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The Open Mapping in Fuzzy K-proximity Space
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1. Introduction

The concept of fuzzy set was introduced by Zadeh in his classical paper [1]. In 1974, Chang [2] defined
fuzzy topology. In 1979, Katsaras [3] introduced the nation of fuzzy proximities, on the base of the
axioms suggested by Efremovic [4].

2. Preliminaries

In this paper W denote a nonempty set and IV is the collection of all fuzzy set. f: (W, Sy) — (M, Syy)
(or f: W—M) means a mapping ffrom a fuzzy K-proximity space W to a fuzzy K-proximity space M
. For any two fuzzy sets m and m in W, m v m and m A m defined as followings: For any a € W,
(mvm)(x) =sup{m(a), m(a)}and (m A m)(a) = inf{ m(a), m(a)}, respectively. And m < m if for
eacha € W, m(a) < m(a). m€ is the complement of a fuzzy set m in W defined by m¢ =1 —m. The
constant maps all of W to 0 and 1 denoted by 0 and 1, respectively. A A fuzzy point ag in W is a fuzzy
set defined by ag = 0 for all b € W except one, called a € W such that ag = , where 0 < <1, we
say ap belong to m denoted by agz € m, if § < m(a), for any a € W. Evidently, every fuzzy set m can

be expressed as the union of all the fuzzy points which belong to m. This paper was an attempt to give the most
important properties of the fuzzy IKK-proximally open mapping.

Definition 2.1 [2]: A subset S of IV is called fuzzy topology on W if the following statements are
complete:

e 01€S;
e Ifm meS, thennAmES;
o Ifm; €S, then sup;cam; € S, for eachi € A.
We say the pair (W, S)is a fuzzy topological space, of its for short.

Definition 2.2 [3]: A relation S on IV is called a fuzzy proximity if the following statements are
complete:

C1l- If nSm then mSm;

C2- (m v m)Sk if and only if mSk or mSk;
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C3- If ndm thenm # 0 and m # 0;
C4- If nSm, then 3k € IV 3 mSk and (1 — k)Sm;
C5-IfmAm +# 0 then nSm.

We say the pair (W, 8)is a fuzzy proximity space.

Definition 2.3 [6]: A relation S on IV is called a fuzzy K-proximity if the following statements are
complete:

S1- agS(m Vv m) if and only if agSm or azSm;
S2- agS0 for all ag;
S3- If ag € m then agSm;
S4- If agSm then 3k € I 3 apSk and bpSm for all by € (1 — k).
We say the pair (W, S) is a fuzzy K-proximity space.
Notes:
1- Clear that the fuzzy proximity on IV implies the fuzzy K-proximity on 1",
2- The pairs (W, §)and (M, § ) we mean in the next stage of this paper is the fuzzy IK-proximity space.

Definition 2.4 [6]: A fuzzy K-proximity S on IV is called discrete K-proximity, if we define agSm if
and only if ag Am # 0.

Definition 2.5: Let (W, S) be a fuzzy proximity space. A fuzzy set m € IV is called FS-closed if
agsm — ag € m.

Definition 2.6: Let (W, ) be a fuzzy proximity space, then the family 75 = {m € IV: (1 — m) is FS-
closed } is called fuzzy topology induced by S.

Definition 2.7: Let (W, S) be a K- proximity space and m € IV, a S-closure of m (briefly ¢ )and S-
interior of m ( briefly m®®) are defined as:

S =A{m:m < m, m is FS-closed }
n° =V {m:m < m, (1 —m)is FS-closed }

Theorem 2.7 [7]: Let (W, T") be a fuzzy topological space and § is a binary relation defined by
apSwn if and only if az € @9, then § is a fuzzy K-proximity on I and the fuzzy topology s
induced by S is the given topology T'.

Definition 2.8 [7]: Let m and m be a fuzzy set in IK-proximity space (W, S ). Then we say that
m and m are in the relation «< and writt m « m if m § (1 — m).

Proposition 2.9: Let (W, Syy) be a fuzzy K-proximity space. If m « m, then 3k € IWsuch that m «
k « m.
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Proof: Let m <« m, then mSy, (1 — m). So, 3k € I'V such that mSy, (1 — k) and kS, (1 — m). So,
m < kand k « m.

Definition 2.10 [7]: A mapping f: (W, Sy) — (M, Sy) is said to be fuzzy proximally mapping (FS-
continuous) if agSwm implies f(ag)Swf (m).

Equivalently, f: W—M is said to be FS-continuous if bﬁgmm implies f~1( bﬁ)gwf‘l( m) or bg K
m implies f~1(bg) «< f~'(m).

Definition 2.11 [7]: A fuzzy set m in K-proximity space (W, §) is called S-neighborhood of a fuzzy
point ag (in symbols ag < m) if ag S (1 —m).

Definition 2.12 [7]: Let §; and S, be two K-proximity on W, then we define S, > §; if ag$;m
implies agS,m (we say that S, is finer than S, or S, is coarser than ;).

3. Fuzzy K-proximities Open Mapping

Definition 3.1: A mapping f from (W, Syy) into (M, Sy;) is said to be fuzzy K-proximity open (Fs-
open) if bpSyym implies agSym , where bg = f(aﬁ) ,m=1—-f(1-m)andm # 0.
Equivalently, f: W—M is said to be FS-open if agSym implies bgSym or ag < 1 — m implies
bg < 1—m. where bg = f(ag)andm =1— f(1 —m)and m # 0.

Proposition 3.2: Let f: (W, Sy) — (M, Sy) be FS-open and injective mapping, then f is a fuzzy
open with respect to the fuzzy topologies 75 ,and 7s,,.

