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In this paper, we will define the subspace of 𝑖 −topological space and how the 

forms of sets and relationships will become in it, and we will discuss the notation 

of the Focal set with its closure in subspace 𝑖 − topological space.   

 

1. Introduction   

The ideal theory plays an important role in solving topological problems and has been studied since the 

20th century. Kuratowski, K. [7] in 1966 and Vidyanathaswamy, R. [9]  in 1960 were the first batch of 

mathematicians who proposed the idea of ideal topological spaces, and then conducted extensive 

research in different fields and were widely used.  Many researchers worked on ideal topological space 

and study different concepts with it like Jankovic, D. and T. R. Hamlet [6] in 1990, they defined the 

notion of an ideal as a nonempty collection closed by inherited properties and bounded unions.  And 

Ekici and Noiri [5] in 2009 studied the connectedness in ideal topological space. In 2012 Modak 

studied new topology on ideal topological space [8]. Al-Omari and Noiri introduced the local closure 

function in an ideal topological space in 2013 [2,3]. The i-topological spaces represent another form of 

these spaces, which are the compensation of the family T and the ideal I defined on the space 𝑋. This 

was proposed by researcher Irina Zvina [13] in 2006 and is considered to be a special case of ideal 

topological spaces, and study more generalization of this space in 2011 [11,12]. 

 

2. Background  

 

Definition (2.1) [13]: Let 𝐼 be an ideal defined on a set 𝑋, and let Ա, 𝒦 are subsets of 𝑋, the relation α 

defined on 𝑋 by: Աα𝒦, if and only if  Ա − 𝒦 ∈ 𝐼. Also, a relation ≈ defined on 𝑋 by: Ա ≈ 𝒦, if and 

only if  Ա − 𝒦 ∪ 𝒦 − Ա ∈ 𝐼. 

Definition (2.2) [13]: Let 𝐼 be ideal on 𝑋, an 𝑖 – topological space on 𝑋 is a family 𝑇 of subsets of 𝑋 

satisfies: 

1. 𝑋, ∅ ∈ 𝑇 . 

2. For any 𝑈 ⊆ 𝑇 , there exist  𝑊 ∈ 𝑇 such that ∪ 𝑈 ≈ 𝑊 . 

3. For any 𝑈, 𝑊 ∈ 𝑇 , there exist 𝐻 ∈ 𝑇 such that 𝑈 ∩ 𝑊 ≈ 𝐻 . 

4. 𝐼 ∩ 𝑇 = {∅}. 

Then (𝑋, 𝑇, 𝐼) is called 𝑖 – topological space, and the elements of 𝑇 is called 𝑖 – open set.  

Definition (2.3) [13]: In 𝑖 −topological space (X, T, I) and for 𝑌 ⊆ X then (𝑌, 𝑇𝑌, 𝐼𝑌) is called 

𝑖 −subspace of (X, T, I) such that 𝑇𝑌 = {𝑌 ∩ 𝑈 ∉ 𝐼, 𝑈 ∈ 𝑇} ∪ {∅, 𝑌} ,  𝐼𝑌 = {𝑌 ∩ Ա,Ա ∈ 𝐼}.  

Since 𝑇 ∩ 𝐼 = ∅ and 𝑇𝑌 ∩ 𝐼𝑌 ⊆ T ∩ I = ∅, then 𝑇𝑌 ∩ 𝐼𝑌 = ∅  

Definition (2.4): [10] Let (X, T, I) bean 𝑖– topological space. A point 𝑥 ∈ Ա is called 𝑖– interior point 

of Ա ⊆ 𝑋 ,if and only if there exist 𝑖 – open set 𝐻 such that 𝑥 ∈ 𝐻 ⊆ Ա and the set of all 𝑖 –interior 

point of Ա is denoted by 𝑖– 𝑖𝑛𝑡 (Ա).  
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Definition (2.5): [10] Let (X, T, I) be 𝑖–topological space and let Ա subset of 𝑋 ,the 𝑖–closure of Ա is 

the intersection of all 𝑖 – closed sets consist of Ա ,and is denoted by 𝑖 − 𝑐𝑙(Ա), i.e, 𝑖 − 𝑐𝑙(Ա) =∩
{𝐻: 𝐻 𝑖𝑠 𝑖– 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡,Ա ⊆ 𝐻}. 

