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1. Introduction

The ideal theory plays an important role in solving topological problems and has been studied since the
20th century. Kuratowski, K. [7] in 1966 and Vidyanathaswamy, R. [9] in 1960 were the first batch of
mathematicians who proposed the idea of ideal topological spaces, and then conducted extensive
research in different fields and were widely used. Many researchers worked on ideal topological space
and study different concepts with it like Jankovic, D. and T. R. Hamlet [6] in 1990, they defined the
notion of an ideal as a nonempty collection closed by inherited properties and bounded unions. And
Ekici and Noiri [5] in 2009 studied the connectedness in ideal topological space. In 2012 Modak
studied new topology on ideal topological space [8]. Al-Omari and Noiri introduced the local closure
function in an ideal topological space in 2013 [2,3]. The i-topological spaces represent another form of
these spaces, which are the compensation of the family T and the ideal | defined on the space X. This
was proposed by researcher Irina Zvina [13] in 2006 and is considered to be a special case of ideal
topological spaces, and study more generalization of this space in 2011 [11,12].

2. Background

Definition (2.1) [13]: Let I be an ideal defined on a set X, and let U, K are subsets of X, the relation «
defined on X by: UaX, if and only if U — X € I. Also, a relation ~ defined on X by: U. = X, if and
onlyif U— KUK —-UE€l.
Definition (2.2) [13]: Let I be ideal on X, an i - topological space on X is a family T of subsets of X
satisfies:

1. X,0€T.

2. ForanyU < T ,thereexist W € TsuchthatuU =~ W .

3. ForanyU,W €T , thereexistH € T suchthat UnW = H .

4. InT ={0}.
Then (X, T, 1) is called i - topological space, and the elements of T is called i - open set.
Definition (2.3) [13]: In i —topological space (X,T,I) and for Y € X then (Y,Ty,Iy) is called
i —subspace of (X, T,I) suchthatTy ={YNnU ¢ LUET}U{Q,Y}, I, ={YnU,U €I}
SinceTnlI=@andTynly € TNnI=0@,thenTy NIy =@
Definition (2.4): [10] Let (X, T,I) bean i- topological space. A point x € U. is called i- interior point
of U. € X ,if and only if there exist i - open set H such that x € H € U. and the set of all i -interior
point of U. is denoted by i- int (U.).
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Definition (2.5): [10] Let (X, T, 1) be i-topological space and let U. subset of X ,the i-closure of U. is
the intersection of all i - closed sets consist of U. ,and is denoted by i — cl(U), i.e,i — cl(U) =N
{H:H is i-closed set,U. S H}.
Definition (2.6) [9]: A binary relation § defined on the power set of X is called proximity relation on X
, If and only if it satisfies the following axioms:

1. USK implies K6U.
(WU xK)c, if and only if U.SC or KSC
USXK implies U. = @ and K + 0
U NX + @ implies USK
USK implies there exists a subset E of X such that USE and X — ESX .
The pair (X, 8) is called a proximity space. And it will be denoted by X?9.
Definition (2.7)[4] :Let X%t and X9 be a proximity spaces such that §; > &, , and let U, K are subsets
of X then If U.6; K implies U6, K.
Definition (2.8):[9] Let X¢ be proximity space and Y subset of X . Now for subsets U, % of Y then
USy K if and only if USK then Y9 is a subspace proximity on Y.
Definition (2.9) : [10] The quadruple (X,T,I,6) is called i- topological proximity space, where
(X, T, 1) is i- topological space and (X, &) is a proximity space. And we will denote it by i — TPS
For this paper we will use the nation X?, for any i — TPS, (X, T, 1,5)
Definition (2.10) : [1] Let X2, be an i — TPS, then a subset U. is named a focal set of a point x € X if
we have U € T (x) such that U a U.The system of all focal sets of a point x is denoted by /4 (x) =
{U € X:3U € T(x),UaU} .Noted that X is a focal set for each x € X . where T(x) ={U € T,x € U}.
Also, we define the set of all focal set for some x € X, by ¢ L) ={U el (x),x €U}

