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Abstract
In this paper, we propose an algorithm for solving nonlinear unconstrained optimization problems by combining an extended
conjugate gradient method and the damped-technique of Al Baali-Powell for the BFGS method in a sense to be defined. The
combination will be considered not only at the current iteration, but also at a number of pervious iterations, some convergence
properties for the proposed algorithm will be investigated and some numerical result will be reported.
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Introduction

Consider solving the unconstrained optimization problem

min f (x), (1)
where f :R" — R is a continuously differentiable function, by iterative methods of the form
X =X T, dy, (2

where ¢, is a positive steplength and d, is a search direction. Denoting the function value f (X, ), computed at the
current point X, , by f, and its gradient Vf (X, ) byd,, we consider methods which define the search direction
such the descent propertydggk < Ohold which insures that there exists ¢, > Osuch that f, ,is sufficiently
smaller than f, .

If we take dk =—(, , we obtain the gradient method which has wide applications to large- scale optimization

(see for example Nocedal and Wright, 1999). In general, the class of conjugate gradient (CG) methods is useful for
solving large-scale optimization problems, because it requires storage of a few vectors. This class defines the search
direction by

®3)

— if k=1
dk:{ g '

-9, +p44d., if k=2,
where 3, is a parameter that determines the different CG methods (see for example Fletcher, 1987). Well known

choices of S, are

FR _ ”gk”2 PR _ ng(gk _gk—l) HS _ ng(gk _gk—l)

k - 2! k 2 ’ k T
”gk—l” ||gk71|| A1
which correspond to the FR (Fletcher-Reeves, 1964), PR (Polak-Ribiére, 1969) and HS (Hestenes Stiefel, 1952),

(4)
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respectively. The CG methods with exact line search have a finite termination if the objective function is quadratic
and strictly convex. However, in general, inexact line search technique is used in practice which yields that a method
may not converge to a solution of (1).

To improve the performance of a CG method, other methods have been combined with it. In particular, Shi-
Shen (2004) has combined gradient methods and Al-Bayati and Latif (2011) have combined quasi-Newton methods,
which we define below, and reported encouraging numerical results. A new combined method between CG and
BFGS was hybrid BFGS, that presented by Ibrahim, et al. (2014), and denoted by HBFGS. Moreover, Ibrahim,
Mamet and Leong (2014) hybridized BFGS with CG, referred by BFGS-CG, which improves the performance for
methods in solving large scaled unconstrained optimization problems. Forsgren and Odland (2015) studied the
conditions on the basic matrix of quasi-Newton and its update correction, that belong to Broyden family with one
parameter to make the method parallel in direction to CG on quadratic programming. Li, M. (2018) modified a
nonlinear CG method that closed to momeryless BFGS methods in terms of search direction, which author’s
modification reduces to Hestenes Stiefel (1952) with exact line search. A new hybridization proposed by Aini, et al.
(2019), that was between quasi-Newton methods with a modified CG named by Aini-Rivaie-Mustafa (ARM)
method investigated in 2018 under exact line search. Finally, Li, X. et al. (2019) gave a new spectral CG method
based on quasi-Newton direction and equation for unconstrained optimization problems.

The theoretical and practical merits of the quasi Newton methods for unconstrained optimization have been

systematically explored. On each iteration of these methods, an estimate X, of a solution to problem (1) and a

positive definite Hessian approximation B, are used to compute the search direction dk = —Bk‘lgk . Hence, a new

estimate X, ,, is computed by (2). For the next iteration, B, is updated to a new matrix in terms of the differences

S = Xiya — X ()
and
Ye = Oka — 9k (6)

Several updating formulae have been proposed with some advantages and disadvantages (see for example Fletcher,
1987, Dennis and Schnabel, 1996, and Nocedal and Wright, 1999). We consider the most attractive update is that of
BFGS, given by

B, S, S, B .
B,.,=B, - ka kB | Y$Yk _ @
Sk Bksk Sk yk
This update is maintained positive definite if the curvature condition SE Y, > Oholds. Whether this condition holds

or not, Al-Baali and Grandinetti (2009) have shown that the performance of the BFGS method can be improved if
Y, is modified before updating to the damped vector