Definition (2.6) [9]: A binary relation 𝛿 defined on the power set of 𝑋 is called proximity relation on 𝑋 

, if and only if it satisfies the following axioms: 

1. Ա𝛿𝒦 implies 𝒦𝛿Ա  

2. (Ա ∪ 𝒦)𝛿𝐶, if and only if  Ա𝛿𝐶 or 𝒦𝛿𝐶  

3. Ա𝛿𝒦 implies Ա ≠ ∅ and 𝒦 ≠ ∅  

4. Ա ∩ 𝒦 ≠ ∅ implies Ա𝛿𝒦  

5. Ա𝛿̅𝒦 implies there exists a subset 𝐸 of 𝑋 such that Ա𝛿̅𝐸 and 𝑋 − 𝐸𝛿̅𝒦 . 

 The pair (𝑋, 𝛿) is called a proximity space. And it will be denoted by 𝑋𝛿.  

Definition (2.7)[4] :Let 𝑋𝛿1 and 𝑋𝛿2 be a proximity spaces such that 𝛿1 > 𝛿2 , and let Ա, 𝒦 are subsets 

of 𝑋 then If Ա𝛿1𝒦 implies Ա𝛿2𝒦.   

Definition (2.8):[9] Let 𝑋𝛿 be proximity space and 𝑌 subset of 𝑋 . Now for subsets Ա, 𝒦 of 𝑌 then 

Ա𝛿𝑌𝒦 if and only if Ա𝛿𝒦 then 𝑌𝛿  is a subspace proximity on 𝑌.  

Definition (2.9) : [10]  The quadruple (𝑋, 𝑇, 𝐼, 𝛿) is called 𝑖– topological proximity space, where 

(𝑋, 𝑇, 𝐼) is 𝑖– topological space and (𝑋, 𝛿) is a proximity space. And we will denote it by 𝑖 − 𝑇𝑃𝑆  

For this paper we will use the nation 𝑋𝑇𝐼
𝛿  for any 𝑖 − 𝑇𝑃𝑆, (𝑋, 𝑇, 𝐼, 𝛿) 

Definition (2.10) : [1] Let 𝑋𝑇𝐼
𝛿  be an 𝑖 − 𝑇𝑃𝑆, then a subset Ա is named a focal set of a point 𝑥 ∈ 𝑋  if 

we have 𝑈 ∈ 𝑇(𝑥) such that 𝑈 𝛼 Ա.The system of all focal sets of a point 𝑥 is denoted by 𝐼∮  (𝑥) =

{Ա ⊆ 𝑋: ∃𝑈 ∈ 𝑇(𝑥), 𝑈𝛼Ա} .Noted that X is a focal set for each 𝑥 ∈ 𝑋 . where 𝑇(𝑥) = {𝑈 ∈ 𝑇, 𝑥 ∈ 𝑈}. 

Also, we define the set of all focal set for some 𝑥 ∈ 𝑋, by ∮
𝐼

(𝑥) = {Ա ∈ 𝐼∮  (𝑥), 𝑥 ∈ Ա}.  

Proposition (2.11): [1] Let 𝑋𝑇𝐼𝑖

𝛿  𝑖 = 1,2 be an 𝑖 − 𝑇𝑃𝑆, such that I1 ⊆ I2, then I1 ∮  (x) ⊆ I2 ∮  (x). 

Proposition (2.12): [1] Let 𝑋𝑇𝑖𝐼
𝛿  𝑖 = 1,2 be an 𝑖 − 𝑇𝑃𝑆′𝑠,such that T2 is finer than T1 and I2is finer than 

I1 ,then :  

1)  𝐼∮  𝑇1
(𝑥) ⊆ 𝐼∮  𝑇2

(𝑥)  

2) 𝐼1 ∮ 𝑇1
(𝑥) ⊆ 𝐼2 ∮ 𝑇2

(𝑥)  

Definition (2.13) : [1] Let 𝑋𝑇𝐼
𝛿  bean 𝑖 − 𝑇𝑃𝑆, and 𝐴Ա ⊆ 𝑋 , 𝑥 ∈ 𝑋 ,then 𝑥 is called a focal limit point 

of Ա, if and only if for each 𝑈 ∈ ∮
𝐼
(𝑥), 𝑈𝑥 ∩ Ա/{𝑥}≠ ∅ , and the set of all focal limit points is called 

the focal derived set and denoted by 𝐹𝑑(Ա), also the focal closure of the set Ա denoted by 𝐹𝑐𝑙(Ա) and 

defined by 𝐹𝑐𝑙(Ա) = Ա ∪ 𝐹𝑑(Ա). Note that  𝐹𝑐𝑙(Ա) is not necessary 𝑖– closed set. 

