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1. Introduction
The first to introduce the concept for the standard was the Austrian scientist E. Helly

(1844-1943), but he did not use the name of the standard nor its symbol, it was known as whichever
function that fulfills certain conditions. Spaces of Banach are named following after the Stefan Banach
(Polish mathematician), who in 1920-1922 familiarized such concept and considered it analytically
joining Hans Hahn and Eduard Helly. Al- Mayabhi, introduced [3] a description of topological space
being linear and lattice metric as invariant. See also [1], [2], [8], [9] and[10], they presented
description of lattice normed space. They presented in[5] and [6], define of lattice Frechet space,
lattice semenorm, lattice normable, open and ball being closed in lattice norm. In[9], and [7]. They
introduced the description of F-normed space, A normed space and quasi normed space. Sharma and
Vasishtha presented [4] the description of space of Banach, space being modular, lattice functional
being convex, lattice symmetric, and Minkowski’s functional. our paper, we provide description,
proposition, remarks, formula and example for above concept.

2. Basic Concepts
2.1 Space as metric of Lattice being Linear

Metric space being linear is a metrizable topological space being linear. A topology [] be on an X set
is supposed as metrizable when a lattice metric d is there on X that is well-matched with [] . In such
case, the balls of radius 1/n fixed at x form a resident base at x .

Description (2.1) [1]:

Suppose X is a space being linear over F and suppose d be a function as lattice metric on X. It can
be said that d is a lattice metric as invariant on X, when d(x+z,y+z)= d(x,y) for all x,y,z €X. Bulleted
lists may be included and should look like this:

Remark:
d(-x,0)+d(x,0) Vx €X,
Since d(-x,0)=d(-x+x,0+x)=d(0,x)+d(x,0)
Formula (2.2):
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Suppose X be a space being linear over F and suppose d be an metric as invariant on X.

¢ d(nx,0)<nd(x,0) for every xeX and for n=1,2,3,....
When n=2
e d(nx,0)=d(2x,0)=d(x+x,0)=d(3x,0)

2) When{x_n } is an order in X and when x n—0 as n—o0, after that +ve scalar are there 4,,—0 and
X pA,—0, in which n—oo.

Evidence
d(nx,0)<¥7_, d (kx, (k — 1)x) =nd(x,0).

Since x ,—0= an increasing +ve integer sequence is there {ny }

Thus d(x ,,,0)<1/k"2, when n> ny . Place Ay :{1 n<ng

k NESN=Np4

For such "n, we have d(A,x,,0) = kd(x,,0) < % . Therefore A,x, = 0 inwhichn — co.

Description (2.3) [1]:
Suppose T be a Topology say that t is a Topology on X when it fulfills the axioms as follow:

1. ¢ Xet

2. When A, A, A;, ..., Ajet, afterthat N}, A i€B.
3. When Aj et for all Ae A, afterthat U A, €R.
Description(2.4)[6]:

1) A to‘pologic_al space being linear X with & topology is named a lattice F-space when its
topology Is inducing an invariant as complete d .

2) A topological space being linear X is named lattice Fréchet space when X is a locally convex
lattice F-space.

3) A space being polish is separable complete space as metric of lattice.
Description(2.5)[6]:
Suppose X be a space being linear over F . A Lattice A - norm on X is a function I.| :X—E taking

the properties as follow:
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a. IxI>0 for all xeX ,x#0.

b. IxI<Ixl VxeX, and VO< <1 .

c. lim(A—0)xI=0 , VxeX .

d. Ix+yl<c max{Ixl,lyl} for whole x,yeX,where c>0 is independent of x ,y
Remark

1) When . is a lattice A - norm on X, afterthat it induces on X a linear & topology that is metrizable

2) A local base  of 0 is set by the form sets B,, ={ xeX:lIxlI<1/n},i.e.
B={ B, :n € N*},where B,, ={ xeX:IxI<1/n}.

3) An order {x, } in X converges to x € X whenf ||x, —x|| = 0.

