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On g( K¢) — Spaces and Weaker Forms of g( ¢) —Spaces
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Additionally, defined Co—g — compact topologies and derived related theorems
and results based on this definition. Finally, we have continuing studies on the
following topological space, ¢ — spaces , K (g¢) — spacesand gX (gc) — spaces

1. Introduction:

In topology, compact spaces and KC-spaces are of great importance in mathematics and applied
sciences. Understanding the properties of these spaces provides a strong foundation for developing
theories and solving problems in a wide range of fields, from pure mathematical analysis to practical
applications in engineering and sciences .The definition of K¢ — space (which every compact subset is
closed)was presented by [1] and new concepts were introduced through the definition of the following
topological spaces K (gc) — spaces (which every compact subset is g — closed), g (gc) — spaces
(which every g — compact subset is g — closed) by S. K. Jassim and H. G. Ali[2]. In this research
work, the aim was to introduce new concepts of spaces, which is named g( K¢) —spaces . New
definitions were also introduced, which are On Weaker Forms of g( K'¢) —spaces and Co—g — compact
topologies.

2. Preliminaries

In this section, we presented the basic concepts, definitions, theories, and results that we need for this
work.
Definition 2.1[3]: A subset F of a space (H, J)is referred to as g — closed setif F € N VN €
I 2F S N.lIfasetisg— closed, then its complement is a g — open.

closed set = g — closed. The converse is not true in general.

open set = g — open. In general, the opposite is not true.
Definition2.2 [3]: A space (#,3J) is known as 31 —space if g — closed set = closed set.

2

Now we have the following diagram

J, —space = Ji1—space = J, —space.

2

Definition 2.3 [4]: A space (¥,3)is known as g — compact space if there is a finite subcover for
each g —open cover of .
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Remark 2.4 [5]: g — compact space = compact. In general, the opposite is not true, as demonstrated
by the example below.

Example 2.5 [5]: Let S = {@, 3, {1}} beatopologyon H = {R}U{h;:i€J},3J is
uncountable, . so H is compact space nonetheless, is not g — compact , because {{h,hi}:i € J} IS

g — open cover of /' but H # UL {h,k;}.

Definition 2.6 [6]: A set Min (#,3) known as F , —. closed ifM = Uge; F; 3 F; is a closed subset
of H ,vs €.

Definition 2.7 [7]: A space (,<3) is known as P — space if F , — closed set = closed .

Theorem 2.8[4], [5], [8]:

(i)Every finite subset is g — compact.
(ii) Let (H,3) be a g — compact space and M © H.If M isg — closed, then M is g — compact.
(iii) All 3; compact spaces are g — compact.

(iv) Let (#,3) be aspace and M, W < H.If M is g — compact and W is g — closed ,then M N
W is g — compact.

3. g (Kc)-space

In this section, we introduced a new definition g(#'¢) —spaces and studied its relationship with other
topological spaces. We also obtained relations, results, and theorems.

Definition 3.1 : A space (H,3) is known as g(K¢) —space if g — compact set = closed
Theorem3.2: Every g( K¢) —space is J; —space .

Proof.

Let (H,3) be ang(Kc¢) —space , Since Vh € H,{h} isag— compact by theorem2.8 ,so
{n}is aclosed set(because (H,3J) isag(Kc)—space), Hence H is J; .

Remark 3.3:
Reverse theorem 3.2 is incorrect. The following example illustrates this.

Example3.4:
Let I = {0} U {B:B S H and B is finite set} be atopologyon £ =R .S0Q c Risg—
compact and @ is not closed, hence (H,J) is J; and (H,T) isnot g( Kc) —space.

Theorem3.5: Every 3, —space isa g( K¢) .
Proof.

If Fis g— compactsubset in a I3, — space H , thus F is compact (Remark 2.4 ) ,s0 F is a
closed closed . Hence H is a g( K¢).
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Remark 3.6:

Reverse theorem 3.5 is incorrect. The following example illustrates this.