 

3. Main Result  

Now we will study the concept of subspace in i-topological proximity space and we will 

investigate some properties on these relations.   

Definition (3.1): Let 𝑋 be a set and 𝑌 be a subset of 𝑋, and let 𝑌𝐼 be an ideal define on a subset 𝑌 such 

that 𝐼𝑌 = 𝐼 ∩ {𝑌}, then we can define the relation 𝛼𝑌 on 𝑌 as following Ա𝛼𝑌𝐵 if and only if Ա ∩
(𝑌 − 𝒦) ∈ 𝐼𝑌 . Also, we can define the relation ≈𝑌 on 𝑌 as the following Ա ≈𝑌 𝒦 if and only if (Ա ∩
(𝑌 − 𝒦)) ∪ (𝒦 ∩ (𝑌 − Ա)) ∈ 𝐼𝑌  

Example (3.2): Let 𝑋 = {𝓀, ℊ, 𝒻}, with the ideal  𝐼 = {∅, {𝓀}} , If 𝑌 = {𝓀, ℊ} and Ա = {𝓀}, 𝒦 = ∅, 

then 𝐼𝑌 = 𝐼 ∩ 𝑌 = {∅, {𝓀}} Then we have:  

 Ա − 𝒦 = {𝓀} − ∅ = {𝓀} ∈ 𝐼𝑌 , so, we get that ԱαY𝒦 . Also, we have  
(Ա − 𝒦) ∪ (𝒦 − Ա) = ({𝓀} − ∅) ∪ (∅ − {𝓀}) = {𝓀} ∈ 𝐼𝑌. Thus Ա ≈Y C.  

 The following proposition we will study some of this relation property in i-subspace which 

most of its point is obvious and easy to proof  

Proposition (3.3): Let 𝐼𝑌 be any ideal defined on a subset 𝑌 of 𝑋 and Ա, 𝒦, 𝐶 are subsets of 𝑌, then: 

1. ԱαYY, for each subset Ա of 𝑌 . 
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2. ԱαY∅, if and only if  Ա ∈ 𝐼𝑌. 

3. If Ա ∈ 𝐼𝑌 ,then Ա 𝛼𝑌 𝒦 for each subset 𝒦 of 𝑌. 

4. If 𝐶 ⊆ Ա ,such that Ա 𝛼𝑌 𝒦 then 𝐶 𝛼𝑌 𝒦 . 

5. If 𝒦 ⊆ 𝐷 ,such that Ա 𝛼𝑌 𝒦 then Ա 𝛼𝑌 𝐷 . 

6. If Ա αY𝒦λ ,for each λ ∈ Λ ,where Λ is any index, then ԱαY ∪λ∈Λ 𝒦λ  

7. If ԱλαY𝒦 ,for each λ ∈ Λ,where Λ is any index, then  ∩λ∈Λ ԱλαY𝒦 

8. ԱαYԱ , for each subset Ա of 𝑌 . 

9. If ԱαY𝒦 ,and 𝒦αYC then Ա𝛼𝑌𝐶 . 

10. If ԱαX𝒦 then Ա𝛼𝑌𝒦 

 

Proof:  

9- Since [Ա ∩ (𝑌 − 𝒦)] ∪ [𝒦 ∩ (𝑌 − 𝐶)] 

 = [(Ա ∩ (𝑌 − 𝒦)) ∪ 𝒦] ∩ [(Ա ∩ (𝑌 − 𝒦)) ∪ (𝑌 − 𝐶)] 

  = [Ա ∪ 𝒦] ∩ [(𝑌 − 𝒦) ∪ 𝒦] ∩ [Ա ∪ (𝑌 − 𝐶) ∩ (𝑌 − 𝒦) ∪ (𝑌 − 𝐶)] 