4) When 7 is a topology on X with a local countable base B ={B_} Thus nf_ = {0}, every B is
balanced and B, ., + B,., € B, - Afterthat we can definea A -normon by [[x]| = sup{2™™:x & B}

and the A - norm induces the original topology ; here c= 2.

5) When ||.|| is whichever lattice F- norm on X , afterthat d(x,y) = ||x — y|| is lattice metric as
invariant on X.

Description(2.6)[7]:

1) A lattice A- norm I.I on X is named a lattice F-norm when it fulfills Ix+yl<IxI+lyl for whole x,y€X.

2) A lattice A - norm I.I on X is named a lattice quasi-norm when it fulfills IAxI=[A|IxI for A€F and
X€EX.
Formula(2.7)
Suppose . be whichever lattice A - norm on X .Choose p so that 2°(1/p)=c. After that for whichever
X1,X2,.,Xn EX, We get
by +2,+. 40, 1<4°(1/p) (g [12:]1P)N(L/p)
Evidence:
By induction when n=1 Ix_1 I<4”(1/p) lx4I
We assume it is true when n=k
g+ | <AN(Up) (T [l [1P)N(L/p)
And we proved when n=k+1
Ity +2+. +xp X4 1) 1SANUR)( ZIET 121 + Xt A2 [P+ [|x5e41 1P (X (12 [1P)M(Lp)
Formula(2.8)
Suppose I.Ibe whichever lattice [J - norm on X , after that when p is chosen so that 2*(1/p)=c , the

formal
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IxI=inf||x|| = inf{>.{L[|x;|[P: XiL, X; = X}, define a lattice F- norm on X given the identical
topology .

Evidence: Simply note 1/4 IxI"p< |(IxI)[< IxI™p.

Corollary (2.9)

Suppose X is a Hausdorff topological space being linear with a countable local base of 0 . Afterthat X
is amortizable and the topology may be given a metric as invariant.

Remark

Every metrizable topological space being linear X able to be embedded as a lattice linear dense sub-
space F- Space Y. The construction of Y is simply to the normal metric space complete of X regarding
a metric as invariant and extend the space being linear operations in the clear way. The space Y
obtained in this way is unique; it is not depending on the particular metric as invariant choice.
Formula(2.10)

When M is closed sub-space of a lattice F- Space X , after that X\ M is a lattice F-Space .

Evidence :

Suppose M is closed sub-space of a metrizable topological linear spec ,after that M lattice F-space,
after that X\ M is also metrizable .

Description (2.11) [11]:

Suppose X is a space being linear over a field F.
A function M: X — E is named a modular on X when staffing the axioms as follow:
1. M(x) = 0 for whole x € X.
2. M(x) =0 & x=0forwholex € X.
3. M(3x) = M(x) forall x € X and for whole X € F with || = 1.
4. M(ox + By) < M(x) + M(y) whenfa,B =0, for whole x,y € X.
When (4) replaced by
5. M(ax + By) < aM(x) + BM(y) , for whole x,y € X, o, = Owitha + B = 1. It can be said
M is a convex modular.
This shows M is increasing function
A modular M describes an equivalent space being modular such as, the liner space
Xmoiven by Xy = {x € X: M(3x) = 0 wheneveri—0}.
Example (2.12):

Suppose X = E along M(x,y) = |x| + |y| , for whichever pair (x,y) in X, after that X, is lattice space
being modular . Where x| = x* + x~

Solution:

1. Suppose (x,y) € X, since |x| + |y| = 0 ,after that M(x,y) = 0.
2. Suppose (x,y) € X, afterthat M(x,y) =0 < |x|+|y|=0<=x=y=0.
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3. Suppose (x,y) € X and A, € F with |A| = 1, after that A(x,y)= (Ax, Ay)= M(A(X,Yy))
= |Ax| + [Ay] = [Al|x] + [A[ly| = |x] + |y| = M(x,y) = 0.
4, Suppose (x1,V1), (X5,¥,) € Xand a, B = 0, after that a(x,,y;) + B(X5, ¥,) =
(axq + Bx2,ay1, By2) = M(a(xq,y1) + B(X2,¥2) = axq + Bxz| + |ayy, By | < [a(|x4] +
ly1D) + IBI(Ix2] + ly2]) < (x| + ly1]) + (Ix2] + ly2 D).
M(a(x1,y1) + B(X2,¥2)) < M(Xq,y1)+M(X2,¥2).