Proposition (2.11): [1] Let X?,i i=12beani—TPS,suchthatl; < I, thenl; 4 (x) € L, ¢ (X).
Proposition (2.12): [1] Let X;?i, i =1,2beani— TPS's,such that T, is finer than T; and I,is finer than
I, ,then:

1) Ig 7,(x) € 1§ 1,(%)

2) 119€T1(x) c IzgﬁTz(x)
Definition (2.13) : [1] Let X2, bean i — TPS, and AU. € X , x € X ,then x is called a focal limit point
of U, if and only if for each U € 951(x), Ux N U/q# @, and the set of all focal limit points is called

the focal derived set and denoted by Fd(U.), also the focal closure of the set U. denoted by Fcl(U.) and
defined by Fcl(U) = U. U Fd(U.,). Note that Fcl(U.) is not necessary i- closed set.

o koo

3. Main Result

Now we will study the concept of subspace in i-topological proximity space and we will
investigate some properties on these relations.
Definition (3.1): Let X be a set and Y be a subset of X, and let ¥; be an ideal define on a subset Y such
that I, = I n {Y}, then we can define the relation ay on Y as following UayB if and only if U.n
(Y —X) € I, . Also, we can define the relation =, on Y as the following U. =, X if and only if (U.n
Y-3)DU(Kn¥-U)eL
Example (3.2): Let X = {£, g, #}, with the ideal I = {@, {£}},If Y = {£,9} and U = {£}, K = 0,
thenly =InY = {@, {#£}} Then we have:
U-K={#}—-0={#}el, , so, we get that UayKX . Also, we have
U-FK)uK-U)={L}—0D)U (@ —{#£}) ={#}€ly. Thus U =y C.

The following proposition we will study some of this relation property in i-subspace which
most of its point is obvious and easy to proof
Proposition (3.3): Let Iy be any ideal defined on a subset Y of X and U, X, C are subsets of Y, then:

1. UoayY, for each subset U. of Y .
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Uay®, if and only if U. € Iy.

If U € Iy ,then U ay K for each subset K of Y.

If C € U ,suchthat U ay K then C ay K .

If K € D ,suchthat U ay K thenU ay D .

If U ayX;, ,for each A € A ,where A is any index, then Uay Uyep K
If U, ayX ,for each A € A,where A is any index, then Ny ecp Up oy X
Uay U, for each subset U. of Y .

If UayX ,and K ayC then Uay C .

0. If UaxXK then Uay K

RO ~No GOk WN

Proof:
9- Since [UN (Y —K)]JU[K n (Y =C)]
=[(Un-2))uK]|n[(UnF -5))u (Y -0)]
=[UUX]N[Y =FK)UK]IN[GU¥ =C)n (¥ =K)U (Y —C)]
=(UUIK) Nn(GuEF -0))n[Y —K)uU (Y - O)]
ButUn (Y =) S [(GUX) n(Gu (Y —O)]n[Y —F)u (Y —0)]
so, .n (Y —C) €Iy, thus UayC.
10- If Uax X, then UnX-X)€el, S0 UnNnX-KX)nY €y,
but(X -—K)nY =Y —-X,thusUn (Y —X) € I,. Hence UayX.
From this proposition specially by part (6) and (7), we can inclusion directly the following
corollary.
Corollary (3.4): Let I,, be an ideal define on subset Yof a set X such that for i = 1,2,...,n U;ayX;,
then n?=1 Ui Oy U?=1 x.
Proposition (3.5): Let I, be an ideal defined on a subset Y of a set X, and let U, X, C are subset of Y
then:
1. U =y U foreach subset U of Y.
2. U=y @foreachUc€l,.
3. U=yYforeachU cYsuchthatY —U€l, .
4. If U =y K, then K =, U..
5. fU=y C,and K =y C thenU UK =, C .
Proof: It is clearly that (1,2,3,4) is obvious so we will proof point (5)
5- Since [UNn (Y -C)Ju[Cn (Y —-T1)] € Iy, and
KN —-C)U[Cn(Y—XK)]E Iy then
[(UnF-C)uCn —U)]
UK N -C)Hun¥—-K)]€Ely..(*
But, ((Un(Y—C))U(?Cn(Y—C)))U((Cn(Y—U)U(Cn(Y—U))