      = (Ա ∪ 𝒦) ∩ (Ա ∪ (𝑌 − 𝐶)) ∩ [(𝑌 − 𝒦) ∪ (𝑌 − 𝐶)] 

  But,Ա ∩ (𝑌 − 𝐶) ⊆ [(Ա ∪ 𝒦)  ∩ (Ա ∪ (𝑌 − 𝐶))] ∩ [(𝑌 − 𝒦) ∪ (𝑌 − 𝐶)] 
so, Ա ∩ (𝑌 − 𝐶) ∈ 𝐼𝑌 , thus Ա𝛼𝑌𝐶.  

10- If ԱαX𝒦, then Ա ∩ (𝑋 − 𝒦) ∈ 𝐼, so Ա ∩ (𝑋 − 𝒦) ∩ 𝑌 ∈ 𝐼𝑌,  

but (𝑋 − 𝒦) ∩ 𝑌 = 𝑌 − 𝒦, thus Ա ∩ (𝑌 − 𝒦) ∈ 𝐼𝑌. Hence ԱαY𝒦.  

 From this proposition specially by part (6) and (7), we can inclusion directly the following 

corollary.  

Corollary (3.4): Let 𝐼𝑦 be an ideal define on subset 𝑌of a set 𝑋 such that for 𝑖 = 1,2, … , 𝑛 Ա𝑖αY𝒦𝑖, 

then ⋂ Աi
𝑛
𝑖=1 αY ⋃ 𝒦𝑛

𝑖=1 .  

Proposition (3.5): Let 𝐼𝑌 be an ideal defined on a subset 𝑌 of a set 𝑋, and let Ա, 𝒦, 𝐶 are subset of 𝑌 

then: 

1. Ա ≈𝑌 Ա for each subset Ա of 𝑌 . 

2. Ա ≈𝑌 ∅ for each Ա ∈ 𝐼𝑌 . 

3.  Ա ≈𝑌 𝑌 for each Ա ⊆ 𝑌 such that 𝑌 − Ա ∈ 𝐼𝑌 . 

4. If Ա ≈𝑌 𝒦, then 𝒦 ≈𝑌 Ա . 

5. If Ա ≈𝑌 𝐶 , and 𝒦 ≈𝑌 𝐶 ,then Ա ∪ 𝒦 ≈𝑌 𝐶 . 

Proof: It is clearly that (1,2,3,4) is obvious so we will proof point (5)  

5- Since [Ա ∩ (𝑌 − 𝐶)] ∪ [𝐶 ∩ (𝑌 − Ա)] ∈ 𝐼𝑌, and 

 [𝒦 ∩ (𝑌 − 𝐶)] ∪ [𝐶 ∩ (𝑌 − 𝒦)] ∈ 𝐼𝑌 then  

 [(Ա ∩ (𝑌 − 𝐶)) ∪ (𝐶 ∩ (𝑌 − Ա)] 
∪ [(𝒦 ∩ (𝑌 − 𝐶)) ∪ (𝐶 ∩ (𝑌 − 𝒦)] ∈ 𝐼𝑌 … (∗) 

But, ((Ա ∩ (𝑌 − 𝐶)) ∪ (𝒦 ∩ (𝑌 − 𝐶))) ∪ ((𝐶 ∩ (𝑌 − Ա) ∪ (𝐶 ∩ (𝑌 − Ա)) 

 = ((Ա ∪ 𝒦) ∩ (𝑌 − 𝐶)) ∪ (𝐶 ∩ ((𝑌 − Ա) ∪ (𝑌 − 𝒦))) ∈ 𝐼𝑌 … (∗∗) 

And, ((Ա ∪ 𝒦) ∩ (𝑌 − 𝐶)) ∪ (𝐶 ∩ ((𝑌 − Ա) ∩ (𝑌 − 𝒦))) ⊆  ((Ա ∪ 𝒦) ∩ (𝑌 − 𝐶)) ∪

(𝐶 ∩ ((𝑌 − Ա) ∪ (𝑌 − 𝒦)))  

So ((Ա ∪ 𝒦) ∩ (𝑌 − 𝐶)) ∪ (𝐶 ∩ ((𝑌 − Ա) ∩ (𝑌 − 𝒦))) ∈ 𝐼𝑌,  

Then ((Ա ∪ 𝒦) ∩ (𝑌 − 𝐶)) ∪ (𝐶 ∩ (𝑌 − (Ա ∪ 𝒦))) ∈ 𝐼𝑌. Thus Ա ∪ 𝒦 ≈𝑌 𝐶. 

