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In this paper, we define fuzzy 𝕂 -proximally open mapping. The properties of  this 

mapping and its relationship with other types of maps were also studied. It was also 

proven through fuzzy 𝕂 -proximally open mapping that a relation 𝒮 on the corresp-

onding space is fuzzy 𝕂 -proximity. 

 

1. Introduction  

The concept of fuzzy set was introduced by Zadeh in his classical paper [1]. In  1974, Chang [2] defined 

fuzzy topology. In 1979, Katsaras [3] introduced the nation of fuzzy proximities, on the base of the 

axioms suggested by Efremovic [4].              

2. Preliminaries 

In this paper 𝕎 denote a nonempty set and 𝐼𝕎 is the collection of all fuzzy set. 𝑓: (𝕎, 𝒮𝕎)  (𝕄, 𝒮𝕄)  

(or 𝑓: 𝕎𝕄) means a mapping 𝑓from   a fuzzy 𝕂-proximity space 𝕎 to a fuzzy 𝕂-proximity space 𝕄  

. For any two fuzzy sets   𝕟   and  𝕞 in 𝕎,  𝕟 ∨ 𝕞 and  𝕟 ∧ 𝕞 defined as followings: For any 𝑎 ∈ 𝕎, 
(𝕟 ∨ 𝕞)(𝑥) = sup {𝕟(𝑎), 𝕞(𝑎)} and ( 𝕟 ∧ 𝕞)(𝑎) = inf { 𝕟(𝑎), 𝕞(𝑎)}, respectively. And 𝕟 ≤ 𝕞 if for 

each 𝑎 ∈ 𝕎, 𝕟(𝑎) ≤ 𝕞(𝑎).  𝕟𝑐 is the complement of a fuzzy set  𝕟 in 𝕎 defined by  𝕟𝑐  = 1 − 𝕟. The 

constant maps all of 𝕎 to 0 and 1 denoted by 0 and 1, respectively. A A fuzzy point 𝑎𝛽 in 𝕎  is a fuzzy 

set defined by 𝑎𝛽 = 0 for all 𝑏 ∈ 𝕎 except one, called  𝑎 ∈ 𝕎  such that 𝑎𝛽 = 𝛽, where 0 < 𝛽 < 1, we 

say 𝑎𝛽 belong to 𝕟  denoted by 𝑎𝛽 ∈ 𝕟, if 𝛽 ≤ 𝕟(𝑎), for any 𝑎 ∈ 𝕎. Evidently, every fuzzy set 𝕟 can 

be expressed as the union of all the fuzzy points which belong to 𝕟. This paper was an attempt to give the most 

important properties of the fuzzy 𝕂-proximally open mapping.  

Definition 2.1 [2]: A subset 𝕊 of 𝐼𝕎 is called fuzzy topology on 𝕎 if the following statements are 

complete:  

  0,1 ∈ 𝕊; 

  If 𝕟, 𝕞∈𝕊, then 𝕟 ∧ 𝕞 ∈ 𝕊; 

  If 𝕟𝑖 ∈ 𝕊, then 𝑠𝑢𝑝𝑖∈∆𝕟𝑖 ∈ 𝕊, for each 𝑖 ∈ ∆. 

We say the pair (𝕎, 𝕊)is a fuzzy topological space, of its for short. 

Definition 2.2 [3]: A relation 𝒮 on 𝐼𝕎 is called a fuzzy proximity if the following statements are 

complete:  

C1- If 𝕟𝒮𝕞 then 𝕞𝒮𝕟; 

C2- (𝕟 ∨ 𝕞)𝒮𝕜 if and only if 𝕟𝒮𝕜 or 𝕞𝒮𝕜; 
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C3- If 𝕟𝒮𝕞  then 𝕟 ≠ 0 and 𝕞 ≠ 0; 

C4- If 𝕟𝒮̅𝕞,  then ∃𝕜 ∈ 𝐼𝕎 ∋ 𝕟𝒮̅𝕜 and (1 − 𝕜)𝒮̅𝕞; 

C5- If 𝕟 ∧ 𝕞 ≠ 0 then 𝕟𝒮𝕞. 

