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Abstract

Stress analysis problemsin geomechanics are ideally suited to the method of boundary
elements, as this technique usually requires a very small number of nodes by
comparison to finite elements. As only the surface of the continuum needs to be
discretized, problems extending to infinity can be described by a very small number
of elements on the soil surface or around atunnel or excavation . In addition, the
boundary conditions of the infinite domain can be properly defined using boundary
elements, as the technique is based on fundamental solutions valid for unbounded
domains.

Herein, a comparison is made between the finite element method and the boundary
element method in solving two-dimensional stress analysis problems. It is concluded
that the results of the boundary element method are greatly improved when
increasing the number of elements, especially at the regions of stress concentration. A
good agreement can be obtained between the results of the two methods. One must
keep in mind that in the boundary element method, errors due to discretization are
restricted to the boundaries compared to the finite element method where the entire
domain needs to be discretized. This advantage makes the use of the boundary
element method easier and faster.

Keywor ds: Boundary e ement method, Finite e ement method, Two-dimensional stresses
and strains.
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1. Introduction:

The most popular techniques for
the  numericd  anadysis  of
engineering problems are the finite
difference method (FDM), the
finite element method (FEM) and
the boundary element method
(BEM). A brief description of the
basic concepts of the last two
methods will be discussed, next
(Gudehus, 1977).

2. The Finite Element M ethod

A governing integral equation for a
boundary vaue problem may be
obtained in terms of a variationa
principle, and the solution is
defined as the one which
extremizes the integral expression,
or it may be formulated from a
weighted - residual principle
(Zienkiewicz, 1977). The FEM is
based upon the solution of such
domain integral equations by
means of piecewise discretization.
The problem domain is divided
into a number of smaller and
smpler subdomains, known as
finite elements, for which it is
easer to apply the relevant
variational principle so as to obtain
elemental equations in terms of
unknown values at specified nodes
in each element. The equations of
the elements are then assembled
together, and the matrix eguations
involving the nodal values within
the whole domain is obtained, and
it can be solved in terms of the
given boundary conditions. The
FEM is considered the most
popular numerical technique ever
used for engineering analysis, and
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it has a very wide range of
applications for different aspects of
science and technology, (EL-
Zafrany, 1992).

3. _The
M ethod

There are many engineering
problems for which it is possible to
represent the governing equations
by a system of boundary integral
equations (BIEs); that is, the
integrated unknown parameters, in
such equations, appear only in
integrals over the boundary of the
problem domain. There are many
numerical approaches for the
solution of such equations, and
each approach gives the solution of
such equations, and each one of
them may be called a boundary
integral equation method (BIEM).

Boundary Element

3.1 Characteristics _of _the
Boundary Element Method

The boundary element method is a
most popular numerical technique
for the direct solution of BIEM. It

is based upon  piecewise
discretization of the problem
boundary in terms of sub-

boundaries, known as boundary
elements, in a way similar to that
employed for the finite element
method. The main advantages of
the BEM compared with domain
numerical techniques can be
summarized in the following
statements (EL-Zafrany, 1992):

1. For many applications, the
dimensionality of the problem is
reduced by one, resulting in a
considerable reduction in the data
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and computer central processing 3.

unit (CPU) time required for the
analyss.

2. The BEM s ideal for problems
with infinite domains, such as
problems of soil mechanics, fluid
mechanics and acoustics.

3. No interpolation errors exist
inside the domain.

4. Boundaries at infinity can be
modeled  conveniently  without
truncating the outer a some
arbitrary distance from the region
of interest.

5. Surface problems, such as those
of elastic fracture mechanics, or
elastic contact, is deat with more
efficiently and economically with
the BEM.

6. Vauable representation can be
obtained for stress concentration

problems.

7. The BEM offers a fully
continuous solution inside the
domain, and the  problem
parameters can be evauated
directly at any point.