Definition (3.6): Let (𝑋, 𝑇, 𝐼) be an 𝑖 − 𝑇𝑆 and for 𝑌 be 𝑖 −subspasce of 𝑋 and for a subset Ա of 𝑌, a 

point 𝓀 ∈ Ա is called 𝑖 − interior point of Ա with respect to 𝑖 −subspace 𝑌 if and only if there existe 

𝑖𝑌 − 𝑜𝑝𝑒𝑛 set 𝐻𝑌 such that 𝓀 ∈ 𝐻𝑌 ⊆ Ա. And the set of all 𝑖𝑌 −inteioer of Ա denoted by 𝑖 − 𝑖𝑛𝑡𝑌(Ա).  

Example (3.7): Let 𝑋 = {𝓀, ℊ, 𝒻}, 𝑇 = {∅, 𝑋, {𝓀}, {ℊ}}, with the ideal 𝐼 = {∅, {𝒻}}. Now let 𝑌 =
{ 𝓀, 𝒻} then 𝑇𝑌 = {𝑌, ∅, {𝓀}}, 𝐼𝑌 = {∅, {𝒻}}.  
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Then for 𝒦 = {𝓀} we have 𝑖 − 𝑖𝑛𝑡𝑌(𝒦) = {𝓀} 

Proposition (3.8): Let 𝑌 be an 𝑖 −subspace of an 𝑖_𝑇𝑆 𝑋,  

then 𝑖 − 𝑖𝑛𝑡(Ա) ∩ 𝑌 ⊆ 𝑖 − 𝑖𝑛𝑡𝑌(Ա) for any Ա ⊆ 𝑌 

Proof: let 𝓀 ∈ 𝑖 − 𝑖𝑛𝑡(Ա) ∩ 𝑌 so 𝓀 ∈ 𝑖 − 𝑖𝑛𝑡(Ա) and 𝓀 ∈ 𝑌 , so there exist 𝐻 ∈ 𝑇𝑋(𝓀) such that 𝐻 ⊆
Ա, but 𝐻 ∩ 𝑌 = 𝐻𝑌 so 𝓀 ∈ 𝐻𝑌 ⊆ Ա. Hence 𝓀 ∈ 𝑖 − 𝑖𝑛𝑡𝑌(Ա), when 𝑇𝑋(𝓀) = {𝐻 ∈ 𝑇𝑋 , 𝑠. 𝑡. 𝓀 ∈ 𝐻} 

Example (3.9): Let 𝑋 = {𝓀, ℊ, 𝒻}, 𝑇 = {∅, 𝑋, {𝓀, ℊ}}, with the ideal 𝐼 = {∅, {𝒻}}, and let 𝑌 = { 𝓀, 𝒻} 

then 𝑇𝑌 = {𝑌, ∅, {𝓀}}, 𝐼𝑌 = {∅, {𝒻}}. Then for Ա = {𝓀} ⊆ 𝑌 we have 𝑖 − 𝑖𝑛𝑡𝑌(Ա) = {𝓀} . But 𝑖 −
𝑖𝑛𝑡(Ա) = ∅, so we included that the converse of proposition (3.8) not true in general which mean that 

𝑖 − 𝑖𝑛𝑡𝑌(Ա) ⊈ 𝑖 − 𝑖𝑛𝑡(Ա) ∩ 𝑌  

Definition (3.10): Let (𝑋, 𝑇, 𝐼) be an 𝑖 − 𝑇𝑆 and 𝑌 be 𝑖 −subspasce of 𝑋 and for a subset Ա of 𝑌, the 

𝑖 − closure of Ա with respect to 𝑖 −subspace 𝑌 is the intersection of all 𝑖𝑌 − 𝑐𝑙𝑜𝑠𝑒𝑑sets 𝐷𝑌 consisting 