  We say the pair (𝕎, 𝒮)is a fuzzy proximity space. 

Definition 2.3 [6]: A relation 𝒮 on 𝐼𝕎 is called a fuzzy 𝕂-proximity if the following statements are 

complete:  

S1-  𝑎𝛽𝒮(𝕟 ∨ 𝕞) if and only if 𝑎𝛽𝒮𝕟 or 𝑎𝛽𝒮𝕞; 

S2- 𝑎𝛽𝒮̅0 for all 𝑎𝛽; 

S3- If 𝑎𝛽 ∈ 𝕟 then 𝑎𝛽𝒮𝕟; 

S4- If 𝑎𝛽𝒮̅𝕟 then ∃𝕜 ∈ 𝐼𝕎 ∋ 𝑎𝛽𝒮̅𝕜 and 𝑏𝛽𝒮̅𝕟 for all 𝑏𝛽 ∈ (1 − 𝕜). 

   We say the pair (𝕎, 𝒮) is a fuzzy 𝕂-proximity space. 

Notes:  

1- Clear that the fuzzy proximity on 𝐼𝕎 implies the fuzzy 𝕂-proximity on 𝐼𝕎. 

2- The pairs (𝕎, 𝒮)and (𝕄, 𝒮 ) we mean in the next stage of this paper is the fuzzy 𝕂-proximity space. 

Definition 2.4 [6]: A fuzzy 𝕂-proximity 𝒮 on 𝐼𝕎 is called discrete 𝕂-proximity, if we define 𝑎𝛽𝒮𝕟  if 

and only if  𝑎𝛽 ∧ 𝕟 ≠ 0.  

Definition 2.5: Let (𝕎, 𝒮) be a fuzzy proximity space. A fuzzy set 𝕟 ∈ 𝐼𝕎 is called F𝒮-closed if 

𝑎𝛽𝒮 𝕟 → 𝑎𝛽 ∈ 𝕟.     

Definition 2.6: Let (𝕎, 𝒮) be a fuzzy proximity space, then the family 𝜏𝒮 = {𝕟 ∈ 𝐼𝕎: (1 − 𝕟) is F𝒮-

closed } is called fuzzy topology induced by 𝒮. 

Definition 2.7: Let (𝕎, 𝒮) be a 𝕂- proximity space and  𝕟 ∈ 𝐼𝕎, a 𝒮-closure of 𝕟 (briefly 𝕟 ̅𝒮 )and 𝒮-

interior of 𝕟 ( briefly 𝕟𝑜𝒮) are defined as: 

             𝕟 ̅𝒮 =∧ {𝕞: 𝕟 ≤ 𝕞, 𝕞 𝑖𝑠 F𝒮-closed } 

             𝕟𝑜𝒮 =∨ {𝕞: 𝕞 ≤  𝕟, (1 − 𝕞)𝑖𝑠 F𝒮-closed }  

Theorem 2.7 [7]: Let (𝕎, 𝒯) be a fuzzy topological space and 𝒮 is a binary relation defined by  

𝑎𝛽𝒮𝕎𝕟  if and only if 𝑎𝛽 ∈ 𝕟 ̅𝒮, then 𝒮 is a fuzzy 𝕂-proximity on 𝐼𝕎 and the fuzzy topology 𝜏𝒮 

induced by 𝒮 is the given topology 𝒯. 

Definition 2.8 [7]: Let 𝕟 and 𝕞  be a fuzzy set in 𝕂-proximity space (𝕎, 𝒮 ). Then we say that 

𝕟 and 𝕞 are in the relation ≪ and write 𝕟 ≪ 𝕞 if 𝕟 𝒮 
̅

 
(1 − 𝕞). 

Proposition 2.9: Let (𝕎, 𝒮𝕎) be a fuzzy 𝕂-proximity space. If 𝕞 ≪ 𝕟, then ∃𝕜 ∈ 𝐼𝕎such that 𝕞 ≪
𝕜 ≪ 𝕟. 
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Proof: Let 𝕞 ≪ 𝕟, then 𝕞𝒮�̅�(1 − 𝕟). So, ∃𝕜 ∈ 𝐼𝕎 such that 𝕞𝒮�̅�(1 − 𝕜) and 𝕜𝒮�̅�(1 − 𝕟). So, 

𝕞 ≪ 𝕜 and 𝕜 ≪ 𝕟. 