The boundary element method

has also disadvantages and they
can be outlined as follows:
1. The derivation of the governing
BIEs may require a level of
mathematics higher than that with
other methods, but the procedure of
the BEM itself is not different from
that of the FEM.

It leads to fully populated
matrices for the equations to be
solved, thus it is not possible to
employ the elegant FEM solvers
such as the banded or frontal
solvers with the BEM.
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The BIEs of nonlinear
problems may have domain
integrals which require the use of
domain  elements for ther
evaluation, thus losing the main
advantage of the dimensionality
reduction mentioned earlier.

4. The method is not accurate for
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problems within narrow strips or
curved shell structures.

3.2 Range of Application

In principle, this method can be
applied to any problem for which
the governing differential equation
is ether linear or incrementally
linear. In problems involving
elliptic differential equations, the
solutions are direct, whereas for
parabolic and hyperbolic systems
of equations, marching processes
in time have to be introduced.
Thus, a very wide range of
physical problems is encompassed,
eg. those of steady state and

transient potential flow,
elastostatics, elastodynamics,
elastoplasticity, acoustics, ... etc.,

can al be solved by ether the
direct or the indirect formulations
of BEM.

The BEM can also be used in
conjunction with other numerical
techniques, such as the finite
element or finite difference
methods, in a hybrid formulation.
Such composite solutions extend
the range of application amost
indefinitely since the BEMs have

very distinct advantages for
problems of large physica
dimensions whereas the finite

edement methods are attractive
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procedures of incorporating finite
size bodies into such systems or
fine details in regions with rapidly
varying properties (Banerjee and
Butterfield, 1981).

3.3 Equationsof Equilibrium

In the elastic stress anaysis of a
plane-stress, or a plane dtrain
engineering component, there are
eight basc parameters to be
determined, namely: the
displacements u and v, strains €,

€, and g, and stresses Sy, Sy and
txy. They are governed, at any

point inside the component, by
eight partial differential equations.

Strain-displacement
relationships:

~Tu
X ﬂX

v
y ﬂy’
:E+E

ix Ty

, €
(D
gxy

Stress-strain relationships
(assuming orthotropic
materials):

s x =dy1ex +dppey U

1

Sy=dyeyx tdxpey y (2
I

b

where (isotropic materials):

dy; =dy =2G(- p)/(1- 2p) U (3)

dy, = dy = 2Gp/(1- 2p) ;/

dy =G b

txy =d330xy
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G = shear modulus

p = n (Poisson’s ratio) for plane
strain problems
n

= for plane stress problems.
1+n

Equations of equilibrium:

S It .
1-[X_|_ Xy+fX=O.|.
X Ty I
it s y 4
XY + Y 4 fy =0 !
™y b
with the following equations, at
any point on the boundary:
Ty =ls y+mt yy {i
y F
©)

Ty=ltyy+tmsy }\;

where: Tx and Ty are the traction
components in x- and y- directions.

| and m are directional cosines
in x- and y-directions, respectively
of the normal on the boundary.

3.3.1. Two-Dimensional
Equationsin Terms of
Displacement:

Substituting Equations (1) into (2),
then the stress components may be
expressed in terms of displacement

components.  Subgtituting  the
resulting eguations into the
equations of equilibrium

(Equations 4), then the governing
equations are reduced to the
following elliptic partial
differential equations in terms of
displacement components u and v:
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N2u+ T Rg+f 16=0 J
1- 2pfx T
) ' y (6)
N2+ —(N.ag)+f,/G=0 !
1- 2pfy b
which can be rewritten explicitly
where a= ui +V] , Which isthe in terms of the following
. biharmonic equations:
displacement vector.
N
: : . NGy + f/m=0
Biharmonic representation: y (10)

Gelerkin introduced strain
functions G, and Gy which may be
expressed in terms of a vector
known as the Gelerkin vector, i.e.,
(EL-Zafrany, 1992):