Ve =0 Y +1=9)B,s,, (8)

where 0 < ¢, <1is a parameter which is chosen such that SkTyk is sufficiently positive. Thus this technique

maintains the damped BFGS update positive definite whether the curvature condition holds or not. It is essentially
proposed by Powell (1978), for modifying the BFGS update when applied to a Lagrange function for constrained
optimization, and used for the first time by Al-Baali (2004) for unconstrained optimization. Al-Baali (2014) has
shown that this damped technique maintains the useful properties that the BFGS method has for convex functions
and Al-Baali and Purnama (2012) have shown the usefulness of this damped technique when applied to a simple

quadratic and ill conditioned problem. One of the authors recommended choices for ¢, is given by
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. ) h
92 if p, <0 or p, <min(l-o,,—*—)
1-p, 1+o,
@ = I3 if p, >1+0, 9)
Px —
1 otherwise,
where
ST Tg-1
P = —k Yk ' h, = Yk o Yk ' (10)
Sk By Sk S Yk

0<o,<1, o,>3ando, >0. Note that the condition S; ¥, >0 always holds and the values of &, = 0.8,

o, =, 0, =0 reduce the above choice of Al-Baali for ¢, to that of Powell (1978), except when p, =h,

which reduces the Broyden family of updates to a single update.

The aim of this paper is to apply the damped quasi-Newton technique to certain combined CG and quasi-Newton
methods as described in the next section. In Section 3, we obtain the convergence property of the methods. In
Section 4, we describe some numerical results based on applications to a set of standard test problems. It is shown
that the proposed combined methods are competitive with the robust BFGS method.

Combining Conjugate Gradient and Damped Quasi-Newton Methods

In this section, we propose an algorithm on the basis of combining the CG and damped BFGS methods in the
following way. We first apply the damped technique to the search direction of Al-Bayati and Latif (2011) to obtain

1 r
d, :_7k9k+FZﬁk—idk—i’ (11)
i1

where 7, is a suitable positive scalar, I = 2 is a preset integer and B, is a CG parameter (eg, see (4)) or given by

T
k =k “k

where B, is a quasi-Newton Hessian approximation. The search direction (11) is reduced to that of Al-Bayati and

T A
ﬁk = max SkByk 10}1 (12)

Latif (2011) if )7k =Y, (ie, ¢, =1) for all values of K and to that of conjugate gradient direction if 7 =1,

r=1and B, is given by a conjugate gradient parameter (eg, by one choice in (4)).
Similarly, applying the damped technique to the search direction of Al-Bayati and Latif (2011) for the
combined CG and quasi-Newton methods, it follows that

-B,'g, it k<r-1
1 L .
- B {89« +Zﬂk—i+ldk—i+l} if  k>r-1,
i=2

Here, we consider the damped BFGS Hessian which is defined by (7) with Y, replaced by Y, (given by (11)) that is
B,SS B ViV

B, =B, - ka k Pk +y$¥k _
S, B Sy Sk Yk

We note that search direction (13) is reduced to the damped BFGS direction for sufficiently large value of I and
hence to the BFGS direction when ¥, =y, . Thus for a fixed value of I', the corresponding method is reduced in

d, = (13)

(14)

the limit to that of the damped BFGS method so that the global and superlinear convergence property on convex
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functions is obtained (for details, see Al-Baali, 2014). It is assumed that the steplength ¢, is chosen such that the
following Wolfe-Powell conditions hold:
T

f(x +dy) < fy +opd gy, (15)

T T
dy9yq 20yd g, (16)
where 0 <o, <0.5and 0, <o, <1 and o, =1is tried first. Note that condition (16) ensures the curvature
condition so that the BFGS update is maintained positive definite.

For simplicity, the Armijo (1966) rule is sometimes used for defining ¢, as follows. Setting scalars p € (0,1

and a starting value & , we choose &, be the largest value in the set {a,ap,apz,ap3,...} such that
T
f (X +dy) < fy —op 9.9, 17

which is like condition (15) with dkTgk replaced by —nggk. Although this line search condition does not

guarantee the curvature condition, the damped BFGS update is maintained positive definite.
We now outline the proposed algorithm which combines CG with the damped quasi-Newton methods as follows.

Algorithm 2.1

Step 1: Given a starting point X, , a symmetric and positive definite matrix B, 2<r <n, and values for Oy,
o,, 0,, 05, 0, (suchthat0<o,<05,0,<0,<1,0<0,<1, 0,23, 0,20), atolerance ¢ >0,
and set k =0.

Step 2: If the Euclidean norm ||gk || < ¢ holds, then stop.

Step 3: Compute the search direction as defined by (13).

Step 4: Find a step length ¢, such that condition (17) holds and compute a new point X, , by (2) and hence the

gradient g, ,, at this point.