Example 3.7:
Let H = R, o = {0} U {B: B € H and B¢ is countable set} be atopology on H , hence { is
g(H¢) —space andnot J, .

Now the diagram can be written as follows:

3, —space = g(Kc¢)—space = J; —space = Ji —space

2

Theorem 3.8 : In 31 —space (H,J) g — compact space < compact space.
2

Proof.
= it's clear by Remark 2.4.

& Let (H,3) be compact space and {M,} be g —opencovering of H .Since (H,J) is a
31 —space,then {M,} be open covering of H.So {M;}has finite sub cover. Hence(#,J) is g —
2

compact space.
Theorem3.9: K¢ — space < g( K¢) —space .
Proof.

Let F be g — compact subset in K¢ — space (H,ST) , then F is compact (Remark 2.4) ,so F is a
closed .Hence H is a g( K¢).

Now the reverse, let F be compact subsetin  g( K¢) —space (H,3),then F isg— compact set (
Theorem3.7), so F is aclosed . Hence H is a Kc.

Theorem3.10: Every g( K¢) —space isa gK (gc) — space
Proof.

If Fisg— compact subsetinag(Kc¢) —space H ,then Fis ag— closed. Therefore H is a
g% (gc) .

Remark 3.11:

Reverse theorem 3.10 is incorrect. The following example illustrates this.

Example 3.12:
Let (7€, ) be finite indiscrete space , hence H is gK(gC) — space but not g( K'¢) —space ,
because if F c H is g — compact .Hence F is not closed and isa g — closed.
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Remark 3.13:
The following example we show XK (gc¢) — space is not g( K'¢) —space.

Example3.14:

Let (#£,3) be finite indiscrete space , hence H is K (g¢) — space but not g( K'¢) —space , because
if FcH is compact(g— compact), Hence F is not closed andisa g — closed .
Theorem3.15:

From compact space H into a g( K'¢) —space K, any continuous function # is a closed .

Proof. Let (H,3) be a compact space and F < H be a closed,then F is a compact ,thus A(F) is a
compact inK ,s0 A(F) is a g — compact by theorem 3. 8 in ag( K¢) K. Hence A(F) is a closed
.Therefore h a closed.

Corollay3.16:

From a g — compact space H intoa g(¥¢) —space K, any continuous function # is a closed.
Proof. it's clear.

Theorem3.17:

Let (H,3) be any space and(K,J3*) be ag(Kc) —space . If h:H — K isa continuous 1 —1
function ,then 7 is a g( K¢).

Proof.

IfF € H isag— compact .thenF is a compact in H therefore A(F) is a compact ,thus A(F) is
ag — compactin K. Hence (F) isaclosed (K isa g( Kc) —space), therefore A~ (1(F)) = F aclosed.
Hence H isag( Xc).

Corollay 3.18:

Let (H,3) be any space and(K,J3*) beaJ, — space. If A: H — K isacontinuous 1 — 1 function
then 7 is a g( K¢).

Proof. it's clear.
Theorem3.19:

g( XKc) —space is a topological property.
Proof.

Let H be g( K'¢) —space and h: £ — K be a homeomorphism. Suppose F* € Kisa g — compact ,
then F* is a compact ,so AN (F) S His a compact, therefore A71(F*) is a
closed,thus A( A~1(F*)) = F* < K isaclosed. Hence K isa g( ¥«c) —space.



Journal of Iraqi Al-Khwarizmi (JIKh) Volume:8 Issue:2 Year: 2024 pages: 1-8

Theorem3.20:
g(F¢) —space is a hereditary.
Proof.

IfB cH ,(H,J) isag(Kc)—space and M € Bisag— compact ,then M is a compact, so
M < His a compact ,thus M € H is a closed(since H is g( K¢) ),therefore M € B is a closed.
Hence B is a g( K¢) —space.

4. 0On Weaker Forms of g( #¢) —spaces

In this section, we introduced new definitions, which are called On Weaker Forms of
g( K¢) —spaces and we obtained results and theorems related to these definitions

Definition 4.1: A space (#,3) is known as

(1) g1(Ke) ifg = H is g— compactF, — closed ,then g is closed.