A~

G=G,i+G,] @)

such that (Little, 1973):

- - — 1 - N —
=N2G- NRG) (8

q 20 1) )

Writing the partial differential
Equations (6) in the following
vectorial form:

1
2(1- p)
+f/m=0

N2q+ R(N.q)

(9)

Then from the definition of the
Gelerkin  vector, the previous
equation can be  modified as
follows:

N2(N2G)+f/m=0
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4 —n 2
N Gy + fy/ m=0 b
4. Fundamental Solution of Solid
Continuum Problems:
4.1 Fundamental Displacements
A two-dimensional solid
continuum problem is considered
in a semi-infinite domain, with the
x-y plane in a state of loading
defined by a concentrated force
acting a point (x,y) with a
uniform distribution, in the z
direction, over athickness t, which
has a constant value for the whole

domain. The applied force is
represented by the following
vector (Fung, 1965):

® - N
F=t(ei+ey)) (11

where e, and g, are the x and y-
components of the applied force
per unit thickness and i and "

From the definition of the
two-dimensional  Dirac  delta
function, a domain distribution of
the load intensity equivalent to the
applied force, may be expressed as
follows (Fung, 1965):
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fr=ed(x- x,y-vy) f Usipg Equation_s (6) ano_l ™, t_he
X y governing partial diferential
fy=ed(x-x,y-v) p equations for the above case may
(12 be written in the following

displacement form:

B . * * 0 * U
N2u N 1 1gﬁu +‘|Tv I"' fy —0 7
1-2pixgTx My 5 G f

| (13)

~ * 0 1
N2V N 1 iquU +ﬂV T+ y=0 i
1-2pTy§ix Ty, G b

If the displacement

and the solution to such components (ux, Vv*) are

expressons is known as the expressed in terms  of the

fundamental solution. Here u*

. t G* ,G * ;
and v* are displacements related to o PO (Gx.Gy) o
the forces fx* and fy*. Galerkin’s vector, such that:

5 o 11 aﬁe TGy 24
u =N"Gy - L
2(1- p) ‘ITXQ Tx 'ITy i
g1
5 y (14
* o~ G, 91
v =R ] 7 8oy , 16y 2!
2(1- p) ﬂy? 1L | b
then, Equations (13) can be
reduced to the following
biharmonic equations:
N*GY +exd(x- Xj,y- )/G=0 {
Y (15)

~ * y

N4Gy+eyd(x— Xi,¥-VYi)/G=0 b

The previous equations lead to the G* =g*e G* =g*e (16)
X X X

concluson that the parameters i
* x ) ) Hence, Equations(15) may be
Gy and Gy can be defined in  reduced to the following equation:

terms of the functions:
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N4g* +d(X' Xi, Y- Yi)/G
=0

(17)

Defining another function v

such that:
N%g" =v /G (18)
Then Equation (17) can be
rewritten in terms of the following
Poisson’s  partid differential
equation:
NY *+d(x- X;,y-y¥)=0

(19)
which has the following solution:

* 1
v =2—p[log(1/r>+cl]
(20)

wherer = (> +y)¥? and C,isa
constant.
Substituting the above expression
into equation (18), and using direct
integration, it can be shown that:

L r?

= +

g 8pm[Iog(1/r) +C, +1]

+C,
(21)
where C; and C, are arbitrary

integration ~ constants.  Then,
equations (14) become as.
U;(X- X, Y- ¥)=
Gal(X - X Y- )ex
+Ga2(X - X, Y- yi)ey
(22)

4.3 Fundamental Stress:
Substituting the fundamental strain
tensor defined by Equation (25)
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where the fundamental solution
parameter Gap IS expressed as
follows:

Gab(X' Xi, Y- yi):
. ®9q%q 0
Nzg dab - 1 G ﬂ g :
2(1- p) KM%, T%, 5
(23

All explicit expressions for the
fundamental solution parameters

given here are found in (Al-
Adthami, 2003).