Step 5: Compute S, , Y, and yk , using (5), (6) and (8), with (9)-(10), respectively.
Step 6: Update B, to B, ,,, using formula (14).

Step 7: Set K =Kk +1 and go to Step 2.

Although the line search condition in Step 1 does not guarantee the curvature condition, the damped technique in
Step 5 ensures that ng/k >0 which is required in Step 6 to maintain the damped BFGS update positive definite.

However, if «,is computed such that the Wolfe-Powell conditions (15) and (16) hold, then the condition

SE Y, > Oholds which yields the condition SE Y, >0 for any value of 0 < ¢, <1. Thus, we consider the following
algorithm.

Algorithm 2.2

It is defined by Algorithm 2.1 with Step 4 is replaced by
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Step 4: Find ¢, such that the Wolfe conditions (15) and (16) hold and compute a new point X, ., by (2) and

hence the gradient ¢, ,, at this point.

We note that the above two algorithms are reduced in the limit to that of the damped BFGS method of Al-Baali
(2014). They satisfy the descent property as shown in the next section. Since Algorithm 2.2 uses the Wolfe-Powell

conditions on ¢, , it has the global and superlinear convergence property that the BFGS method has for uniformly

convex functions (see Al-Baali, 2014, for details). However, since Algorithm 2.1 may not satisfy this property, we
study its convergence properties in the next section.

Convergence Properties
To ensure that Algorithm 2.1 converges globally, consider the following standard assumptions:
H,: The level set Q ={X € ‘.R“| f(x) < f(X,)} is bounded.

H,: In some neighborhood N of Q, f is continuously differentiable and its gradient satisfies the Lipschitz
condition

la)-a(y)|<Lx-y[. vx,yeN (18)
for some constant L >0 .
Theorem 3.1
Let dk be defined by (2)and (13) for some y, > 0and /3, be given by one formula in (4).Then the descent property
d, g, <0 holds forallk .

Proof.
From (2) and (3) we get
2

B :”gk” Wi (19)
where

T

d
Wi =gn_a><(gk £.0). (20)

<I<r 7/k

If CG direction is used, then

— 7k ”gk”2 +18k—ingdk—i < =7 ||gk||2 + B max{dkTq ¥i,0}
<ol +lo.| i max{d, g, 0}

e ”gk”2 +||gk||2l/jl;ril//ki

<0
Then we obtain the following the descent property

l r
g,d, =_7k”gk”2 +F2ﬂk—i+lngdk
i1

1 r
< FZ{_H ||9k||2 +BiaOc Y}
i-1
<0.
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Since the damped methods guarantee that the Hessian approximations are maintained positive definite and bounded
(see Al-Baali, 2014), so that || B," ||< ¢, where c is a positive constant, it follows from (13) and the above result
that Algorithms 2.1 and 2.2 satisfy the descent property.

Theorem 3.2
The Algorithm 2.1 generates an infinite sequence {X, } if (H,) and (H,) hold, then
4

Z—”g"” <+, (21)

k=r 7k
where

2 2
7o =max(|g | [dy i.a]). (22)

Proof.

Since {fk}is a decreasing sequence and satisfies Assumption (Hl) and Assumption (H,) it is a convergent

sequence .In particular, we have by ( Hl) and (16) that

D (= o) <40 (23)
k=1

Using modified Armijo line search rule (15), it follows that there exist 77 > O such that

4
fo—fiaz 77—||gk”
Yk

Since 7, = @g)r((”gk||2’”dk—i+l”2)

LetK, = {k||ak =s,  K,= {k”ak <s}
We have

T
fi = fia 25200, 9
2
Because of ||gk || < ¥\, we have
T
fi = fi <—2ma,9,d,
This together with (23) implies that (21) holds.

We now show that the class of combined conjugate gradient and quasi-Newton methods satisfies the descent
property.

Theorem 3.3
If the conditions in Theorem 4.2 hold, then either |im||gk || =0 or {X,} has no bound.
k—00
Proof.
If |im||gk || # 0, then there exists an infinite subset Q, < {r,r +1,...} and & > O such that:
k—o0
lg |>¢ keQ,. (24)
Thus
4
4
g g
< lo.] V keQ,
Yk Yk
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(25)
By Theorem 3.2 and for K > 1, we obtain

2 2
< .
[de]|” < maxf]g; |3 (26)
Now if K <, then the conclusion is obvious. Otherwise, K > I, by induction process, we obtain the following
conclusion:

4 4o 4
Zg_gzugk” < 4o (27)

keQo ¥k k=r Yk

Then there exists at least one i :2 < i <1 such that: lim|d,_;,, | = +o0

keQq k—w

Therefor{X, } has no bound.