(2) g,(Ko)ifg € H is g — compact, then g isg— compact.

(3) g3(K¢) ifg € H is g — compact,then ¢ isan F, — closed.

(4)an g, (Ko)if g € H is g — compact,then 3F is g — compact F, —.closed 3 g S F < 4.

The first theorem we obtain from the definition 4.1.

Theorem4.2:

(i) Let (#,3) bean g( Kc¢),then (H,3T) isa g:( K¢).t=1,2,3,4.
(ii) Let (#,,I3)be an g, ( K¢) and an g5 ( K¢c), then(H, ) is an g( Kc¢)
(iii) Each space which is g; (K¢) and g,( K¢)isan g, (Kc).

(iv) Every g,(¥c¢) — spaceis an g,( K¢) — space and every gs( K'¢) — space is an g,( K¢) — space. .

(v) Every gs(Kc¢) — space is J; —space.

(vi) Every is g — compact space is an g,( K¢) — space, and every g, (¢ ) — space having a dense is
g — compactSubsetis g — compact.

(vii) the property g;( Kc¢) — space is hereditary, and the properties g;( K¢), g, ( K¢), g.( K¢) are
hereditary on F; —. closed.

(viii) Every P — space isan g;( K¢) — space .
Proof. ,

(i) Where if tT=1,let(H,J) be g(Kc)If F € H isg— compactt F; —. closed # ,then F is
closed closed . Hence # isa g, ( K'¢) — space.
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if £=2,letH be g(Kc) — space and F be g — compactsubset of 7, then F is closed, so F = F
and F is g — compact. Hence 7 isag,( Kc) — space.

ift=3 ,let H be g(Kc).If F € H is g— compact, so F is closed, thus F is F, —.closed.
Hence H isags;( Kc¢) — space.

Ift=4 ,let H be g( Kc) —spaceand ¢ be g — compact subset of H', then g isa closed, so g isan
F, —.closed set, now if F = g so F is an g — compactF,; —.closed and thus ¢ € F < g. Hence His
a g4( KC) — space.

(i) If F isan g — compact subset in H, then F isan F; —.closed (since H is an g5( K¢)), but K is
an g, (¥c¢),thus F aclosed. Hence H isan g( Kc¢) — space.

(iii) If £ € His an g — compact, then I F which is an g — compactF; —. closed3 ¥ S F <
£ (since H isan g,(KC)),so F is closed(since  isan g;( Kc) —space), thenF = £, so £ is an

g — compact. Hence H isan g,( KC) — space.

(iv) it'sclear.

(V) Let H be an g3(Kc) —space , Since Vh € H,F = {h} isag— compactsubsetinH,thenF =
{n}isan F, —. closed, thus F = {n}isclosed Vh € H.Hence H is I3, —space.

(vi) Let H be ang — compactspace.If £ € H isan g — compact, then £ is closed, as is g — closed,so
£is g — compact . Hence # isan g,( KC) — space.

(vii) Let (#,3) be g3(K«¢) , B be a subspace of H .If M* € B is a g — compact,then M* is a
compact,s0 M* is a compact, as is g — compact subset of H ,then M *is anF, — closed( since H is
a3(Kc) — space),s0 M™* = Uge; My 3 M is a closed subset of H', Vs € I, therefore

M*=M*"NH=UseM;N H =Uge(Mg N H)Uge; M*s 2 M*; is a closed subset of B,
thusM ™ is an F,; — closed subset of B. Hence B is an g;( K¢) — space .

Let B beF , —.closed a subspace of g;( Kc¢) —space H and M'* be a g — compact F, —. closed
subset of B,then M'* = Uge; M ¥ 3 M™ isa closed subset of B,Vs € I,since M*y = M, N B Vs €
I ,3 M; isaclosed subset of H,Vs € I, thus:

M* = Uge(Ms N B ) = Uge (M) N B = Uge; (M) N Uy B 3 B, isaclosed subset of H (since
Bis an F , —. closed),s0 M = U ,¢;/(Ms U B,.), therefore M™* is a g — compact F, —. closed
subset of H',which is g;( K¢) — space H,s0 M* € H is a closed ,then M* < B is a closed. Hence B
is an g, ( K¢) — space . The remainder of the proof is done in a similar manner.