4.2 Fundamental Strain:

The components of Cauchy’s

strain tensor can be defined for the
previous case, as follows (Desai
and Siriwardane, 1984):
.1y qu 6
eab = — —b + ﬂ a _
Zg'ﬂxa ™Xp P

and using Equation (22), the
previous equation may be written
in the following form:

€ab = AableX + Aabzey
(25)

(24)

where
* _Ea-[Gbg_'_ﬂGagg
a9 726 qx,

Xy a
(26)

All fundamental solutions given
here are functions of the source

point (X-Xi,y-Y1).
into the stress-strain relationships,

then it can be proved that:

Sab = Dap1€x * Dapoey  (27)
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4.4 Fundamental Traction:

If the fundamental  stress
components defined above are
employed in Equations (5), then
the corresponding components of
fundamental tractions can be
expressed in the following form:

Tx =Fpiex +Fpey |

* y
Ty =Fo1ex +Fxzey |

(29)
4.5 Boundary Integral

Equations:

The governing boundary integral
equations are usually obtained by

Ciuje, +C,v; ey + @(T;u +T;V)dG =
G

g)(TXu* +Tyv )dG+ \;.\;jfxu* + fyv )dxdy i

where:

U =u(x,y), v, =v(x,Y;)
Employing fundamental
displacements (Equation 22), and
fundamental tractions (Equation
28), for arbitrary values of g, g,

The Boundary Element Method Versus
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employing fundamental
solutions as weighting functions
in inverse weighted - residual

expressions. For linear elagtic
problems, the Maxwell-Betti

reciprocal theorem may also be
used for direct derivation of
boundary integral equations.

4.6 Boundary Integral Equations
of Displacement:

Substituting  the  fundamenta
loading parameters defined by
Equations (12) into the inverse
expression, and using Dirac delta
properties, it can be deduced that:

(29)

T

then Equation (19) can be split into
the following boundary integral
equations which are defined with
respect to the source point (xi, Yi):

CU; + §YFyU + F\)dG= G, T, +G,T,)dGHI(X,, Y,) (30)

Cyv, + %)(Flzu + Fzzv)dGi Y GL,T, +G,T,)dGH (X, ;) (31)

where: U (Xi,Yi) = @& Gjlfx +G ,fy)dxdy (32)
V(X,Yi) =& lezvfx + Gzzfy)dxdy (33)

wW



Eng. & Technology, Vol.25, No.2, 2007

which represent domain loading
terms. If the source point (i, yi) is
inside the domain, then Ci=1, and
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Equations (30) and (31) may be
modified as follows:

u(x;, y;) =U(x,y)+ @Gn—rx + Gsz)dG' @Fllu +F,,v)dG
G G

(34)

VX, Y) =V (X, y)+ @Glsz + GzzTy)dG' @Flzu +F,,v)dG
G G

The analyss given in the
remaining subsections will be
limited to cases with source points
being inside the domain.

4.7 Boundary Integral Equations
of Strain:

Equations (34) and (35) can be
differentiated partially with respect
to x; and y;; that is, Cauchy’s strain
components may be defined at an
internal  point (x,y;) as follows
(Banerjee, 1994):

_ fly; by
exx(Xi!yi)_ ﬂXi ) :
v, |

€ ( |’y|):_l!
Y Ty; Y
TR T
Xy zgﬂ XiH 2gxy..b
(36)

(35)

When employing displacement
equations (Equations 34 and 35) in
the previous expressions of strain
components, integral terms are to
be differentiated with respect to x;
and y;. Then, the boundary integral
equation for Cauchy’s strain tensor
may be expressed in the following
form:

€ (X, Y) = C‘ﬁAablfx + A, )dxdy + @AablTx + A,T,)dG-
w G

@Bab 1u + Bab ZV)dG
G

where: A gpg = - Aapg, and

140

(37)

efF F_u
_léﬂ_gb+ﬂ_ga@ (39)
2@‘|1xal X, g

abg —
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4.8 Boundary Integral Equations
of Stress:

Substituting the strain  tensor
defined by the boundary integra
Equation (37) into the stress-strain
relationships, then a boundary

The Boundary Element Method Versus
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integral equation for the stress
tensor at the internal source point
(%, yi) can be described, and
expressed in the following form
(Banerjee, 1994):

Sab (Xi ' yi): c‘ﬁDablfx + Dabz y)dXdy+dDablT + DabZT )dG
W

@ Eablu + Eab ZV)dG
G

where: Dabg =- Dabg (40)

4.9 Numerical Treatment of the
Boundary Integral Equations:
The boundary element method, as
described in the previous sections,
is based wupon dividing the
boundary into a suitable number of
boundary elements, and
approximating the boundary

é
Ciui + & géf 11U(Ge) + F1V(Go)}0G

@{ G11Tx (&) +Go1 Ty (G)dG

(39)
distributions of field function
parameters such as displacements
and tractions by interpolating
them in terms of their nodal
values within each element.
Discretizing the boundary G of a
two-dimensional elasticity problem
into ne boundary elements, the
boundary  integral equations
(Equations 30 and 31) with respect
to the source point may be
rewritten as follows:

= Q:Dc»

+U(Xj,Yi) i

o C~ g
—O—: — —:L<\—!—: — C:

(41)



Eng. & Technology, Vol.25, No.2, 2007

ne€
Civi +a @dFlzu(Gb) +F,V(G)}dG

e=18Ge

ne @
é éQ\{G 12Tx (Gb) +G 22Ty (Gb)}dG

e=18G

where each parameter in the form
of f(&) represents a field function
parameter approximated over the
boundary G of the eth element.

5. A Computer Program for
Two-Dimensional Solid
Continuum Problems:

A computer program based upon
the theory of the two-dimensional
solid continuum mechanics
problems of the boundary element
method with constant elements is
coded in FORTRAN 77 and
introduced herein. The program
can dea with plane-stress and
plane strain problems with surface
and domain loading.

In the design of tunnels to be
congtructed in urban aress, it is
necessaty to  estimate  the
magnitude and distribution of the
stresses and settlements that are
likely to occur due to a particular
design and construction technique.
Also, the effect of these stresses
and movements upon existing
surface and buried structures has to
be studied.

The computer program is used
for the determination of the stress
and deformation fields around one
cavity. The soil is assumed to be
homogeneous, isotropic and a
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O Ch

+V(X;,Yi) (42)

OO

linearly elastic medium containing
one opening representing the
cavity dimensions and positions.

6. Applications:
Two expositions illustrating the

application of the boundary
element method for  two-
dimensonal  solid  continuum
problems are presented herein.
These expositions show aso, the
accuracy of the boundary element
method by comparing its results
with those of finite element or
analytical solutions.

6.1 Uniform Cylinder _under
Internal Pressure

This problem has been selected to
give an indication of the accuracy
of the boundary element method.
In order to do that, the results
obtained usng the BEM are
compared with the exact solution
of the problem given by (Fenner,
1986) as follows:

u, :(1+n)rp[(re/r)2+1- 21]/
[Eq2- 1)

(43)

s, =-plr./r)?- 1) 2- 1)
(44)

s, = pl(r./r)2+1)i( 2- 1)
(45)
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where | =r. /T,

The cylinder shown in Figure
(1) is subjected to a uniform
internal  pressure p, with no
pressure applied on the outer
surface. Only a quarter of the
cylinder is considered for the
analyss. The boundary element
discretization using 20-constant
elements is shown in Figure (2).
Figure (3) shows the boundary
element discretization using 40-
constant boundary elements.