Formula(2.13)

Every lattice space being modular is space as metric of lattice.
Evidence:
Suppose Xy is a space being modular . Describe dy: X X X — E by d(X,y) = M(x-y) for whole x,y €

X.
Suppose x,y € X = x —y € X (Since X is a space being linear) = M(x—y) = 0

= dy(x,y) = 0.
1. Supposex,yeEX,=dxy)=0=MEx-y) =0=x—-y=0=x=y.
2. Suppose x,y € X,d(x,y) = M(x—y) = M(—(y —x)) = M(y — x) = d(y, x).
3. Supposex,y,z€ X, M(x—y) = M((X —z)+ (z— y)) <ME—2z)+M(z—-y)
= d(x,y) =d(x,2z) +d(zy).
It is following in which d is a metric on X , and such metric is named the lattice metric induced

through the modular. It is clear to show that
When Suppose %,y ,z € X, A € FF,after that

1. dx+zy+z)=dxy).
2. d(Ax,Ay) = d(x,y), when |A| = 1.
3. M(x)=d(x,0).

Remark

Whichever lattice space being modular is a topological space being linear, Furthermore, it is space of
Hausdorff.

Description (2.14)[11]:

Suppose Xy be a space being modular

1. The ball being open along the center x, € Xy and r radius > 0 signified by B (Xo) and define
asBr (Xg) ={x€Xy:M(x—x() <r}.

2. A sub-set A of Xy is said to be bounded when daimy; (A) < o, where daimy (A) =
sup{M(x —y): X,y € A} is named the diameter of A .

3. Anorder {x,} in Xy is converge to the x point € Xy ,
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when lim,_, M(x, —x) = 0,i.e. when for every Ve > 0,3 ke Z* 5 M(x, —x) <& Vn=Kk
and can be written lim,_, X, =x or x, = 0 as n - oo . It is following that of x, — x when f
M(x, —x) - 0.

4. sequence of Cauchy in X, whenve > 0,3k € Z* 3 M(x, —Xy,) <& Vn,m:=Kk

5. Xy is named complete when every sequence of Cauchy in Xy, is converge to Xy point.
Lattice Semi-normed spaces
In mathematics, principally in analysis as functional, a lattice semi-norm is a space being linear norm
which require not be +ve definite. Lattice Semi-norms are closely connected with sets as convex,
every lattice semi-norm is the functional of Minkowski of few absorbing disk and, contrariwise, the
Minkowski functional of whichever set is a lattice semi-norm. A topological space being linear is
locally convex when f its topology is induced through a lattice semi-norms family.
Description (2.15) [6]:

A lattice semi-norm on X is a function p: X — E with the follow
1. P is subadditivity triangle inequality, i.e. p(x+y) < p(x) + p(y) for whole
X,y € X.
2. P is +vely homogeneous (homogeneity being absolute), i.e.
p(Ax) = |A|p(x) for whole xe X and for all A € F.

Remarks

1)  An F family of lattice semi-norms on is thought to be separated when to every x # 0
Corresponds as a minimum 1 p € F along p(x) # 0.

2) When condition (2) of above Description replace by p(Ax) = Ap(x) for whole xe X and for all
A = 0 it can be said p is a sub-linear functional on X.

3) A lattice semi-norm p on a space being linear X is a lattice norm when p~1({0}) = {0} .i.e.

when p(x) = 0. Implies x= 0

4) A sub-linear function f on a real space being linear X is a lattice semi-norm whenf f(—x) =
f(x) for all xe X.

5) Every sub-linear function f on a real space being linear X induces a lattice semi-norm
p: X — E defined by p(x) = max{f(x), f(—x)} for all xe X.

6) Whichever finite sum of a lattice semi-norm is a lattice semi-norm.

7) p:X— Eand q:X — E are 2 lattice semi-norm, after that the function
r: X X X — E defined by r(x,y)= p(x) + q(y) for whole (x,y) € X X Y is a lattice semi-norm
onXXxY.