Proof: Let bg € f(m)°°) = f(1 — (1 —mn®)), where bg = f(ag) then by € 1 — f(1 —m°) i.e. by &
f(1—m®), thus ag & (1 —m°) and agSy (1 — m). Since f is F&-open, then f(ag)Sy1 — f(m), that
is f(ap) € (1 — f(m)®) and f(ag) € 1 — (1 — f(m)*) implies f(ag) € (f (m))°?, this prove
f((m)°%) € (f(m))°®. Hence the mapping f is fuzzy open.

Proposition 3.3: The composition of FS-open maps is FS-open.
Proof: Clear

Proposition 3.4: Let §; and S, be two K-proximity on W, then the identity mapping

i: (W, 8;) > (W, S,) is FS-open ifand only if §; > §,.

Proof: Let agS,m, then agS; m, from definition of fuzzy identity mappingm =1 — (1 — f~* (m)) =
m SO, agd;m. Hence, §; > S5.

Proposition 3.5: A bijective mapping f: (W, Sy) — (M, §y) is FS-open if and only if

f1 (M, Syy)— (W, Syy) is FS-continuous.

Proof: Let bgSym, then agpSym where bg = f(ag) and m = 1 — f(1 — m), since f is injective then
m = f(m) and m = £~ (m), that is f ~*( bg )Swf ~' (m).

Conversely, Let bgSym, then f~'( bg )Swf~*(m). Since f is bijective, then there exists az and m
inIWstx, =f(bg)and m = f~*(m). Thus, agSym, where bg = f(ag) and m = f(n) = 1 —
f(1 —m).

Definition 3.6: Let (W, §;,)be a fuzzy proximity space. A proximity Spis called discrete if we define
nSp,m if and only if nA m # 0.
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Proposition 3.7: An injective mapping f: (W, Sy) — (M, Syy) is FS-open if Sy is a discrete K-
proximity on ™ .

Proof: Let bgSym then f(ag) A1— f(1—m) # 0where bg = f(ag) andm = 1 — f(1 —m), but f
is injective then f(m) = 1 — f(1 —m) and ag Am # 0, thus azSm. Hence f is FS-open.

Definition 3.8: A mapping f from (W, Syy) into (M}, Syy) is said to be fuzzy K-proximity closed (FS-
closed) if bgSym implies agSym, where bg = f(az), m = f(m) and m # 0.

Equivalently, f: W—M is said to be FS-closed if agSymn implies bpSym or ag < 1 — m implies
bg < 1 —m where bg = f(ag), m = f(m) and m # 0.

Proposition 3.9: An injective mapping f: (W, Syw) — (M, Syy) is FS-closed if and only if itis Sy isa
fuzzy K-proximity on 1™,

Proof: Let bgSym, then agSym where by = f(ag) and m = 1 — (1 — m), since f is injective then
m = f(m), that is FS-closed.

Theorem 3.10: Let f be a injective mapping from a fuzzy K-proximity space (W, Sy) into Y, the
coarsest fuzzy K-proximity Sy which be assigned to M in order that f be fuzzy K-proximally open is
defined by bgSym if and only if there exists m* € IV s.t agSy (1 — m*) and f(n*) € 1 — m, where

bg = f(ag), m = f(m).

Proof: First, we must prove that Sy, is a fuzzy K-proximity on M.

K1- Let bgSy (m, V my), then there exists m* € I* s.t. apSy(1 —m*) and f(n*) € 1 — my, V m;),
where bg = f(ap), my vim, = 1 — f(1 —m) from which bgSym;, and bpSym, follow. If
bgSymy and bgSym,, then there exists m*y, m*, € I'V s.t. apSy (1 — m*y) , agSw(1 — m*;) and
f(m*) €1 —my, f(m*;) € 1 —my, then bgSy (1 — (m*; vm*,)) and f(m*; vm*,) € 1 — (my vV
m,), that is bgSy (M, V my,).

K2- bpSy0 is clear for all bg.

K3- If bgSym , then there exists m* € I'W s.t. agSy (1 —m*) and f(n*) € 1 — m. Thus ag ¢
(1 —m") and then bg & 1 — f(m") also bz € 1 — m, this prove that by & m.

K4- If bgSym, then there exists m* € IV s.t. agSy (1 — m*) and f(n*) € 1 — m. Since Sy satisfies
condition (K4), then there exists m € I s.t. agSywm and ag* Syw(1 —m*) forall az* € 1 —m.
Assume f(m) = p then bgSym , since ag* Sy (1 —m*) and m* € f~(f(n*)) € 1 — f~*(m), then
(1 — m)Syf " (m) which implies (1 — f(m ))dym i.e. bg" Syym for all bg™ € (1 — p).

Now, to show that f: (W, Syy) — (M, Sy) is fuzzy K-proximally open. Suppose that aﬁs_wlm 6. apg K
1 — m by proposition (2.9) then there exists m* € IV stag <« m* « 1 —m. Thus, agSyn* and
n*Sym thatism* € 1 —m, if m = f(m) then f(n*) € 1 — m, by assumption bzSym and this prove
that f is FS-open.

It remains to show that Sy; coarsest fuzzy K-proximity. Let Sy be any fuzzy K-proximally on M s.t
f: (W, Sw) - (M, Sy) is fuzzy K-proximally open mapping. If bySym, then there exists m* € 1" s.t.
ag* Sw(1—m*) and f(m*) € 1 — m. Since f is FS-open then bpSy (1 — f(m*)) butm € 1 — f(m*),

then bﬁ§Mm, hence Sy < Sy
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4. Conclusions and future studies

The result of this paper initiated was the definition of the fuzzy K-proximity open mapping and
relationship with fuzzy K-proximity continuous. In addition, new fuzzy a K-proximity relation was
defined on the basis of this mapping. In the future it is possible to link this mapping to the fuzzy K-
proximity compact.
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