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On Fuzzy Frechet spaces
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1. Introduction:
Zadeh [6] introduced the theory of fuzzy sets in 1965. Numerous academics have expanded this

idea in numerous disciplines of mathematics following Zadeh's groundbreaking work, also Hakan
Efe is study fuzzy metric space and topology induced by the fuzzy metric M [5]2007.

This paper is study fuzzy frechet space and we have to prove some result in fuzzy frechet space
and we have definitions fuzzy locally convex and S-fuzzy topological spaces, fuzzy F-space, we
must demonstrate some outcome in fuzzy locally convex and fuzzy F-space.

2. Preliminaries

Definition (2.1): [2] Assume that * is a binary operation on the set I, meaning that«: I X I — [ is
a function. If the following axioms hold, then * is said to be the t-norm (triangular-norm) on the
set I:

(1) Foreveryaninl,a*x1 = a.

(2) * is commutative, meaning that foranya,binl,axb = b*a.

(3) * is monotone, meaning that for every a,b,cin |, ifb,celandb <cthenax b <a=x*c

(4) = is associative; that is, forany a, b,and cinl,a = (b *xc) = (a *b) = cisreferred to as a
continuous t-norm if * is also continuous.

The properties of the t-norm are introduced in the following theorem:

Definition (2.2) : [2] The 3-tuple (X, M,*) is called a fuzzy metric space if X is an arbitrary set

(non-empty set), = is a continuous t-norm and M is a fuzzy set in X x X x (0, o0) satisfying the

following conditions : forall x,y,z € X and s,t > 0,

(1) M(x,y,t) > 0,

(2) M(x,y,t) =1ifandonly if x =y,

) M(x,y,t) =M (y,x,t),

(4) M(x,y,t +5s) = M(x,zt) xM(z,y,s),

(5) M(x,y,.):(0,0) = [0, 1] is continuous.

Example (2.3):[5] Let X = R. Definea xb=aband M(x, y, t) =
fuzzy metric space.

Definition (2.4) : [7] Let (X, M,*) be a fuzzy metric space.

then (X,M, =) is a round
t+lx -yl
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(a) A sequence {x,,} in X is said to be fuzzy convergent to x in X if for each € € (0,1) and each t > 0,
there exists n, € Z* such that M(x,,x,t) > 1 — ¢, forall n > ny (or equivalently

lim M(x,,x,t) =1).

n—-oo

(b) A sequence {x,} in X is said to be fuzzy Cauchy sequence if for

each £ € (0,1) and each t > 0, there exists ny, € Z* such that M(x,,x,,,t) > 1 —¢, for all
n,mzng

(or equivalently lim M(x,,x,,t) =1).
n,m—coo

(c) A fuzzy metric space is considered complete when all fuzzy Cauchy sequences in it
are fuzzy convergent.

Theorem (2.5) :[4] Let (X, M,*) be a fuzzy metric space.

(1) Every fuzzy convergent sequence is fuzzy Cauchy sequence.
(2) Every sequence in X has a unique limit.

Theorem (2.6): [2] Assume that (X, M,*) is a fuzzy metric space and that the topology created by
the fuzzy metric M is represented by T M. After that, if and only if

M(x,, x, ) — 1 as n—oothen for a sequence (x,) in X, x, — X
Definition (2.7):[1]Consider a fuzzy metric space (X,M,*), where r € (0, 1), t > 0, and x € X.
With regard to t, the open ball with center x and radius r is denoted by the set

Bx,r,t)={y e X: M(x,y,t)>1—r}.

Definition(2.8): [3] A subset A of a fuzzy metric space (X,M, =) is said to be open if given any
point a € A, thereexists 0 <r<1,andt> 0, such that Bla, r,t] € A

Remark (2.9): [5] Let (X, M, *) be a fuzzy metric space. Define t= {A c X : for each x € X,
there existt >0, r € (0, 1) such that B(x, r, t) € A}.Then 1 is a topology on X.

Definition (2.10): [8] Given a linear space X, let K be a subset of X. If A x +(1-A) y € K whenever
X,y € K and A€[0,1], then K is said to be convex.