=((UZUS‘C)O(Y—C))U(Cn((Y—U)U(Y—JC)))Ely...(**)
And, ((UUSK)n(Y—C))U(Cn((Y—U)n(Y—?C)))Q ((GUK)N (Y —C))U
(cn(r-wu-1x)))
So ((Gua)N (¥ =) u(Cn((r-w)n (¥ -5)) €y,

Then (LU N -O)u(Cn(Y —(BUK)))ELl,. Thus U UX =y C.
Definition (3.6): Let (X,T,I) be an i — TS and for Y be i —subspasce of X and for a subset U.of Y, a
point £ € U. is called i — interior point of U. with respect to i —subspace Y if and only if there existe
iy — open set Hy such that £ € Hy, < U.. And the set of all iy, —inteioer of U. denoted by i — inty (U.).
Example (3.7): Let X = {#,¢,#}, T = {0, X,{£},{g}}, with the ideal I = {@, {#}}. Now letY =
(£, 4} then Ty = {v,0,{£}}, Iy = {8, {#}}.
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Then for K = {#£} we have i — inty(¥) = {#£}
Proposition (3.8): Let Y be an i —subspace of an i_TS X,
theni — int(U) NY € i —inty(U) foranyU c Y
Proof: let Z €i—int(U)NnYso£ €i—int(U)and £ €Y , so there exist H € Tx(#) such that H <
U,but HNY = Hy so £ € Hy € U. Hence £ € i — inty(U.), when Tx(£) = {H € Ty,s.t. £ € H}
Example (3.9): Let X = {£,¢,#}, T = {0, X, {#,4}}, with the ideal I = {@, {#}},and letY = { £, #}
then Ty = {Y, 0, {£}}, Iy = {@, {#}}. Thenfor U. = {£} € Y we have i — inty(U) = {£}.Buti —
int(U.) = @, so we included that the converse of proposition (3.8) not true in general which mean that
i—inty(U) €i—int(U)NnY
Definition (3.10): Let (X,T,I) bean i — TS and Y be i —subspasce of X and for a subset U. of Y, the
i — closure of U. with respect to i —subspace Y is the intersection of all iy, — closedsets Dy consisting
U, and denoted by i — cly(U)), i.e., i — cly(U) = {Dy: D is iy — closed set, U. € Dy}
Example (3.11): Let X = {£,g,#}, T = {0, X, {%},{g}}, with the ideal I = {@, {#}}. Now letY =
{#,#}thenTy ={Y,0,{#£}}, Iy = {@, {#}}. Thenfor K = {£}, i —cl,(K) =Y
Definition (3.12) : The quadruple ij,y is called i- subspace of X2;topological proximity space,
where (Y, Ty, Iy) is i- topological space and (Y, &) is a proximity subspace.
Example (3.13): Let X = {#£,9,#}, T = {0, X,{#},{g}}, I = {@,{#}} with 6, . And let Y = {g, #} so
Ty = {0,X,{g}}, Iy = {0, {#}} with 6y, . Thus Yf:,y is i- subspace of X2,.

Our aim now is to introduce the definition for the notion of focal set with respect to i —
subspace of i — TPS . with some of the properties and relations

Definition (3.14): Let ij,y be i — subspace of i — TPS X%, and let U.c Y,y €Y, then Ul is called

focal setw. r. t. i — subspace Y if there is Uy € Ty (y) s.t. Uyay U i.e. 3V € Tx(y), (V nY)ay,Uthen
VnYn -U)el, when Vn(Y —-U)el and we denoted by Iy96 (y)={UcY:3Uy €

Ty(x),UyayU} for some y €Y. Also, we can define the set of all focal set w. r. t. i—
subspace Yf}}’,y by ¢ Iy (y) ={U€e Iyg (v),y € U}.

Proposition (3.15): Let ij,y be i — subspace of i — TPS X2,, then Iysﬁ (y) = IXsﬁ (y)n{Y}.

