, 7) is a FWF weakly top. sp.
over (B, o), then the proj. p : (M, 7)— (B, o) f. weakly
continuous. It suffices to demonstrate that p is f.
continuous. Let m&M,; b€B and, A be a fuzzy open
set containing p (m)EB. Where B is fuzzy regular,
there is a fuzzy open set A; €B so that p(m) € 4; also,
cl(A) < A. Because p is weakly continuous, there
exists is a fuzzy open set u containing m in M so that
p(n) < cl(A1). Thus, p(u) < A. It follows that, p is f.
continuous. Then, (M, 7) is FWF top. sp.

Corollary 4.15. Assume that (B, o) is an fuzzy reg-
ular space. For a FWF topological space (M, 1) over
(B, 0) is FWF weakly top. sp. if and only if it is FWF
top. sp.

Example 4.16. Let = {a,b}, B = {x,y}, 7= {0,1, uy,
Mz, uz} where

w = {(a,0.60), (b,0.60)}

My = {(tl,l), (h709)}

M3 = {(ua 0. 11)7 (bv 031)}

And let ¢ = {0,1,2}, where A= {(x,0.11), (y,0.31)}
be the fuzzy topologies on set M and B respectively
and let the projection function p : (M, 7) — (B, g) be
the fuzzy function as p(a) = x, p(b) = y. Let
n=1{(a,0.7),(0,04)} fuzzy w-open in M also
v ={(a,0.11), (b,0.31)} be an fuzzy open of B. Thus,
p(n) <int(cl(v)) but (int cl(n))£v. Then, (M,7) is
FWEF almost w-top. sp. but not FWF super w-top. sp.
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Definition 4.17. [5] A fuzzy topological space (M, 7)
is called a fuzzy semi-regular space iff the collection
of all fuzzy regular open sets of M forms a base for
fuzzy topology 7.

Theorem 4.18. assume that (M, 7) and (B, o) are an
fuzzy regular space. For a FWF topological space
(M, 1) over (B, ) is FWF almost w-top. sp., then it is
FWF super w-top. sp.

Proof. Assume that (M, 7) is a FWF almost w-top.
sp. over (B, o), then the projection p : (M, 7)— (B, 0)
f. almost w-continuous. It suffices to demonstrate
that p is f. super w-continuous. Let meM,; b€ B
and, A be a fuzzy open set containing p (m) in B.
Because of p is f. almost w-continuous, there exists is
a f. w-open set u containing m. For each fuzzy reg-
ular open set A of B contains p(m) so that p(u) < A.
Thus, (1) < (int(cl(2)). Because the space M is fuzzy
semi-regular space, There exists is a fuzzy open set
u1 €M so that mepu, also, A <int(cl(1)) < u. Thus,
(2) < plint( cl(2))) < plu). Also, p(u) < int(cl( ))-
Thus, (int(cl(1))) < p(u) < int(cl(A)). So well, the
space B is fuzzy semi-regular space, there exists is a
fuzzy open set A in B such that p(m)E; then, u <
int(cl(u)) < A. Thus, p(u) < p(int(cl(n))). It follows
that, p(int(cl(u))) < A. Then, p is f. super w-contin-
uous. Hence (M, 7) is FWF super w-top. sp.

corollary 4.19. Let (M, 7) and (B, o) be a fuzzy reg-
ular space. The FWF topological space (M, r) over
(B, o) is FWF almost w-top. sp. if and only if it is FWF
super w-top. sp.

Example 4.20. Let M = {a,b,c}, B = {x,y,z}, 7 = {0,
1, uq, 4o } where

u = {(a,0.1),(b,0.2),(c,0.5)}

po = {(a,0.4),(b,0.3),(c,0.5)}

And let o=1{0,1,1}, where A= {(x,0.3),(y,0.4),
(z,0.5)} be the fuzzy topologies on set M and B
respectively and let the projection function
p: (M, 1) —(B,0) be the fuzzy function as p(a) = y,
p() =x,p(c) =z Letv = {(x,0,3),(y,0.4), (z,0.5)} is
fuzzy open in B. Then, p(uq) <cl(v) but
p(cl(uy))<int(cl(v)). Then, (M,7) is FWF almost
weakly top. sp. but not FWF almost strongly top. sp.