The boundary conditions are
specified to avoid rigid body
motion, i.e., zero displacements are
prescribed in the x-direction along
line AB and in the y-direction
along line CD, as shown in Figure
(2). The cylinder has the following
properties:

Radius of internal surface r; =
0.05m,

Radius of externa surface ro =
0.1m

Young’s modulus E = 10.0 “ 10°
N/m?,

Poisson’sration = 0.3,

The Boundary Element Method Versus
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Internal pressure p = 1.0" 10° N/m?.

The results for  radia
displacements and radial stresses
are computed at 5 internal points.
The results for these points
computed from the exact solution
and from the boundary element
method (20-constant elements) are
presented in Table (1).

The results for  radia
displacements and radial stresses
are computed at 8 internal points
lying on the radial line in the
middle of the quarter section. The
results for these points computed
by both the exact analytica
solution and the boundary element
method (40-constant elements) are
presented in Table (2).

The distribution of the radial
displacements U, aong a radia
line in the middle of the quarter
section is plotted against the
analytical solution, as shown in
Figure (4). The radid stress
distributions on the same radia
lineis plotted in Figure (5).

Table (1) - Radial displacements and stresses by the BEM and

exact solutions.

Exact solution 20-Constant elements
X [ Y | u@m |[s, (NmM) | u(m [s, (N
0.0389 | 0.0389 | 8.83E-06 | -768595 |9.38E-06| -601320
0.0459 | 0.0459 | 7.79E-06 | -455621 |8.28E-06 | -495894
0.053 | 0.053 | 7.08E-06 | -259259 |7.60E-06| -275529
0.0601 | 0.0601 | 6.57E-06 | -128028 |7.12E-06| -271457
0.0672 | 0.0672 | 6.21E-06 -36011 | 6.79E-06| -67775
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Table (2)- Radial displacements and stresses by the BEM and exact

solutions.

Exact solution 40-Constant elementg
X(m) | Y(m | uw(m | s((NmP) | w(m) |s(N/m)
0.0371 | 0.0371 | 9.16E-06| -876039 |9.52E-06 | -882000
0.0406 | 0.0406 | 8.53E-06| -674858 | 8.71E-06| -739000
0.0442 | 0.0442 | 8.02E-06| -520000 |8.21E-06 | -552000
0.0477 | 0.0477 | 7.59E-06 | -398262 | 7.75E-06 | -424000
0.0513 | 0.0513 | 7.23E-06| -300832 | 7.52E-06 | -302000
0.0548 | 0.0548 | 6.94E-06| -221644 |7.28E-06 | -284563
0.0583 | 0.0583 | 6.68E-06| -156412 |7.01E-06 | -165325
0.0619 | 0.0619 | 6.47E-06| -102040 |6.70E-06 | -134225
0.0654 | 0.0654 | 6.29E-06| -56245 |6.51E-06| -79953
0.0689 | 0.0689 | 6.13E-06| -17313 |6.46E-06| -43847

It is clear from these figures that
the accuracy of the BEM is well
established in relation to the
closed form analytical solution.
The figures indicate that more
accurate results can be obtained by
using finer meshes.

6.2 Semi-Infinite M edium

Problem
In the field of geotechnical
engineering, the  semi-infinite

nature of the soil domain may be
efficiently modeled using
boundary element techniques. An
example of this is the problem of a
strip foundation under a constant
pressure.

The details of the problem
are shown in Figure (6), the
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constants and parameters used in
the analysis are as follows:
P =2 ps (0.0137931 MPa),
B =42.5inch (1.0795 m)
E = 30" 106 ps (206897 MPa)
n=0.25

Table (3) includes the
comparison of horizontal stresses
obtained by the analytical and the

boundary element methods for
eight internal points.
Table (4) includes the

comparison of the vertical stresses
obtained by the analytical and the
boundary element methods for
eight internal points.

Table (5) gives the comparison
of shear stresses obtained by the
analytic and the boundary
element methods for eight internal
points.
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It is noticed from the previous
tables that the agreement of results
between the boundary element and
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the  analytica solution  is

satisfactory.