Definition (2.11): [4] Assume that the fuzzy metric space is (X, M, *). A closed subset A of
X is defined as follows: for any sequence {x, } in A, it must converge to x = x € A.
3. Fuzzy frechet space

Definition (3.1): If M is a fuzzy metric function on X and X is a linear space over F, then M
is an invariant fuzzy metric on X. if

Mx+zy+z t)=Mxyt) Vxye€EX.
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Definition (3.2): A vector space X over K is a topology generated by fuzzy metric on X such that
the two mappings

+ X X X—>X ; (Xy)—x+y

KX X—> X (k,x) = k x

are continuous on X then X said S-fuzzy linear topology on K.

Definition(3.3): If there is a convex local base, that is, if there is a local base g at 0 in X
such that every member of g is open and convex in X, then an S-fuzzy topological linear
space X is said to be fuzzy locally convex.

Definition (3.4): If S-fuzzy topological linear space X induces a fuzzy complete invariant, then it is
referred to as a fuzzy F-space.

Definition (3.5): A S-fuzzy topological linear space X is called fuzzy frechet space if X is fuzzy
locally convex and fuzzy F-space.

Example (3.6): Let X =R. Defineaxb=abandt > 0

M(x,y, t) = t+|9:—y| Vx,y € RThen R is fuzzy frechet space.

Proof: Clear R is S-fuzzy topological linear space because , it is topology generated by fuzzy
metric M(x,y) —x+y , M(k,y) —ky are continues because they are polynomial on R, let x,y
eER

M(x+z, y+z,t) =

t
t+|x+z—y—2z| - t+|x—y|

fuzzy metric on R , {x,} is fuzzy Cauchy sequence in R = limy oM (Xp, Xy, 1) =1 =
t
lim —1
I ot ot = x|
= limpmoolXy —xml = 0 = {x,} is Cauchy sequence in R,since R is complet then

My oo [, — % =0, x € R= liMy 00 [X — x| +E=1¢
. t

. — _t
Since t > 0 limp, 00 Pypo—
complet fuzzy metric space

t

BO, r,t) ={y e R: MO, y, t) >1 —r} =y € R : ryl > 1 —r}= (-aa) =
(-a,2=B,(0) ,such that a = 1%‘; and 0<r<1 ,B={BOrt):0<r<1}
.V AisopensetinR, 0 € Athereis0<r<130¢€ B(0,r,t) € Asince (-a,a) is convex =
B(0,r,t) is convex = local base g at 0 in R such that every members of 8 open and convex in R
then R is fuzzy locally convex therefore R is fuzzy frechet space.

= M(x, y, t), then M is an invariant

=1 =limynmo0M(xy,x,t) =1, x €R there fore R

Theorem (3.7): If B is a fuzzy F-space and B is a subspace of S-fuzzy topological linear
space X, then B is closed of X.

Proof: Let {x,} in M converge to x then by Theorem(2.5) {x,} is fuzzy Cauchy sequence in B
since B is fuzzy F-space then M is fuzzy complete then lim M(x,,y,t) =1 and y € M ,from
n—oo

theorem(2.5) {x,} has a unique limit x = y then x € B there for M is closed.

Definition (3.8): Assume that X and Y are S-fuzzy topological spaces, and g : X — Y be a
function is said to be a fuzzy open function if g(A) isopeninY forall A isopenin X .

Definition (3.9): [1] The fuzzy metric spaces (X, M, *) and (Y, N, x) are to be considered. An

isometry is a mapping f from X to Y such that M (x, y, t) = N (f (X), f (y), t) for every x, y € X and
every t>0.
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Definition (3.10): [1] If there is an isometry from X onto Y, two fuzzy metric spaces (X, M, *) and
(Y, N, x) are said to be isometric.

Theorem(3.11): Let f: X — Y is linear isometry and fuzzy open function , X and Y are S-fuzzy
topological spaces generated by the induced fuzzy metric spaces (X,M; , *) and (Y,M,, *), if X is
fuzzy frechet space then Y is fuzzy frechet space .