Theorem 4.21. Assume that (M, 7) is an fuzzy reg-
ular space. For a FWF topological space (M, T) over
(B,o) is FWF almost weakly w-top. sp., then it is
FWF almost strongly top. sp.

Proof. Assume that (M, 7) is a FWF almost weakly
top. sp. over (B, ), then the proj. p: (M, 7)—(B,0) £.
almost weakly continuous. It suffices to demonstrate
that p is f. almost strongly continuous. Let m& M,;
beB and, 1 be a fuzzy open set containing p (m) in B.

Because of p is f. almost weakly continuous, m &M,
beB for each open set A of B containing p(m) there is
a fuzzy open set u contains m so that p(u) < cl(4).
Because the space M is a fuzzy regular space, there
is a fuzzy open set u; €M such that meyu, also
c(m) < 1, s0 plelum)) < p(w). Also, p(u) < cl(A).
Then, p(cl(pq)) < cl(4) also, int(cl(A1)) < cl(A1). Then,
(cl(A1) ) < int(cl(A41)). It follows that, p is f. almost
strongly continuous. Hence (M, 7) is FWF almost
strongly top. sp.

Corollary 4.22. Assume that (M, 7) is an fuzzy reg-
ular space. For a FWF topological space (M, 1) over
(B, g) is FWF almost weakly w-top. sp. if and only if
it is FWF almost strongly top. sp.

Theorem 4.23. Assume that (M, ) is a FWF topo-
logical space over (B, o) also (B, o) is a fuzzy regular
space. The following properties are equivalent:

(a) FWF strongly top. sp.
(b) FWF top. sp.
(c) FWF weakly top. sp.

proof. The proof follows directory from by Theo-
rems 4.12, 2.16.

Definition 4.24. [4] Let M and B be an fuzzy spaces
are called fuzzy homeomorphic denoted by M=B if
there exists a fuzzy homeomorphism on M to B.

Theorem 4.25. The FWF topological space (M,7)
over (B, o) is FWF strongly top. sp. Also (M, ) is a
fuzzy regular, so the graph fuzzy function : (M, 7) —
(M, 7) x ( B,o), defined by g(m) = (m,p(m)), for each
meEM is a f. strongly continuous.

Proof. Assume that (M, 7) is a FWF strongly top. sp.
over (B,0), then the proj. p : (M, 1) — (B, o) f. strongly
continuous mapping. Let meM,, b€B and u be a
fuzzy open set of M x B containing p(m). There ex-
ists fuzzy open sets £, €™ and A€1® so that g(m) =
(m, p(m))<é;x A<u. Where p is f. strongly
continuous also, M is fuzzy regular space, there is an
fuzzy open set £ containing m in M so that cl(§) < £,
also p(cl(¢)) < A. Therefore, p(cl(§)) <& x A< p.
Then, p is £. strongly continuous. Thus, the mapping
g=idu Ap: M, 7)—(M,7) x (B,o) maps fuzzy
homeomorphically onto the graph g(m) which is
fuzzy closed subset of M x B, so p is f. continuous
and because M is an fuzzy regular, then M x B is
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fuzzy regular, by Theorem 4.24. Hence, g : M— Mx
B is {. strongly continuous mapping.

Theorem 4.26. Assume that (M, 7) is a FWF topo-
logical space over (B, ¢) also (B, g) is a fuzzy regular
space. The following properties are equivalent:

(a) FWF almost strongly 6-w-top. sp.
(b) FWF w-top. sp.

(c) FWF almost w-top. sp.

(d) FWF 0-w-top. sp.

(e) FWF almost weakly w-top. sp.

proof. The proof follows directory from by Theo-
rems 3.6, 2.15, 3.16.
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