Proof: Let U € Iyg (y) then 3 Uy € Ty(x) and Uyay, U. which means that Uy n (Y —U) € I,. So

AVETy() st Uy n(Y-U)=VnX-U)nYelsoVNn(X—-U)el . Thus VaU and hence
U e ngg (y),but UcvY  so Ue€ Ing (y) n{Y}. Now let U € ngg (y) n{Y}, then U. € IXsﬁ (y) and

ucy. Since U e Ing (y), then Ju € Tx(y) s.t. UaU  then  we have
(UNY)aUhence U. € Iygs ).

Example (3.16): Let X = {%,g,4}, T ={0,X,{%,g}}, I = {@,{#}} with 5, . And let Y = {#£,#} so
Ty = {9,X,(#£}}, Iy = {8,{#}} with &, be i-subspaceY,”, of Xf. Then Iyg (R) =Y. (R} =
Iygs (¢) = Iysﬁ (#)

Theorem (3.17): Let Yf:,y be i — subspace of i — TPS X%,, then for the subsets U, K of Y , the

following statement are true for some # € Y
1) fUEeTy(#),thenU € Iyg (#)and 0 ¢ Iyg (#)

2) fK e Iyg (#) and X € U, then U € Iyg #)

3) IfU,X € IygS (#£),thenUNX € IY95 (#)

4) VK € IW (#),then3U. € Y s.t. KayU and U. € Iw (x) Vx € U.
5) VU € Iy, then U ¢ Iy_¢- (%) forsome £ €Y.

6) IfU e Iyg (#),thenY — U ¢ Iyg ).

7) IfUEel, thenY —UE€ Iyg (#)
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8) fU,K € Iysﬁ (#£),thenU U X € IY95 (#)

Proof: It is easy to proof (1,2,4,8) so we will proof the other points below :
3) Since U, X € Iy (#), then U=U;nY , U €ls (£) and K =U,NY , U, € I (£). Now

UNnK=U,NnYNU,nY=U,nU;)NY, since U;,U, €lg (%) so we get U;NU; €
Ig (). Then UnNnK=UnY s t U=UnNU;€Els(#). Thus Un?(elysﬁ (R).
Conversely, let UNn X € IygS (#£),butUNnK cUand UNX S X , sowe have that U, X €
Iyg (#).

5) Suppose that UEel and UElyg (#), SO AUy € Ty(£) S. t.

Un( —U)€el, but GWely, so (Un (Y —T))UUE Iy, which means that U U U. € Iy,
then U € I, and that is a contradiction with the definition (2.3) .
6) Since U € IYS‘S (#£) then U €lg (£) n{Y} so U € Ig (£)which | mplies, X — U & I5 (%)

hence (X — U) N {Y} & I4 (&) N {Y}. which means
(Y =W &l R N{Y}.ThusY — U. & Iys (R).
7 If possible, that Y-0U)¢ Iygg (#), then vV Uy € Ty (), that mean
Uy N (Y — (Y- U)) ¢1l,,s0Uy NU & Iy, but Uy N U. € U. € Iy, which a contradiction.
Proposition (3.18): Let X{‘w]_,jj = 1,2 be an i — TPS's,such that T, is finer than T, and I,is finer than I;
.then for i — subspace ij’;,},y ofi — TPS X75~]_,j:
1) Iy 4 le(x) S lyg sz(x)
2) 11Y§le(x) c 12y95T2Y (x)
Proof:
1) Let UE€ IY99 le(x), then 3 Uy € Ty(x) s. t. UyayU, so we have U, N (Y —U) € I, since
Uy € T, (x), thenUyn (Y —U) Elyw.r.t. T, . Thus U € IYgs sz(x).
2) Since I, < I, so we get the result immediately by part (1).

Our aim now is to introduce the definition for the notion of focal limit point and focal derivative
set with respect to i — subspace of i — TPS . with some of the properties and relations.