Definition 2.10 [7]: A mapping 𝑓: (𝕎, 𝒮𝕎)  (𝕄, 𝒮𝕄) is said to be fuzzy proximally mapping (F𝒮-

continuous) if 𝑎𝛽𝒮𝕎𝕟  implies 𝑓(𝑎𝛽)𝒮𝕄𝑓(𝕟). 

Equivalently, 𝑓: 𝕎𝕄 is said to be F𝒮-continuous if 𝑏𝛽𝒮�̅�𝕞 implies 𝑓−1( 𝑏𝛽)�̅�𝕎𝑓−1( 𝕞)   or 𝑏𝛽 ≪

𝕞 implies 𝑓−1( 𝑏𝛽) ≪ 𝑓−1( 𝕞).  

Definition 2.11 [7]: A fuzzy set 𝕟 in 𝕂-proximity space (𝕎, 𝒮 ) is called 𝒮-neighborhood of a fuzzy 

point 𝑎𝛽 ( in symbols 𝑎𝛽 ≪ 𝕟) if 𝑎𝛽 𝒮 
̅

 
(1 − 𝕟). 

Definition 2.12 [7]: Let 𝒮1 and 𝒮2 be two 𝕂-proximity on 𝕎 , then we define 𝒮2 > 𝒮1 if 𝑎𝛽𝒮1𝕟  

implies 𝑎𝛽𝒮2𝕟 (we say that 𝒮1is finer than 𝒮2 or 𝒮2is coarser than 𝒮1).  

3. Fuzzy 𝕂-proximities Open Mapping 

Definition 3.1: A mapping 𝑓 from (𝕎, 𝒮𝕎) into (𝕄, 𝒮𝕄) is said to be fuzzy 𝕂-proximity open (F𝒮-

open) if 𝑏𝛽𝒮𝕄𝕞 implies 𝑎𝛽𝒮𝕎𝕟  , where  𝑏𝛽 = 𝑓(𝑎𝛽) , 𝕞 = 1 − 𝑓(1 − 𝕟) and 𝕟 ≠ 0. 

Equivalently, 𝑓: 𝕎𝕄 is said to be F𝒮-open if  𝑎𝛽𝒮�̅�𝕟   implies  𝑏𝛽𝒮�̅�𝕞 or 𝑎𝛽 ≪ 1 − 𝕟 implies  

𝑏𝛽 ≪ 1 − 𝕞.  where  𝑏𝛽 = 𝑓(𝑎𝛽) and 𝕞 = 1 − 𝑓(1 − 𝕟) and 𝕟 ≠ 0. 

Proposition 3.2: Let 𝑓: (𝕎, 𝒮𝕎)  (𝕄, 𝒮𝕄)  be 𝐹𝒮-open and injective mapping, then 𝑓 is a fuzzy 

open with respect to the fuzzy topologies 𝜏𝒮𝕎
and 𝜏𝒮𝕄

.  

Proof: Let 𝑏𝛽 ∈ 𝑓((𝕟)𝑜𝒮) = 𝑓(1 − (1 − 𝕟̅̅ ̅̅ ̅̅ ̅𝒮)), where 𝑏𝛽 = 𝑓(𝑎𝛽) then  𝑏𝛽 ∈ 1 − 𝑓(1 − 𝕟̅̅ ̅̅ ̅̅ ̅𝒮) i.e. 𝑏𝛽 ∉

𝑓(1 − 𝕟̅̅ ̅̅ ̅̅ ̅𝒮), thus 𝑎𝛽 ∉ (1 − 𝕟̅̅ ̅̅ ̅̅ ̅𝒮) and 𝑎𝛽𝒮�̅�(1 − 𝕟). Since 𝑓 is  𝐹δ-open, then 𝑓(𝑎𝛽)�̅�𝕄1 − 𝑓(𝕟), that 

is 𝑓(𝑎𝛽) ∉ (1 − 𝑓(𝕟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝒮) and 𝑓(𝑎𝛽) ∈ 1 − (1 − 𝑓(𝕟)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝒮) implies 𝑓(𝑎𝛽) ∈ (𝑓(𝕟))𝑜𝒮, this prove 

𝑓((𝕟)𝑜𝒮) ⊆ (𝑓(𝕟))𝑜𝒮. Hence the mapping 𝑓 is fuzzy open. 