8) p:X— Eandqg:X — E are two lattice semi-norm.

48



Journal of Iragi Al-Khwarizmi (JIKh) Volume:7 Issue:2 Year: 2023 pages: 43-55

Definition (2.16)[11]

1. A sub-linear p:X — E is named a lattice functional being convex when p(x) > 0 for all
X€ X
2. A functional being convex p:X — E is said to be lattice symmetric when we have p(Ax) =
|A|p(x) for whole xe X and for all A € F.
Example (2.17)

1. The trivial lattice semi-norm on a space being linear X, which refers to the constant 0 function
on X, inducing the topology as indiscrete on X.

2. When f is whichever linear on a space being linear X, after that the function p: X — R definite
via p(x) = |f|(x) for all xe X be a lattice semi-norm.

3. Suppose X= E . Describe p: X - E by p(X)= Yi.,|x;| for whole x = (x4, ..., x,) € E.
After that P is a sub-linear functional on X and functional being convex.

4. Suppose X= E and Suppose M is a sub-space of X .Define py: X = E by

pm(x) = inf{||x —y, ||: y € M}.for whole xe X where]||. || is the Euclidian .

a) When d(M) > 1, after that py is a lattice semi-norm and not a lattice norm.
b) When M = {0}, after that py(x) = ||x]|| for whole x€ X.
5. Suppose X is a space being linear where it is defined as non-negative sesquilinear Hermitian
form B: X x X — F After that the function pg(x) = /B(x,x)
be a lattice semi-norm. pg is a norm when f B is +ve definite (i.e. B(x,x) > 0 for whole x #
0).
Formula (2.18)

Suppose p is a lattice semi-norm on a space being linear X . After that

p(x) = 0.

p(-x) = p(x) for all xe X.

p(y-x) = p(x-y) for whole x,y € X.

lp(x) — p(y)| < p(x —y) for whole x,y € X.

P(x) = 0 for whole xe X.

The set N(p)={ x€ X: p(x) = 0} is sub-space of X.

The set A={ x€ X: p(x) < 1} is convex, absorbing and balanced set.

© N o g B~ w D F

p is a norm when it fulfills the case p(x) # 0 when x # 0.
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Evidence:
(1) ,(2) and (3) straight from description

4 x=(x-y)+y = p(x) = p(x—y) +y) < p&x—y) + p(y)

p(x) — p(y) < px—y)......(1) Also —p(x—y) < p(x) — p(y)-(2)
From(1) and (2) ,we nave — p(x—y) < p(x) — p(y) < p(x—y).
lpx) — pWM| < px—y).

5.Aslong [p(x) — p(¥)| < p(x — y)for whole x,y € X

Havey =0 = |p(x)| < p(x)forall x € X

Since |p(x)| = 0 = p(x) = 0, for whole x € X.
6. px) =0=0€N(p)=N(p) #0
Suppose x,y E N(p)anda, BEF = p(x) =0,p(y) =0
p(ax + By) < p(ax) + p(By) < |alp(x) + |BIp(y) =0
= p(ax+ By) < 0.Since x,y € N(p) and o, € F , and X be space of vector, after that
ax + By €E X = p(ax+ By) = 0, p(ax+ By) =0
ax + By € N(p) = N(p) is sub-space.
7. (a) Suppose x,y € Aand 0 <1 < 1, afterthat p(x) < 1, p(y) <1
POx+ (1 -2y) <pOx) +p((1-Ny) =13 pX + |1 -3pk)
Ap(x) + (1 =2)p(y) Sincep(x) < 1,p(y) <1
=Ipx)<1,(1-M)ply)<1-1
Ip)+(A-pE <Ii+(1-H=1
= p(Mx+(1-2)y) <1, (0x+ (1—-2)y) €A = Abe convex.
(b) Suppose 1 € F,with [a] <1
Suppose Xxe 3A = x = Aywhereye A= p(y) < 1
Since p(x) = pQy) = [Ap(y) and [3| = 1,p(y) <1
Dp(y) <1 = p(x) <1 = x€ A= 3A c A= Abe balanced.
(b) Suppose X€ X Suppose p(x) <3 =1>0= p(Ax)<1=211x€A
X € 3JA =A is absorbing.
2.3Minkowski' Functional
lattice Semi-norms on space being linear are related strongly to a special functional kind, i.e.
functional of Minkowski. Suppose we are investigating in details additional relation. Notice that still

we are in the realm of space being linear without topology.
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Description (2.19)[11]:
Suppose A be a sub-set of a space being linear X over IF . The functional p,: X = R by