Table (3)-Horizontal stresses by the BEM and exacts solutions.

Analytical Boundary element
Points X Y solution solution

(cm) | (em) | s, (MPa) Sy (MPa)
1 0 95 0.00127 0.000321
2 25 95 0.00235 0.00146
3 50 95 0.00336 0.001168
4 75 95 0.00058 0.000262
5 0 50 0.000124 0.000401
6 25 50 0.000462 0.000015
7 50 50 0.001007 0.000659
8 75 50 0.001207 0.000953

The same problem is solved by
non-linear elastic finite element
method. The finite element mesh
for half of the domain is drawn in
Figure (7). Eight-node
isoparametric elements are used.
The side boundaries are assumed
to be free to move vertically, while

the bottom boundary is restrained
against both horizontal and vertical
movements. Figure (8) shows
the vertical displacements on the
surface obtained from the finite
element method and the boundary
element method. As can be
noticed, the agreement is very high
between them.

Table (4) - Vertical stresses by the BEM and exacts solutions.

X Y Analytical Boundary element
Points | (cm) | (cm) solution solution
sy (MPa) sy (MPa)
1 0 95 0.00955 0.01048
2 25 95 0.004855 0.08515
3 50 95 0.001169 0.000855
4 75 95 0.0000724 0.00017
5 0 50 0.00473 0.00529
6 25 50 0.003952 0.00432
7 50 50 0.002483 0.002483
8 75 50 0.0013103 0.0011
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Table (5) - Shear stresses by the exact solution and the BEM.

X Y Analytica Boundary element
Points | (cm) | (cm) solution solution
tyxy (MPa) tyxy (MPa)

1 0 95 0.0 0.0

2 25 95 0.00295 0.00317

3 50 95 0.00163 0.00129

4 75 95 0.0002 0.000455

5 0 50 0.0 0.0

6 25 50 0.0012 0.0011

7 50 50 0.00152 0.00123

8 75 50 0.00124 0.00084

7. Comparison between FEM

and BEM

1. In genera, since only the
boundaries are discretized, a much
smaller system of eguations is
developed than when the finite
element method is used.

2. In the case of the boundary
dement method, errors due to
discretization are usually confined
to the boundaries, as for the finite
element method, the entire domain
needs to be discretized. Hence, for
the latter, discretization errors are
present in each element of the
domain whereas those are found
only on the boundaries for the
former.

8. Conclusions:

1) The results of the boundary
element method will be grestly
improved when increasing the
number of elements at boundaries,
especidly a the regions of
concentrated stresses.
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3. Vaues of the solution variables
need only be obtained where
required at any specified internal
points while in the finite element
method, the variables are
calculated at every node.

4. An advantage of the boundary
element method is that the
boundary a infinity can be
modeled without truncating the
domain at some arbitrary distance
from the region of interest.

Figure (9) shows a comparison
between the steps required to reach
a solution from both FEM and
BEM programs.

2) A good agreement can be
obtained between the results of the
finite dement method and the
boundary element method. Keeping
in mind that in the boundary
dement method, errors due to
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discretization are restricted to the
boundaries compared to the finite
element method where the entire
domain needs to be discretized.
This advantage makes the use of
the boundary element method
easier and faster.

3) In the boundary element method,
the boundary at infinity can be
modeled without truncating the
domain at some arbitrary distance
from the region of interest. This
can also be done by the finite
element method by using infinite
elements.

9. References.

1. Al-Adthami, R. A. J., (2003).
“Applications of the Boundary
Element Method to Soil Media
Containing Cavities”, M.Sc.
thesis, University of Baghdad.

2. Banerjee, P. K., (1994).”The
Boundary Element Method in
Engineering”, McGraw — Hill
(UK), London.

3. Banerjee, P. K. and Butterfield,
R., (1981).”Boundary Element
Method in Engineering
Science”, McGraw — Hill (UK),
London.