Ա, and denoted by 𝑖 − 𝑐𝑙𝑌(Ա), i.e., 𝑖 − 𝑐𝑙𝑌(Ա) = {𝐷𝑌: 𝐷 𝑖𝑠 𝑖𝑌 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡,Ա ⊆ DY}   
Example (3.11): Let 𝑋 = {𝓀, ℊ, 𝒻}, 𝑇 = {∅, 𝑋, {𝓀}, {ℊ}}, with the ideal 𝐼 = {∅, {𝒻}}. Now let 𝑌 =
{ 𝓀, 𝒻} then 𝑇𝑌 = {𝑌, ∅, {𝓀}}, 𝐼𝑌 = {∅, {𝒻}}. Then for 𝒦 = {𝓀} ,  𝑖 − 𝑐𝑙𝑌(𝒦) = 𝑌 

Definition (3.12) :  The quadruple 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  is called 𝑖– 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑋𝑇𝐼
𝛿 topological proximity space, 

where (𝑌, 𝑇𝑌, 𝐼𝑌) is 𝑖– topological space and (𝑌, 𝛿) is a proximity subspace.  

Example (3.13): Let 𝑋 = {𝓀, ℊ, 𝒻}, 𝑇 = {∅, 𝑋, {𝓀}, {ℊ}}, 𝐼 = {∅, {𝒻}} with 𝛿𝐷 . And let 𝑌 = {ℊ, 𝒻} so 

𝑇𝑌 = {∅, 𝑋, {ℊ}}, 𝐼𝑌 = {∅, {𝒻}} with 𝛿𝑌𝐷
 . Thus 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  is 𝑖– 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑋𝑇𝐼
𝛿 .  

Our aim now is to introduce the definition for the notion of focal set with respect to i −
subspace of i − TPS . with some of the properties and relations  

Definition (3.14): Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , and let  Ա ⊆ 𝑌 , 𝑦 ∈ 𝑌 , then Ա is called 

focal set w. r. t.  𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌 if there is 𝑈𝑌 ∈ 𝑇𝑌(𝑦) s.t. 𝑈𝑌𝛼𝑌Ա i.e.  ∃ 𝑉 ∈ 𝑇𝑋(𝑦), (𝑉 ∩ 𝑌)𝛼𝑌Աthen 

𝑉 ∩ 𝑌 ∩ (𝑌 − Ա) ∈ 𝐼𝑌 when  𝑉 ∩ (𝑌 −Ա) ∈ 𝐼 and we denoted by 𝐼𝑌∮  
(𝑦) = {Ա ⊆ 𝑌: ∃𝑈𝑌 ∈

𝑇𝑌(𝑥), 𝑈𝑌𝛼𝑌Ա} for some 𝑦 ∈ 𝑌. Also, we can define the set of all focal set w. r. t. 𝑖 −

𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  by  ∮
𝐼𝑌

(𝑦) = {Ա ∈ 𝐼𝑌∮  
(𝑦), 𝑦 ∈ Ա}.  

Proposition (3.15): Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , then 𝐼𝑌∮  

(𝑦) = 𝐼𝑋∮  
(𝑦) ∩ {𝑌}. 

Proof: Let Ա ∈ 𝐼𝑌∮  
(𝑦) then ∃ 𝑈𝑌 ∈ 𝑇𝑌(𝑥) 𝑎𝑛𝑑 𝑈𝑌𝛼𝑌Ա which means that 𝑈𝑌 ∩ (𝑌 − Ա) ∈ 𝐼𝑌. So 

∃ 𝑉 ∈ 𝑇𝑋(𝑦) s.t. 𝑈𝑌 ∩ (𝑌 − Ա) = 𝑉 ∩ (𝑋 −Ա) ∩ 𝑌 ∈ 𝐼𝑌so 𝑉 ∩ (𝑋 − Ա) ∈ 𝐼 . Thus 𝑉𝛼Ա and hence 

Ա ∈ 𝐼𝑋∮  
(𝑦), but Ա ⊆ 𝑌 , so Ա ∈ 𝐼𝑋∮  

(𝑦) ∩ {𝑌}. Now let Ա ∈ 𝐼𝑋∮  
(𝑦) ∩ {𝑌}, then Ա ∈ 𝐼𝑋∮  

(𝑦) and 

Ա ⊆ 𝑌. Since Ա ∈ 𝐼𝑋∮  
(𝑦), then ∃ 𝑢 ∈ 𝑇𝑋(𝑦) s.t. 𝑈𝛼Ա then we have 

 (𝑈 ∩ 𝑌)𝛼Ա hence Ա ∈ 𝐼𝑌∮  
(𝑦).  

