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Subordination Result for new subclass of Regular Univalent Functions

Authors Names ABSTRACT

Mohammed H. Saloomi The objective of present work is to introduce new classes (MO)Zj (B) and discuss

L the sufficient conditions for h(t) which are given by using coefficient inequality.
Publication data: 18 /12/2023 Several new consequences of subordination for this subclass are pointed out,
Keywords: Regular function, which are new and not yet studied.
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1. Introduction and Standard Result
Let A be symbolize the class of functions in the shape

h(t) =t + 5%, Enth . - (LD

and regular in the disk E = {t: |¢| < 1} and normalized by h(0) = 0 and h’(0) = 1.

Furthermore, by S we shall symbolize the class of functions in A which are univalent in E.
Let C(¢) and §*(&)be class of convex and starlike functions of order ¢ respectively where0 < & < 1.
If we put & = 0, then C andS™ represent the class of convex, starlike functions respectively.
Given two functions h, & in A such that,

R(t) =t + Xm, vpt™,
the convolution h(t) * k(t) is defined by
() *k(t) =t + Y7 E, vat™, teE.

A regular function h(t) is subordinate to regular function k(t) if there exists a regular function ¢ (t) in
E satisfying (0) = 0 and |¢(t)|< 1 (t €E) such that

h(t) = k(y(t)) forall t € E,

we, denote this subordination by
h(t) < k(t)
In special, when k(t) is univalent in E,

h(t) < k(t)«<>h(0) = k(0) and h(E) c k(E).

The concept of subordination can be found in [1]. Also several authors have defined different
subclasses of univalent regular functions by using the concept of subordination such as [2,3,4,].

In [5] for sequence of complex numbers {&,}. This sequence is said to be subordination factor
sequence if whenever h(t) is convex and regular univalent in E, then

Y¥ o€ th < h(t) where (t €E & =1) (1.2)

To discuss fundamental results, we shall introduce the following
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Lemma (1.1)[6]: Let {e;} be sequence in C. Then this sequence {e;} is subordinating factor sequence
if and only if
Re{l+2¥7 ,0,t"} > 0,(t €E) (1.3)

Many authors have investigated subordination results and obtained sufficient conditions for
functions in some subclasses of(see [7,8,9]). So it will be the aim of this work to get a several
conditions and Interesting properties for functions related to this subclass(MO)ﬁ:{ (B).

2. Sufficient Conditions for the Function Class (MO)% B)

Motivated by earlier works on differential subordination [7,8,9] we, introduce the next definition:
Definition (2.1): For0 < ¢ <1,0<f<1,-1<u<1,0<iA<land0<y<1

A function in (1.1) belong to family (MO)% (B)if it satisfies

n’ (t)+th'’ ()

|a[h'(t)+th"(t)]—uh’(t)—(l—x)u—u)yh'(t) <g, foraltek.

In this part of our work, we will prove a sufficient condition for regular functions in E to be
in (MO)Z% (B).Also we shall prove some results of subordination for this class (MO)Zj 3.

Theorem 2.2: Let h(t) € A given in (1.1) and satisfies the following relation
Yn=2[1+n? = plan® + {u+(1 = DA — )y P]lEal < Bla—u—~(1 — H(1 — 1)), where
0<a<10<pf<1,-1<pu<10<i<l,and0<y<1.

Then h in the cIass(MO)Z’ﬁ ()

Proof: Assume the next inequality hold

Yn=2[l+n? —n(an® + {u+(1 - DA - wyDHllasl < nle—p~1 - DA - WA
its suffices to prove that

n’(£)+th'’ (t)

|a[h'(t)+th"(t)1—yh’(t)—(l—m-ﬂwu) <fforallt € E

| n’(£)+th'’ (t) _
a[h! () +th!! (£)]-uh' () -(1-D)(1—p)h' (t)

1+¥P n2g, et
A1+ 3P n2Eqt" = p—pu 3P nERt 1= (1-D(1-) - (1= (1- ) y XL nEpt™1

< _ _ 1+Z§°Tl2|€n| - S,B
A1+3X P n2|Ex |- p—pu XY nlEn|-(1-D (A=) y-(1-D A=)y I3 n|Exy|

1+ X5 n?En] < Blla+ aZT n?|Enl]l — u— uXFnlEn] — (1 = DA = Wy—(1 - D1 — WyEF nlEnl}

1+ X7 n%|6n] = flaXs n®|&nl + uEF n|En] + (1 — DA = ) yEF nlénl] < fla— u -
A=A -y
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21 +n? = flon® + n(u+ (1= DA - WD} < fla—pu— (1= D(A - W

Thus, the last step is equivalent to our condition in this theorem. Thus, the proof is complete.
Another important result provides subordination result involving the function cIass(MO)Z‘j (B).
Theorem (2.3): If the function h(t) of the form (1.1) is in the cIass(MO)Zj (B) and the following
increasing sequence

{iIn=p+1+In=-p -1 —2a(n—1)};-, ,foralln > 2,
then for any univalent function k(t) € C and t € E

5=2012a+u+(1-A)(1-w)#
2[7-2p120+ p+(1-D(1— A —Pla+ u+ (1-2) (21— )] (h = R)(0) < K(®) .. (2.1

where 0 < a<1,0<f<1,-1<u<1,0<A<land 0<y<1

and
722t pt (1= A - = flotu+(1-H(A-)y
Reh(t) > 52 A2ar mr (LD (L] ...(2.2)

The factor which is constant in the subordination (2.1).