Proposition 3.3: The composition of  𝐹𝒮-open maps is 𝐹𝒮-open. 

Proof: Clear 

Proposition 3.4: Let 𝒮1 and 𝒮2 be two 𝕂-proximity on 𝕎, then the identity mapping 

𝑖: (𝕎, 𝒮1)  (𝕎, 𝒮2) is  𝐹𝒮-open  if and only if 𝒮1 > 𝒮2. 

Proof: Let 𝑎𝛽𝒮2𝕞, then 𝑎𝛽𝒮1 𝕟, from definition of fuzzy identity mapping 𝕟 = 1 − (1 − 𝑓−1 
(𝕞)) =

𝕞 so, 𝑎𝛽𝛿1𝕞. Hence, 𝒮1 > 𝒮2. 

Proposition 3.5: A bijective mapping 𝑓: (𝕎, 𝒮𝕎)  (𝕄, 𝒮𝕄)  is 𝐹𝒮-open if and only if 

𝑓−1: (𝕄, 𝒮𝕄)(𝕎, 𝒮𝕎) is 𝐹𝒮-continuous. 

Proof: Let  𝑏𝛽𝒮𝕄𝕞, then 𝑎𝛽𝒮𝕎𝕟 where 𝑏𝛽 = 𝑓(𝑎𝛽) and 𝕞 = 1 − 𝑓(1 − 𝕟), since 𝑓 is injective then 

𝕞 = 𝑓(𝕟) and 𝕟 = 𝑓−1(𝕞), that is 𝑓−1( 𝑏𝛽 
)𝒮𝕎𝑓−1(𝕞). 

Conversely,  Let 𝑏𝛽𝒮𝕄𝕞, then  𝑓−1( 𝑏𝛽 
)𝒮𝕎𝑓−1(𝕞). Since 𝑓 is bijective, then there exists 𝑎𝛽 and 𝕟 

in 𝐼𝕎 s.t 𝑥𝛾 = 𝑓−1(𝑏𝛽 
) and 𝕟 = 𝑓−1(𝕞). Thus, 𝑎𝛽𝒮𝕎𝕟, where  𝑏𝛽 = 𝑓(𝑎𝛽) and 𝕞 = 𝑓(𝕟) = 1 −

𝑓(1 − 𝕟). 

Definition 3.6: Let (𝕎, 𝒮𝐷)be a fuzzy proximity space. A proximity 𝒮𝐷is called discrete if we define 

𝕟𝒮𝐷𝕞 if and only if 𝕟⋀ 𝕞 ≠ 0. 
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Proposition 3.7: An injective mapping 𝑓: (𝕎, 𝒮𝕎)  (𝕄, 𝒮𝕄)  is 𝐹𝒮-open if 𝒮𝕄 is a discrete 𝕂-

proximity on 𝐼𝕄 . 

Proof: Let 𝑏𝛽𝒮𝕄𝕞 then 𝑓(𝑎𝛽)  ∧ 1 − 𝑓(1 − 𝕟) ≠ 0 where 𝑏𝛽 = 𝑓(𝑎𝛽) and 𝕞 = 1 − 𝑓(1 − 𝕟), but 𝑓 

is injective then 𝑓(𝕟) = 1 − 𝑓(1 − 𝕟) and 𝑎𝛽 ∧ 𝕟 ≠ 0, thus 𝑎𝛽𝒮𝕟. Hence 𝑓 is 𝐹𝒮-open.  