(viii) Let H be P - space. If F € H is g — compact F; —.closed,then F is a closed. Hence # is an
g, (K¢) — space.

Theorem4.3:

In 3, —space (H,3) : H isan g(Kc¢) & . Hisan g,(Kc¢)and an g,(Kc)
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Proof.
= : Obvious by Theorem 4.2(i).
& Suppose F € H is g — compact D § & F.

SinceHis I, VXE F 0 €T DX €Oy withf & Oy . Clearly{Oy; X € F }is g —open cover
of F and so 3 a finite sub cover 3 F < Ui, Ox, € Ui, Ox,.

VX;,s =123,..,n ,F N0, isang— compact and so F N O, isang— compact (since H
is an g, (¥ ¢) — space).

Additionally, if wr = US_;F N Oy, .then wis an g— compact F, —. closed, since 3 is

an g, (¥¢) — space, w is aclosed g — compact s3 § & w.Thus# & F. Therefore F is closed
in .

5- Co—g — compact topologies

In this section, we introduced a new definition, which is called Co—g — compact topologies and
through this definition, we presented results and theorem

Definition 5.1: Let (H, 3)be a topological space. The collection gc(J) = {p}U{B € I3: B isg—
compact in (#,3) } is a topology on H with gc(JI) € J, called the Co—g — compact topology of 3
onH. It is evident that gc(3) is a topology on # since the g — compact property is hereditary on
closed set, by Theorem 1.3.7

Theorem 5. In aspace (H,3) : (H,3) isan g,(K¢) if and only if (f]-[, gc(S)) isa P — space

Proof.

= Let M = Uge; My 3 M beaclosed in (£, gc(S)) .If M = 3 we're completed,

alternatively My is an g — compact and closed in(H,SJ) ,so M is an g — compact and closed
in(#,S) ,thus M is closed in (7, gc(S)) . Hence (H,gc(3)) isaP — space.

&: Let M be g — compact and M = Uge; M 2 M beaclosedin (H,3) then M Vs is closed in
(#,9¢(3)) ,s0M isis closed in (£, ge(S)) thus M is closed in(#, ). Hence (#,3) isan gy (Kc) —
space .

Corollary5s.3:

(i) If (H,3J)is g — compact then gc(JI) = 3.
(i) If (3, )is an g(Kc) — space then(H, ge()) isaP — space .

Proof. Obvious.

Theorem 5.4: In g3(H¢) — space (H,3J): (H,J) isan g(XKc) @.(f]—[, gc(S)) isa P — space

Proof. =: Evident by Corollary 5.3(ii).
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< If (#,9c(3)) is a P — space , then(#, ) is an g1 (Kc) — sp by Theorem 5.2. Since (#,3) is
an g3 (Kc¢) — space, hence (H,3) is an g(Kc¢) — space by Theorem 4.2(ii).

Theorem 5.5:
In 3, g,(Kc) — space (H,3I): (H,J) isan g(Kc) © (}[,gc(S)) isa P — space
Proof. =: Evident by Corollary 5.3(ii)

< |f (}(, gc(S)) is a P — space, then (H,3) is ang,(Kc) —space by Theorem
5.2.Since(H, ) isaJ, g,(K¢) — space. Hence(H,J) is an g(K¢) — space by Theorem 4.3.

Corollarys.6:
If (7,3) isang,(Kc) —space then(:l-[, gc(S)) is an g; (¥¢) —space.

Proof. Since (#,3) is an g,(¥c¢) —space, then (}[,gc(S)) is a P — space by
Theorem5.2.Hence(#, gc(3)) is an g, (K¢) —space by Theorem 4.2(viii).
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