Numerical Results

We now test the behavior of Algorithm 2.1, using B, = I, the identity matrix, and the three values of r=2, 4 and
10. For comparison, we also consider the value of I' = oo which yields the standard BFGS method. The values for
the other parameters, required in Step 1 of Algorithm 2.1, which we used are o, =0.01, o, = 0.5, o, = 0.9,

0,=9, o, :1074, £=10"°. The line search subroutine, which is required in Step 4 to compute the step length

o, always tried the value of o, =1 first.

We applied the above four algorithms to a set of 80 test problems obtained as follows. We used 20 different types
of standard minimization problems (their functions are described by Andrei, 2005, and listed in the Appendix). We
used these problems with four values of dimension n=6, 12, 120 and 360 so that the total number of test problems is
80. The number of iterations (referred to as NIT) which are required to solve each problem in the set for these values
of n are given in Figures 1, 2, 3 and 4, respectively. For a clarity comparison of these algorithms, we also used these
numbers to obtain the plots in these figures. Note that the number of gradient evaluations is equal to NIT.

Similarly, a comparison of the number of function evaluations (referred to as NFE) which are required to solve the
test problems is illustrated in Figures 5, 6, 7 and 8.

The eight figures clearly show that the proposed algorithms solved all problems successfully. They also show
that the performance of the proposed algorithms is competitive with that of the BFGS method for all values of r and
n. In some cases, for the problems 10, 11, 12, 13 and 19, and n=120 and 360 (see Figures 3, 4, 7 and 8), the

proposed algorithms work substantially better than the BFGS methods.
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# of function iterations for tests with
dimention n=6

20|119|18 |17 |16 15|14 (13|12 |11 |10 8| 7|6 |54 3|2 1

9
M BFGS (r=infinity) |12 | 23| 15| 8 |24 |35|11|28|54|17|18| 4 |22(21|12|14|14|19|53|20
mr=2 7 111|14| 2 |20|24|10|24|50|16|20| 2 |16|20| 9 |10|12|12|50|12
mr=4 8 |11|14| 3 |20|34|10|24|50|16|20| 2 |16|20| 9 |11 |14 |12 |52 |12
mr=10 8 |11|14| 2 |20|24|10|26|50|16|20| 2 |16|20| 9 |11 |14 |12 |52 |12

Figure 1: NIT required to solve problems with dimension N =6
by Algorithm 2.1 for r=2, 4, 10 and I' = o (the BFGS method)

# of function iterations for tests with
dimention n=12

2019|118 |17|16|15|14|13|12|11|10| 9 | 8 | 7 6| 5|4 3|2 1
m BFGS (r=infinity) | 12 | 23| 15|10 |24 |36 | 11|32 |54 |26|18| 4 |22|22|12|15|20|19|53|20
mr=2 7 |11|14| 4 |20|34|10|24|50|26|20| 2 |16|20| 9 11|13 |12|50/|14
mr=4 8 |11|14| 4 |20|34|10|24|50|26|20| 2 |16|20| 9 |12|19|12|52 |14
= r=10 8 |11|/14| 4 |20|34|10|24|50|26|20| 2 |16|20| 9 |12 |19|12|52 |14

Figure 2: NIT required to solve problems with dimension N =12
by Algorithm 2.1 for r=2, 4, 10 and I' = o (the BFGS method)
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# of function iterations for tests with
dimention n=120

20|19|18(17|16(15|14|123|12|11|10|9 |8 |7 |6 |5 |43 |2 |1
M BFGS (r=infinity) |22 23| 15|10(24|38|14(93|71|76|22| 6 |27|24|14|15|36|22|54 |24
mr=2 7 (11|14 4 |22|34|12|56|50(|44|22| 2 |16|20| 9 (11|19|16|50|15
mr=4 8§ (11|14 4 |22|34|12|56|50(|44|22| 5 |16|21| 9 (12|21|17|52 |15
mr=10 8 (11|14 4 |22|34|12|56|50(44|22| 5 |16|21| 9 (12|21|17|52 |15

Figure 3: NIT required to solve problems with dimension N =120
by Algorithm 2.1 for r=2, 4, 10 and I' = o (the BFGS method)