Ha(x) =inf {3 > 0:x € 3A} for whole x € X. is named the Minkowski’s functional (or gauge) of A
(where pa(x) = oo when {3 > 0:x € 1A} = 0).
It is clear to show that following Formula
Formula (2.20)
Suppose A be an absorbing sub-set of a space being linear X over FF. Afterthat
1. pa(x) < oo, for whole x € X Since that A is an absorbing.
2. When x € 1A, after that p,(x) < 3 .In distinctive case when vy € p,(x)A ,afterthat pa(y) <
Ha (X).
3. Whenx € A, for few) > 0, after that p,(x) = 2.
4. When A is open in topological space being linear X, after that 3A = { x € X: pa(x) < A}
Formula (2.21)
Suppose P is a lattice semi-norm on a space being linear X over F When A = {x € X: },
After that p = p,.
Evidence:
Since A is convex , absorbing, balanced X sete X .Since A is absorbing, there exists 2 > 0 Thus
XEM= & <randi xeA=pOlx)<1
= p(x) < 1, sothatp, < p, since P semi-norm, after that p(x) = 0, there exist
aThus0< a < p(x) = p(a!x) > 1= a x ¢ A, therefore p(x) < (%)
= p < ua. Therefore p = p,.
Formula (2.22)
Suppose A is a convex absorbing set in a space being linear X over I[F . Describe
Ha(x) = {3 > 0:x € 2A} for whole x € X.When o € H, (%), afterthat € Hu (%),
For whole 8 > «a.
Evidence:
Sincea € Hy(x) = x € aA = o~ 1x € A, Since A is a convex and 0, a”1x € A, after that ~1x =
BB —a)(0) + B ta(alx) e A= x € A= B € Hy(x).
Formula (2.23)
Suppose A is a convex absorbing set in a space being linear X over [F. After that

1. palis asub-linear functional.
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2. When B={xeXipypy(x) <1} and C={x € X:up(x) <1}, after that Bc Ac C. pg =, =

Hc-
3. When A is balanced, after that p, is a lattice semi-norm.

Evidence:

1. Suppose x,y € X for whole € > 0 there exits 3; € Hy(x) and 3, € Hy(x) such
M < pax)+eand, < pa(y) + €, after that (ua(x) + €) € Ha(x) and (pa(y) +€) €
HA@)XE(ﬁdK%+®Awng(uA (y) +e)A
(pax) +e) " x€ Aand (pa(y) +¢) YEA
Place) = (uA(x) + e)(uA(x) +ua(y) + Ze 1= 0 <3< 1,since A is convex,
M(pa) +8) X+ (1-3) uA?y37+ £)” y €A= (Ma() + ua(y) +28) 1(x+y) €A.It
is obvious to show that
ua(0) = 0 Suppose x € X for all a > 0, after that pa (ax) = inf {3 > 0: ax € AA} = inf {3 >
0:x € a 1A} = ainf{a a:x € a” JA)>O}—auA( ).
3. Since A is a balanced set, after that B~*A = A for whole B € F Thus |§>|
Hence {3 > 0: ax € 3JA} = {3 > 0: |a|x € AA} = pp(ax) = |a|pa(x) = p, is a lattice semi-
norm.
Example (2.24)
Suppose A be an absorbing sub-set of a space being linear X over [F . the Minkowski’s functional of A
is a lattice A-norm on X. More than lattice quasi-norm.
Evidence:
Suppose p, be the Minkowski’s functional of A, after that p,: X — E defined by

ua(x) = inf {3 > 0:x € JA} for whole x € X.
Description (2.25) [11]:
Suppose X is a space being linear over field IF .