Definition (3.19) : Let YfYY,Y be i — subspace of i — TPS X2, and let U. €Y, then the focal limit
point of U w. r. t. i — subspace Y can be defined as the following every y € Y s. t. for each Uy, €
sﬁly(y), Uy N U/y# @, and the set of all focal limit points w. r. t. i — subspace Y is called the focal
derived set in i — subspace Y and define by Fdy(U) =U{y €Y, VUy € Sﬁ,y(y), dz+#y,s.tzE€

Uy and z € U}, also the focal closure of the set U.w. r.t. i — subspace Ydenoted by Fcly, (U)
Example (3.20): Let X ={#,g,#}, T ={0,X,{%,¢}}, [ = {0, {#}} with §, . And let Y = {£, #} so
Ty ={0,X,{#£}}, Iy = {@,{#}} with &y, be i-subspace Y of X%,. Then IYgs () = {Y, {k}} =

Iyg (¢), but Iyg (#) =Y. Now let U = {#£, #}, then Fd(U)) = {g, #}, and Fdy(U) = {#}.
Proposition (3.21): Let ij,y be i — subspace of i —TPS X%,, and let U. €Y, Then Fdy(U) =

Fdx(U) n{Y}
Proof: Let y € Fdy(U), so V Uy € gﬁ,y(y) dz+ys.t.zelUyand ze U but Uy =UNUst UeE

951(3/) so z € UNU. Therefore y € Fdyx(U), and y €Y so, y € Fdx(U) n{Y}. Thus Fdy(U) S
Fdy(U) n{Y}.
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Conversely, Lety € Fdx(U) n{Y}, theny € Fdx(U),andy € Y,and VU € sﬁl(y), dz#y,s.t.z€
UNTU,butU cY,thenz €Y whichimpliesz € UNnY,butU, = U nY, therefore by definition (319)
we have y € 5ﬁly(y), S0,y € Fdy(U). Thus Fdx(U) n {Y} € Fdy(U.). And this complete the proof.

Proposition (3.22): Let Y, be i — subspace of i — TPS X%, and let U.C Y, Then Fcl,(U) =
Fdy(U) U U

Proof: Since Fcly(U) = Fdx(U) U U, s0 Fcly(U) n{Y} = (Fdy(G)uU) n{Y}

= (Fdx(U) n{YD U U. = Fdy(U) U U. Thus Fcly(U) = Fdy(U) U U.

Proposition (3.23): Let Yf}fIY be i — subspace of i — TPS X2, and let U. €Y, Then Fcly(U) =

U{y EY,VUy€ sﬁly(y),flze UyandZEU}
Proof: Let y € Fcly(U), then y € Fd,(U) or y € U. If y € Fdy(U) then V Uy € 991Y(3’) Az+

y,s.t.z€Uyand z € U, theny € U{ye Y,V Uy Egﬁly(y),Ele Uy andzEU}.
If ye U and for any Uy egﬁly(y),ye Uy, so we get y € Uy N U. then Uy N U # @, Hence y €

U {y €Y,VUy €, (),3z€Uy andz€ U}. Thus  Fely(U) € U {y €v,vUyef, (¥),3z€
Uy and z € U}

Conversely, let y € U {y EY,VUy € gﬁly(y),zl z€Uy and z € U}, then VUy € sﬁly(y) ,y € Uy,
dz#y,z€Uy,z€U. S0 y € Fdy(U), then y € Fcly(U.), Thus U {y eEY,VvUy, € sﬁly(y),El ZE
Uy and z € U} C Fcl, (U).

Proposition (3.24): Let Yff,y be i — subspace of i — TPS X%, and let U.C Y, Then Fcly(U) =
Fcly(U)NnY

Proof: Fely(U) NY = [Fdy(U) U U] NY = (Fdxy(U) NY) U U = Fdy(U) U U = Fcly (U).
Definition (3.25): Let ij,y be i — subspace of i — TPS X2,, and let U. be a subset of Y, then we say

that U. is focal dense w. r. t. i — subspace if and only if  Fcly(U) =X , and it is denoted by
F Oydense.

Example (3.26): Let X = {£,4,4}, T = {0,X,{£,¢}}, I = {0, {#}} with 6, . And let Y = {£, £} so
Ty = {0,X,{#}}, Iy = {0, {#}} with &, be i-subspace Y of X2,. Now let U. € Y s.t. U. = {£}, then
Fdy(U) = {#}, then we get Fcly(U) = U U Fdy(U) = {£} U {#} =Y. Thus U is FOydense.
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