Definition 3.8: A mapping 𝑓 from (𝕎, 𝒮𝕎) into (𝕄, 𝒮𝕄) is said to be fuzzy 𝕂-proximity closed (F𝒮-

closed) if 𝑏𝛽𝒮𝕄𝕞 implies 𝑎𝛽𝒮𝕎𝕟, where  𝑏𝛽 = 𝑓(𝑎𝛽), 𝕞 = 𝑓(𝕟) and 𝕟 ≠ 0. 

Equivalently, 𝑓: 𝕎𝕄 is said to be F𝒮-closed if  𝑎𝛽𝒮�̅�𝕟   implies  𝑏𝛽𝒮�̅�𝕞 or 𝑎𝛽 ≪ 1 − 𝕟 implies  

𝑏𝛽 ≪ 1 − 𝕞 where 𝑏𝛽 = 𝑓(𝑎𝛽), 𝕞 = 𝑓(𝕟) and 𝕟 ≠ 0. 

Proposition 3.9: An injective mapping 𝑓: (𝕎, 𝒮𝕎)  (𝕄, 𝒮𝕄)  is 𝐹𝒮-closed if and only if it is  𝒮𝕄 is a 

fuzzy 𝕂-proximity on 𝐼𝕄.  

Proof: Let 𝑏𝛽𝒮𝕄𝕞, then 𝑎𝛽𝒮𝕎𝕟  where 𝑏𝛽 = 𝑓(𝑎𝛽) and 𝕞 = 1 − 𝑓(1 − 𝕟), since 𝑓 is injective then 

𝕞 = 𝑓(𝕟), that is 𝐹𝒮-closed. 

Theorem 3.10: Let 𝑓 be a injective mapping from a fuzzy  𝕂-proximity space (𝕎, 𝒮𝕎) into 𝑌, the 

coarsest fuzzy 𝕂-proximity 𝒮𝕄 which be assigned to 𝕄 in order that 𝑓 be fuzzy 𝕂-proximally open is 

defined by 𝑏𝛽𝒮�̅�𝕞 if and only if there exists  𝕟∗ ∈ 𝐼𝕎 s.t 𝑎𝛽𝒮�̅�(1 − 𝕟∗) and 𝑓(𝕟∗) ∈ 1 − 𝕞, where 

𝑏𝛽 = 𝑓(𝑎𝛽), 𝕞 = 𝑓(𝕟). 

Proof: First, we must prove that 𝒮𝕄 is a fuzzy 𝕂-proximity on  𝕄. 

K1- Let 𝑏𝛽𝒮�̅�(𝕞1 ∨ 𝕞2), then there exists  𝕟∗ ∈ 𝐼𝑋 s.t. 𝑎𝛽𝒮�̅�(1 − 𝕟∗) and 𝑓(𝕟∗) ∈ 1 − 𝕞1 ∨ 𝕞2), 

where  𝑏𝛽 = 𝑓(𝑎𝛽), 𝕞1 ∨ 𝕞2 = 1 − 𝑓(1 − 𝕟 ) from which 𝑏𝛽𝒮�̅�𝕞1 and 𝑏𝛽𝒮�̅�𝕞2 follow. If 

𝑏𝛽𝒮�̅�𝕞1 and 𝑏𝛽𝒮�̅�𝕞2, then there exists 𝕟∗
1, 𝕟∗

2 ∈ 𝐼𝕎 s.t. 𝑎𝛽𝒮�̅�(1 − 𝕟∗
1) , 𝑎𝛽𝒮�̅�(1 − 𝕟∗

2) and 

𝑓(𝕟∗
1) ∈ 1 − 𝕞1, 𝑓(𝕟∗

2) ∈ 1 − 𝕞2, then 𝑏𝛽𝒮�̅�(1 − (𝕟∗
1 ∨ 𝕟∗

2)) and 𝑓(𝕟∗
1 ∨ 𝕟∗

2) ∈ 1 − (𝕞1 ∨

𝕞2), that is 𝑏𝛽𝒮�̅�(𝕞1 ∨ 𝕞2). 

K2-  𝑏𝛽𝒮�̅�0 is clear for all 𝑏𝛽. 