# of function iterations for tests with
dimention n=360

o 19 18 17 16 15 14
2011918 |17|16|15|14|13|12|11|10| 9 |8 |7 |6 |5 |4 |3 |2 |1
M BFGS (r=infinity) | 22| 23| 15|10( 24|38 |14(163|/71|86|26| 6 |27 |24|14|16|40|22|54 |24
mr=2 7111|114 4 |22|34|12|56|50|64(22| 2 |16|20| 9 (11|19|16|50|16
mr=4 8 11|14 4 |22|34|12|56|50|67(22| 5 |16|21| 9 |(12|21|17|52|16
mr=10 8 11|14 4 |22|34|12|56|50|67(22| 5 |16|21| 9 |(12|21|17|52|16

Figure 4: NIT required to solve problems with dimension N =360
by Algorithm 2.1 for r=2, 4, 10 and I' = oo (the BFGS method)
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# of function evaluation for tests with
dimention n=6

20(19(18|17|{16|15|14(13|12|11|10| 9 | 8 |7 |6 |5 (4|3 |2 |1
M BFGS (r=infinity) (16 (63| 19|20|34|40|23|73|62|36|28| 8 |58|26|20|20(23|39|67|36
mr=2 12| 15(17| 7 |23|39|15|67 56|28 24| 7 |38|24(16|12|16(18| 60|15
=4 13|15(17| 7 |23|39|15|67 56|28 24| 7 |38|24|16|14|22(18|66|15
=10 13|15(17| 7 |23|39|15|70|56|28 24| 7 |38|24(16|14|22(18|66|15

Figure 5: NFE required to solve problems with dimension N =6
by Algorithm 2.1 for r=2, 4, 10 and I = oo (the BFGS method)

# of function evaluation for tests with
dimention n=12

13 12 1
15 14

17 16

19 18

20[19[18[17[16[15[14[13[12[11]10] 9[8[ 7 [6[5[4a[3 |21
M BFGS (r=infinity) |16 | 63| 19|25|34|42|23|79|62|64| 28| 8 |58|26|20|20|28|39|67|36
mr=2 12(15(17| 8 |23|39|15|67|56|48[24| 7 |38|24|16|14|16|18| 60|17
mr=4 13[15(17| 8 |23|39|15|67|56|48[24| 7 |38|24|16|16|22|18|66|17
®r=10 13[15(17| 8 |23|39|15|67|56|48[24| 7 |38|24|16|16|22|18|66|17

Figure 6: NFE required to solve problems with dimension N =12
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by Algorithm 2.1 for r=2, 4, 10 and I' = o (the BFGS method)

# of function evaluation for tests with
dimention n=120

20(19|18|17|{16|15|14|13|12|11(10{ 9 | 8 |7 |6 |5 |4 |3 |2 |1
MW BFGS (r=infinity) |27 | 63| 19|25 |36 |46 (31|98 132178/ 34| 9 |62 |28|31|20|74| 44| 68|48
mr=2 12|15(17| 8 |25|39(22|79|56|84 31| 7 (38|24 16|14 (2224|6118
mr=4 13|15(17| 8 |25|39(22|79|56|84 31| 8 [38|25|16|16|23|25|66|18
mr=10 13|15(17| 8 |25|39(22|79|56|84 31| 8 [38|25|16|16|23|25|66|18

Figure 7: NFE required to solve problems with dimension N =120
by Algorithm 2.1 for r=2, 4, 10 and I = oo (the BFGS method)

# of function evaluation for tests with
dimention n=360

s 14 13 121

o 10 18 17 16 1
20[19[18[17[16[15[14[13[1211]10l 9[8[ 7 [6[s5[4a[3[2] 1
H BFGS (r=infinity) | 27 | 63| 19| 25|36 | 48| 31[167|132/222( 38| 9 | 62|28|31|22|88| 44| 68|48
mr=2 12|15|17| 8 |25|39|22|79|56(|189(31| 7 |38|24|16|14|22|24| 61|26
mr=4 13|15|17| 8 |25|39|22|79|56/|200[31| 8 |38|25|16|16|23|25| 66|26
m =10 13|15|17| 8 |25|39|22|79|56(200/31| 8 |38|25|16|16|23|25| 66|26

Figure 8: NFE required to solve problems with dimension N =360
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by Algorithm 2.1 for r=2, 4, 10 and I' = o (the BFGS method)

Conclusion

We proposed an algorithm which combine the damped quasi-Newton methods and conjugate gradient method.

For simplicity, we used the inexact Armijo line search strategy and show that the number I of terms in the search
direction affects the numerical performance and proposed the algorithm. It is competitive with the robust BFGS
method in terms of iterations and function and gradient evaluations. However, further improvements are expected.
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