Example (3.16): Let 𝑋 = {𝓀, ℊ, 𝒻}, 𝑇 = {∅, 𝑋, {𝓀, ℊ}}, 𝐼 = {∅, {𝒻}} with 𝛿𝐷 . And let 𝑌 = {𝓀, 𝒻} so 

𝑇𝑌 = {∅, 𝑋, {𝓀}}, 𝐼𝑌 = {∅, {𝒻}} with 𝛿𝑌𝐷
 be 𝑖– 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  of 𝑋𝑇𝐼
𝛿 . Then 𝐼𝑌∮  

(𝓀) = 𝑌. {𝓀} =

𝐼𝑌∮  
(ℊ) = 𝐼𝑌∮  

(𝒻) 

Theorem (3.17): Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , then for the subsets Ա, 𝒦 of 𝑌 , the 

following statement are true for some 𝓀 ∈ 𝑌 

1) If Ա ∈ 𝑇𝑌(𝓀) , then Ա ∈ 𝐼𝑌∮  
(𝓀) and ∅ ∉ 𝐼𝑌∮  

(𝓀) 

2) If 𝒦 ∈ 𝐼𝑌∮  
(𝓀) and 𝒦 ⊆ Ա,  then Ա ∈ 𝐼𝑌∮  

(𝓀)  

3) If Ա, 𝒦 ∈ 𝐼𝑌∮  
(𝓀), then Ա ∩ 𝒦 ∈ 𝐼𝑌∮  

(𝓀)  

4) ∀ 𝒦 ∈ 𝐼𝑌∮  
(𝓀), then ∃Ա ∈ 𝑌 s.t. 𝒦𝛼𝑌Ա and Ա ∈ 𝐼𝑌∮  

(𝑥) ∀𝑥 ∈ Ա.  

5) ∀Ա ∈ 𝐼𝑌, then Ա ∉ 𝐼𝑌∮  
(𝓀) for some 𝓀 ∈ 𝑌.  

6) If Ա ∈ 𝐼𝑌∮  
(𝓀), then 𝑌 − Ա ∉ 𝐼𝑌∮  

(𝓀).  

7) If Ա ∈ 𝐼𝑌, then 𝑌 −Ա ∈ 𝐼𝑌∮  
(𝓀)  
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8) If Ա, 𝒦 ∈ 𝐼𝑌∮  
(𝓀), then Ա ∪ 𝒦 ∈ 𝐼𝑌∮  

(𝓀)  

Proof: It is easy to proof (1,2,4,8) so we will proof the other points below :  

3) Since Ա, 𝒦 ∈ 𝐼𝑌∮  
(𝓀), then Ա = 𝑈1 ∩ 𝑌 , 𝑈1 ∈ 𝐼∮  (𝓀) and 𝒦 = 𝑈2 ∩ 𝑌 , 𝑈2 ∈ 𝐼∮  (𝓀). Now 

Ա ∩ 𝒦 = 𝑈1 ∩ 𝑌 ∩ 𝑈2 ∩ 𝑌 = (𝑈1 ∩ 𝑈2) ∩ 𝑌, since 𝑈1, 𝑈2 ∈ 𝐼∮  (𝓀) so we get 𝑈1 ∩ 𝑈2 ∈

𝐼∮  (𝓀). Then Ա ∩ 𝒦 = 𝑈 ∩ 𝑌 s. t. 𝑈 = 𝑈1 ∩ 𝑈2 ∈ 𝐼∮  (𝓀). Thus Ա ∩ 𝒦 ∈ 𝐼𝑌∮  
(𝓀). 

Conversely, let Ա ∩ 𝒦 ∈ 𝐼𝑌∮  
(𝓀), but Ա ∩ 𝒦 ⊆ Ա and Ա ∩ 𝒦 ⊆ 𝒦 , so we have that Ա, 𝒦 ∈

𝐼𝑌∮  
(𝓀).  