K3- If 𝑏𝛽𝒮�̅�𝕞 , then there exists  𝕟∗ ∈ 𝐼𝕎 s.t. 𝑎𝛽𝒮�̅�(1 − 𝕟∗) and 𝑓(𝕟∗) ∈ 1 − 𝕞. Thus 𝑎𝛽 ∉

(1 − 𝕟∗) and then 𝑏𝛽 ∉ 1 − 𝑓(𝕟∗) also 𝑏𝛽 ∈ 1 − 𝕞, this prove that 𝑏𝛽 ∉ 𝕞. 

K4- If 𝑏𝛽𝒮�̅�𝕞, then there exists 𝕟∗ ∈ 𝐼𝕎 s.t. 𝑎𝛽𝒮�̅�(1 − 𝕟∗) and 𝑓(𝕟∗) ∈ 1 − 𝕞. Since 𝒮𝕎 satisfies 

condition (K4), then there exists 𝕟 ∈ 𝐼𝕎 s.t. 𝑎𝛽𝒮�̅�𝕟 and 𝑎𝛽
∗

 
𝒮�̅�(1 − 𝕟∗) for all 𝑎𝛽

∗ ∈ 1 − 𝕟 . 

Assume 𝑓(𝕟 ) = 𝜌 then 𝑏𝛽𝒮�̅�𝕞 , since 𝑎𝛽
∗

 
𝒮�̅�(1 − 𝕟 ∗) and  𝕟∗ ∈ 𝑓−1(𝑓(𝕟∗)) ∈ 1 − 𝑓−1(𝕞), then 

(1 − 𝕟 )�̅�𝕎𝑓−1(𝕞) which implies (1 − 𝑓(𝕟 ))̅𝑌𝕞 i.e. 𝑏𝛽
∗

 
𝒮�̅�𝕞 for all 𝑏𝛽

∗ ∈ (1 − 𝜌).  

Now, to show that 𝑓: (𝕎, 𝒮𝕎)  (𝕄, 𝒮𝕄) is fuzzy 𝕂-proximally open. Suppose that 𝑎𝛽𝒮�̅�𝕟 i.e. 𝑎𝛽 ≪

1 − 𝕟 by proposition (2.9) then there exists 𝕟∗ ∈ 𝐼𝕎 s.t 𝑎𝛽 ≪ 𝕟∗ ≪ 1 − 𝕟 . Thus, 𝑎𝛽𝒮�̅�𝕟∗  and 

𝕟∗𝒮�̅�𝕟  that is 𝕟∗ ∈ 1 − 𝕟, if 𝕞 = 𝑓(𝕟) then 𝑓(𝕟∗) ∈ 1 − 𝕞, by assumption  𝑏𝛽𝒮�̅�𝕞 and this prove 

that 𝑓 is F𝒮-open. 

It remains to show that 𝒮𝕄 coarsest fuzzy 𝕂-proximity. Let �́�𝕄 be any fuzzy 𝕂-proximally on 𝕄 s.t 

𝑓: (𝕎, 𝒮𝕎)  (𝕄, 𝒮𝕄) is fuzzy 𝕂-proximally open mapping. If 𝑏𝛽𝒮�̅�𝕞, then there exists 𝕟∗ ∈ 𝐼𝕎 s.t. 

𝑎𝛽
∗

 
𝒮�̅�(1 − 𝕟∗) and 𝑓(𝕟∗) ∈ 1 − 𝕞. Since 𝑓 is F𝒮-open then 𝑏𝛽�́�̅

𝕄(1 − 𝑓(𝕟∗)) but 𝕞 ∈ 1 − 𝑓(𝕟∗), 

then 𝑏𝛽�́�̅
𝕄𝕞, hence 𝒮𝕄 < �́�𝕄. 
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4. Conclusions and future studies   

The result of this paper initiated was the definition of the fuzzy 𝕂-proximity open mapping and 

relationship with fuzzy 𝕂-proximity continuous. In addition, new fuzzy a 𝕂-proximity relation was 

defined on the basis of this mapping. In the future it is possible to link this mapping to the fuzzy 𝕂-

proximity compact.  
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