1. Afunction p: X — E is named a lattice quasi semi-norm when it is (completely) homogeneous
and there occurs few b< 1 Thus p(x+y) < bp(x) — p(y) for all x ye X. The smallest b
value where such holds is named the p multiplier.

2. A lattice quasi semi-norm which is separating points is named a lattice quasi norm on X .

3. Afunction p: X — E is named a lattice k -semi-norm when it is sub-additive and there occurs a
k. Thus 0 > b < 1 and for whole x y€ X and such scalars A , p(Ax) = |x|¥p(x).

4. A lattice k -semi-norm which is separating points is named k -norm on X.
2.3 Lattice Normed Spaces

The first to introduce the concept for the standard was the Austrian scientist E. Helly
(1844 - 1943), but he did not use the name of the standard nor its symbol, it was known as whichever
function that fulfills certain conditions (the same conditions of the standard).

Description (2.26) [1]:

A norm on X is a function |. ||: X — E of the properties as follow

|Ix|| = 0 for whole x € X.

[|x]| = 0 when and just when x = 0.
[|Ax]] = |Al||x]| for only A € F and x € X.
IIx + vyl < [Ix]| + llyl| for whole x,y € X.

coow
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The X linear over [F collected with ||. || is named a normed space and is signified via (X, ||.||) or simply

X.
Anorm ||| on aspace being linear X is said to be strictly convex when ||x + y|| = |Ix|| + ||yl only
when x and y linearly independent.
Remarks
1. Every sub-space of lattice normed space is as well lattice normed space.
2. (X |-1l1) and (Y, ||.]l,)are lattice normed spaces, after that(X x Y, ||.||) is lattice normed
space where ||(x,y)|| = max{]|x||, [lyll} for whole (x,y) € X x Y.
3. Every lattice normed space is space as metric of lattice. Therefore every lattice normed space
is a metric as invariant space.
4. When ||.||; and ||. ||, are two lattice norms on a space being linear X. Afterthat ||. [|;~ || |2 .
when f there exists +ve real numbers a and b Thus al|x||; < gflxll2 < b||x||;
Forall x € X.
5. l(()n a dimensional finite space being linear whole lattice norms are equivalent.
Remar

As long each lattice normed space is space as metric of lattice and each space as metric of lattices is
a topological space, after that every lattice normed space is topological space. B, (xq) IS Xg
neighborhood. This topology is nhamed a lattice norm topology on X, and the space X is named the
lattice normed topological space.

Descri
A topo

i)tlon (2.27)[6]

ogical space being linear X is so called a lattice normable when a norm occurs on X Thus the

metric induced by the lattice norm is well-matched with t .

Description (2.28)[6]
Suppose X be lattice normed space

2.
3.

4.

The ball being open along center x, € X and r radius > 0 denoted through {3, (Xo) and define
asBr (xg) ={xeX:|[x—x0ll <r} and the ball being closed be B, (xy) ={x€
X [|x — %ol <1} _ ) ) ) _ )
A sub-set A of X is said to be an open set when given whichever pointx € A , there exists
r > 0 thus B, (x) € A.

A sub-set A of X is so called as bounded when there occurs k > 0 Thus||x|| < k. For ¥
X € A.

An order {x,} in X is converge to the point x € X

when lim,_,q|[x, — x|| = 0, such as when for every Ve > 0,3k€Z" 5 |x, —xl|<e YVn=>k

and we are writing hmn—>oo X, = X0rx, = 0asn — oo Itis following that

x, = xwhenf ||x, —x|| - 0.

5. sequence of Cauchy in X, whenve > 0,3k €Z* 3 ||x, = Xpll <& Bn,m>k.
Remarks

1 Br (X0) =% + Br (0) =x¢ + 1By (0).

2. Each open and ball being closed in lattice normed space are convex.

3. The lattice norm ||. || on X is a continuous function.

4.  The addition of vector and multiplication of scalar are together continuous.

5. Every lattice normed space X is topological space being linear.

Example(2.29)
Each lattice normed space is convex locally.
Evidence:

Suppose (X, ||. ||) be a lattice normed space, after that X is topological space being linear.
Suppose B = {B; (0) : r > 0} in whichB, (xo) = {x € X:||x]| < r}.