Proof: Let X is fuzzy frechet space and f linear isometry and fuzzy open ,let {y,,} is fuzzy Cauchy
sequence in Y then for each ¢ € (0,1) and each t > 0, there exists n, € Z* such that
My, (Y, Vi o t) > 1 — ¢, foralln,m > n,

some x,, xn, €X 3 f )=y, f (n)=vYm since f isometry there fore
My (f (ep), f (), £)=M1 (xp, , Xy , ) Jthen

Ml(xn ' Xm ,t) = MZ(f(xn)Jf(xm)J t) = MZ(yn'ym 't) >1-¢ , for all n,m=ng =
M; (X, X, t) > 1 —¢ ,, forall n,m = n, there fore
{x,} is fuzzy Cauchy sequence in X; hence, X induces fuzzy complete invariant since X is fuzzy
frechet space.
7111_{210 M;(x,,x,t) =1and x € X ,since f isometry there fore M,(f(x,), f(x),t)=M;(x,,x,t)

then

7}Lim My(f (xp), f(x),t) =1land f(x) €Y

Lety=f(x) ,then lim M,(y,,y,t) =landy €Y
n—oo

Therefore, Y is complete.

Letx,y,z €Y then forsome a,b,c € X3 x =f(a) ,y=f (b),z = f (¢)

Since f linear function isometry and M,invariant fuzzy metric on X then M,(x+z,y +z,t) =
My(f(@ + f (). f (D) +f (), )=M(f (a+c),f(b+c),t)=Mi(a+cb+c,t) =

Ml(a'b 't) = MZ(f (Cl),f (b) ,t): MZ(x'YJt)

M,invariant fuzzy metric on Y

Since X is fuzzy frechet space then X is fuzz y locally convex, there is a local base § at 0 in X
such that every members of 8 open and convex in X, 8 = { B : B is open and convex } sinceV B
€ B isopensetin X and f is fuzzy open function then f(B) is open setin Y ,V A is open set in
X,0€A thereis BeEB30€B < A= 0=f(0)€e f (B) S f(A) ,since B is convex then A x
+(1 — A1)y e Bwhenever x,y € Band 1 €[0,1] =

fAx+(1—-21)y) € f(B) ,since f linear function = A f(x) +(1 —A) f(y) € f (B) , whenever
f(x),f(y) € f(B) and A € [0,1] ,therefore f (B) is convex in Y , there is a local base { f(B) : f(B) is
open and convex }at 0 in Y such that every members of { f(B) : f(B) is open and convex } open and
convex inY , therefore Y is fuzzy locally convex, then Y is fuzz y frechet space .

Definition(3.12): Let A subspace of X such that X S-fuzzy linear topology ,define A is S-fuzzy
topology subspace andz, topology generated by fuzzy metric on A such that M,: A X A X
(0,0) — [0,1] such that M,(x,y,t) = My (x,y,t) VX,y € A and My is fuzzy metric on X this
clear M, fuzzy metricon A and t, = {ANU: U is open set in X} .

Theorem (3.13): If X is a fuzzy frechet space, then A is also a fuzzy frechet subspace of S-
fuzzy topological linear space X.

Proof :Let A is S-topological linear subspace of fuzzy frechet space X.
Letx,y,z€ A My(x+2z,y+zt)= My(x+2zy+2zt)=My(x,y,t) = My (x,y,t)
M, invariant fuzzy metric on A |let {x,} is fuzzy Cauchy sequence in A =

lim My(x,, Xy, t) =1 = lim My (x,,x,,t) =1).
n,m-oo n,m-co

Also A X then {x,} is fuzzy Cauchy sequence in X ,since X is fuzzy frechet space then X is
complete there fore lim My(x,,x,t) =1

n,m-oo
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= lim My(x,,x,t) =1 ,since A is closed then x € A then A is complet .Since X is fuzzy

n,m—oo
frechet space then X is fuzzy locally convex, there is a local base g at 0 in X such that every
members of § open and convex in X, 8 = { B : B isopen and convex },v U is open set in X there
is BeEB>30€BCcUsince Ais subspacethen0€e A =

0 € ANB < ANU ,since A is subspace then from[8] A is convex ,also = by[9] ANB is convex
and open in A there is a local base { ANB : ANB is open and convex }at 0 in A such that every
members of { ANB : ANB is open and convex } open and convex in A , therefore A is fuzzy
locally convex, then A is fuzzy frechet space .

Remark (3.14): The inverse of the theorem (3.13) is not necessarily true and the example proves it

X =R. Defineaxb=abandt >0

t
M(x, y, t) arpmvil Vx,y €ER

Then R is fuzzy frechet space by example (3.6) but @ € R and M(x, y, t) =

t
t+|x—y|

Vx,y €Q
Since Q is not complet then @ is not fuzzy frechet space .
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