10.

The Boundary Element Method Versus
The Finite Element Method For Solving
Two-Dimensiond Continuum Problems

Desai, C. S. and Siriwardane,
H. J, (1984), “Constitutive
Laws for Engineering Materials
with Emphasis on Geologic
Materials”, Prentice-Hall, Inc.,
Englewood Cliffs, N.J.

El-Zafrany, A, (1992),
“Techniques of the Boundary
Element Method”, Ellis
Horwood, New Y ork.

Fenner, R. T., (1986),

“Engineering Elasticity”, Ellis
Horwood, Chichester, England.

Fung, Y. C., (1965),
“Foundations of Solid
Mechanics”, Prentice-Hall,

Inc., Englewood, Cliffs.
Gudehus, G., (1977), “Finite
Element Methods in
Geomechanics’, John Wiley
and Sons, Ltd., New Y ork.
Littlee, R. W, (1973,
“Eladticity”, Prentice Hall,
Englewood Cliffs, New Jersey.
Zienkiewicz, O. C., (1977),
“The Finite Element Method”,
Third Edition, McGraw-Hill,
London.



Eng. & Technology, Vol.25, No.2, 2007 The Boundary Element Method Versus
The Finite Element Method For Solving
Two-Dimensiond Continuum Problems

Fig. (1) — Uniform cylinder under constant internal pressure.
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1
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Fig. (2) — Pressurized cylinder mesh with 20-constant boundary elements.
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Fig. (3) — Pressurized cylinder mesh with 40-constant boundary elements.
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Fig. (4) — Radial displacement distribution for pressurized cylinder from EM
and analytical solutions.

149



Eng. & Technology, Vol.25, No.2, 2007 The Boundary Element Method Versus
The Finite Element Method For Solving
Two-Dimensiond Continuum Problems

Radius” 10 (mm)
50 55 60 65 70 75 80 85 90 95 100

0.0 ' ' ' ,

-0.1 /-%‘

-0.2

-0.3 ﬂgé\/
y

-04
-0.5
-0.6
-0.7 / /
-0.8 —=— Analytical solution 1
// —— 20-congtant element mesh

—a— 40-constant element mesh |

Rad. stress (N/mm?)

-0.9
-1.0

Fig. (5) — Radial stress distribution for pressurized cylinder from BEM and
analytical solutions.

P,=0 q = 2 ps=0.01379 P«=0

;

2 2P,=@0 22 2 1197654 3 mD-N1
A 7D

] [~ N4
U.EO0 B =4p.5«= 1079.5
X 5 |~——'| 5
a n
.:g ) E =30" 10° psi=206897 4
o a MPa a
= I n=025 s U
™
¥ 3 a 0
S 0"
Y
3 4
) A
. » X
3 3 3 3 3 3 4 4 4 4 4
2 3 — D n 1 2 2 4
Uizg | 120¢ =048 fim 1202 = 3048 mm
U,=0

Fig. (6)- Discretization of the semi-infinite medium subjected to a constant
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Fig. (7) — Thefinite element mesh.
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Fig. (8) -Vertical displacement on the surface by the FEM and BEM asa

comparison
THE FINITE ELEMENT THE BOUNDARY ELEMENT
METHOD METHOD

Data input Data input

l

Evaluation of e ement matrices

Evaluation of the matrices
corresponding to boundary
unknowns u and q.

Assembly of the total of l
equations

Introduction of
boundary conditionsfor

uand q.
Introduction of the essential
boundary conditions
Y
Solution of the system of
equationsfor boundary

values of u and g.

Solution of the system of equationg
for all displacements

Evaluation of u and
g at selected internal
v points

Evaluation of stresses
per element . 4

Results output
Fig. (9) — Flowchart of finite element versus boundary

element computer programs.
i52