5-2812a+u+(1-2)(1— )/
2[7-22a+pt+ (1= (- A-Platut+(1-2D)(1-wA]

cannot be changed by another greater than it. It is the best chosen.
Proof: Let h(t) € (MO)Z"f1 (B)and suppose that

R{t)=t+Yv,t™ € C.
Assume

_ on=1+n% — Blen® + [u+ (1 - DA - Wl
The assertion (2.1) become

Q2
st (h* R)() < RO. ..(2.3)

Then we readily have

Q2 _ 02 o n
2[e2+01] (h + K)(©) = 2[02+011] [t + X2 Envnt™]. ...(2.4)
Accordingly, and through (1.2), the confirmation of the subordination result (2.3) is true if {—2[522 ]}f
2 1

is a subordination factor sequence, with £;=1.

By using Lemma (1.1) this is equivalent to the condition

w 9260 ,n B
Re |1+ ¥ P |>ocek ..(2.5)
= 0,€ 1 o
Rel1+) 2252 in =S’2e{1+ 2 iy Z ngnt”}
1Qz‘|‘91 02 + 01 02 + 01 &=z

=1+ Re{—2 t+——¥P0,E,t"
e{Q2+Q1 Q2+Q122 Q2¢n }
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02 1 ) n
>1_
=1 02101 et 02t+Q1 22 028t |
Q2 1 © n
> 1 —
=1 {le pt =27 0alEnlp Loee

Where 04,0, > 0.
Since
on ={1+n*=plan’ + [u+ (1 -HA - WA
is an increasing of n(n > 2) we get
0227 | Enl S X3 0n | Enl < Blo—p— (A =M)A =yl ...2.7)

Applying (2.7) in (2.6) we get

— Q2 1 © n _ Q2 01 . _
{QZ+91 p+ 29101 23 021&xlp } >1 {92+91 p+ p—— p}>0, (since |t| = p<1).
Thus (2.5) is realized in | t | »1. Consequently the subordination (2.1) is established.

By taking a convex function in (2.1)
glt) == =t+I,t"
The inequality (2.2) follows.

Now, we consider function g(t) € (MO)% (B)given by

_ 4 Blo=p=(-MA-pyl 2
gl)=t 5—2ﬂ|2a+ﬂ+(1—ﬂ)(1—ﬂ)ﬂt ’ (2.8)

where 0<a<1,0<fB<l,-1<u<l,0<A<land 0<y<1.

By using the result (2.1), we get

5-2f012a+u+(1-A)(1-)H ot
2[7_2ﬁ|2a+/1+(1—/1)(1—ﬂ)7|—ﬁ|a+,u+(1—/1)(1—y)y|]g(t) < 1-t (2.9)

Also, we can prove the following for the functiong(t)

_ 5-2f2a+u+(1-2)(1— DA - _1 5
min [Re {2[7—2ﬁ|2a+u+(1—/1)(1—ﬂ)7|—ﬁla+p+(1—/1)(1—ﬂ)7|]g(t)}] = ALER

Then the value of next constant

5-2f12a+p+(1-D(A—A
2[7-2p12a+u+ (1= (A=) A= Platu+ (1= (1= A]

cannot be changed by another greater than it. The proof is complete.

Lettingu = —land A = 1/2, in Theorem (2.2), we have the next result for the cIass(MO)f’fl/ 3).
/2

Corollary (2.4): If h(t) of the form (1.1) is in the cIass(MO)Zj (B), then for each univalent function
k(t)eC,tek
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5-2p2a+y-1]|
2[7-2p12a+y—1|- flatr—1]]

(h*R) (1) < k(D) ,

and

_ 7-2012a+y-1|-Blaty—1|
Re(h(t)) > Py TR

The next constant factor

5-202a+y—1]
2[7 = 2B2a+ y— 1 — flat 7—1]]

cannot be changed by another greater than it..
Puttingiz = —1,A=0 and 8 = 1 in Theorem (2.3), we get the next result for the class(M0)%] ; (1).
Corollary (2.5): If h(t) of the form (1.1) belong to the class(M0)Z7 , (1),

then for each univalent function k(t) e C, t € E

5-2|2a+2y—1 |
2[7-212a+2y-1|— |a+2p—1]]

(h+R)(@) < k(@) ,

and

7-212a+2y-1|—|a+2y—1|
5-2|2a+2y—1|

Re(h(t)) > —

The constant factor

5-2|2a+2y-1]|
2[7-2120+2)—1|—|a+27-1]]

cannot be changed by another greater than it.
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