Suppose G be an open set in X, after that G is the combination of ball being open s, so 0€ B, (0) < G.
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For few r > 0, after that {3 is a base as local at 0 in X. As long each ball being open is convex set, after
that B, (0) is convex set for wholer >0 , after that B is a local convex base at 0 in X,
Therefore (X, ||. 1) is convex locally space.

2.4 Banach lattice space

Space of Banach is a complete normed space. Therefore, a space of Banach is a space
being linear with, a metric which permits the vector distance and length computation
between vectors and is complete where vectors sequence of Cauchy converges always to a
well-defined boundary" which is within the space. Spaces of Banachs are named following
Stefan Banach (Polish mathematician) who familiarized such concept and in 1920-1922
systematically studied it jointly with Hans Hahn and Eduard Helly. Maurice René Fréchet
was the 1% to utilizee the space of Banach term and Banach in line after that created the
Fréchet space” term. Space of Banachs grew out originally of the function spaces study
through Hilbert, Fréchet, and Riesz former in the century. Space of Banachs is of a crucial
role in functional analysis. In other analysis areas, the spaces under study are frequently
space of Banachs.

Description (2.30) [5]:

A lattice normed space X is named complete when each sequence of Cauchy in X is converging to an
X point. A complete lattice normed space is named a space of Banach
Formula (2.31)

Suppose M be a sub-space of Banach lattice space X, after that M is Banach lattice space when f it is
closed in X.

Evidence:

Suppose M is Banach lattice space = M is complete space. Suppose x M, an order {x,} is there in M
Thus x,—x, Therefore {x,} is a sequence of Cauchy in M.

As long M is complete, there isy M Thus x,,—y, nonetheless the converge is exclusive =y = x =
x M = M C M, after that M is closed.

Conversly. Suppose that M is a closed set in X.

Suppose {x,} be a sequence of Cauchy in M.

AslongMC X = gxn} is a sequence of Cauchy in X.

As long M is complete space, there is x X. Thus x,—x.

Aslong xp, M= x M.

As long M is a closed set in X, after that M= M =x M={x,} is sequence of converge in M, after
that M is complete space.

Formula (2.32)
Each dimensional as finite lattice norm space is complete.

Evidence

Suppose X be finite dimensional lattice normed space with dim X = n > 0 and Suppose {x1, X5... X}
be abasis for X. Suppose {y,} be whichever sequence of Cauchy in X.

"Ym — Vi ” - 0asml—....... (1).
Since ym, ¥i € X= ym=X 3, Xi &, € Fand yi=X 5, Xi 3, €F =y —yi=X 3, 3 )Xi

Since {Xx;....Xq} is independently linear via linear combination of lemma, there is ¢ >0 Thus

......

lym —yi I=1 25, a0%ll =X byl ()
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From (1) and (2), we have » [ -3 —0 a m, I-w for =12..

for i=1,2...n ={3, } is sequence of Cauchy in F 'As long F is either R or C and every R, C are
complete=> seF This 3 i Place y=2iXi =Ym—Y, YE X =X is complete.

Corollary (2.33)

Each dimensional finite sub-space M of lattice normed space X is closed.

Evidence:

As long M is a dimensional finite sub-space of a lattice normed space X =M be a complete space
=M is closed. Notice that, dimensional infinite sub-space of space of Banach required no closing.

Example (2.34)

Suppose X=c[0,1] and Suppose M=[{fo,f.......}] where fi(x)=x' so that M is the set of whole
polynomials. M is a dimensional infinite sub-space of X nonetheless not closed in X.

Display that X\M is as well space of Banach.

Example (2.34)

Suppose X=c[0,1] and Suppose M=[{fo,f.,.....}] where fi(X)=x' so that M is the set of whole
polynomials. M is a dimensional infinite sub-space of X nonetheless not closed in X.

Display that X\M is as well space of Banach.
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