5) Suppose that Ա ∈ 𝐼𝑌 and Ա ∈ 𝐼𝑌∮  
(𝓀), so ∃ 𝑈𝑌 ∈ 𝑇𝑌(𝓀) s. t. 

 𝑈 ∩ (𝑌 − Ա) ∈ 𝐼𝑌, but Ա ∈ 𝐼𝑌, so (𝑈 ∩ (𝑌 − Ա)) ∪ Ա ∈ 𝐼𝑌, which means that 𝑈 ∪ Ա ∈ 𝐼𝑌, 

then 𝑈 ∈ 𝐼𝑌 and that is a contradiction with the definition (2.3) .  

6) Since Ա ∈ 𝐼𝑌∮  
(𝓀) then Ա ∈ 𝐼∮  (𝓀) ∩ {𝑌} so Ա ∈ 𝐼∮  (𝓀)which I mplies, 𝑋 − Ա ∉ 𝐼∮  (𝓀) 

hence (𝑋 − Ա) ∩ {𝑌} ∉ 𝐼∮  (𝓀) ∩ {𝑌}. which means 

 (𝑌 − Ա) ∉ 𝐼∮  (𝓀) ∩ {𝑌}. Thus 𝑌 − Ա ∉ 𝐼𝑌∮  
(𝓀).  

7) If possible, that (𝑌 − Ա) ∉ 𝐼𝑌∮  
(𝓀), then ∀ 𝑈𝑌 ∈ 𝑇𝑌(𝓀), that mean   

𝑈𝑌 ∩ (𝑌 − (𝑌 − Ա)) ∉ 𝐼𝑌, so 𝑈𝑌 ∩ Ա ∉ 𝐼𝑌, but 𝑈𝑌 ∩ Ա ⊆ Ա ∈ 𝐼𝑌, which a contradiction. 

Proposition (3.18): Let 𝑋𝑇𝑗𝐼𝑗

𝛿  𝑗 = 1,2 be an 𝑖 − 𝑇𝑃𝑆′𝑠,such that T2 is finer than T1 and I2is finer than I1 

,then for 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌𝑇𝑗𝑌
𝐼𝑗𝑌

𝛿𝑌  of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝑗𝐼𝑗

𝛿 :  

1)  𝐼𝑌∮  𝑇1𝑌
(𝑥) ⊆ 𝐼𝑌∮  𝑇2𝑌

(𝑥)  

2) 𝐼1𝑌∮ 𝑇1𝑌

(𝑥) ⊆ 𝐼2𝑌∮ 𝑇2𝑌

(𝑥)  

Proof: 

1) Let Ա ∈ 𝐼𝑌∮  𝑇1𝑌
(𝑥), then ∃ 𝑈𝑌 ∈ 𝑇𝑌(𝑥) s. t. 𝑈𝑌𝛼𝑌Ա, so we have  𝑈𝑌 ∩ (𝑌 − Ա) ∈ 𝐼𝑌, since 

𝑈𝑌 ∈ 𝑇2𝑌
(𝑥), then 𝑈𝑌 ∩ (𝑌 − Ա) ∈ 𝐼𝑌 w. r. t. 𝑇2 . Thus Ա ∈ 𝐼𝑌∮  𝑇2𝑌

(𝑥).  

2) Since 𝐼1𝑌
⊆ 𝐼2𝑌

 so we get the result immediately by part (1).  

Our aim now is to introduce the definition for the notion of focal limit point and focal derivative 

set with respect to i − subspace of i − TPS . with some of the properties and relations. 

Definition (3.19) : Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , and let  Ա ⊆ 𝑌, then the focal limit 

point of Ա w. r. t. 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌 can be defined as the following every 𝑦 ∈ 𝑌 s. t. for  each 𝑈𝑌 ∈

∮
𝐼𝑌

(𝑦), 𝑈𝑌 ∩ Ա/{𝑦}≠ ∅ , and the set of all focal limit points w. r. t. 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌 is called the focal 

derived set in 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌 and define by 𝐹𝑑𝑌(Ա) = ⋃{ 𝑦 ∈ 𝑌, ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦), ∃ 𝑧 ≠ 𝑦, 𝑠. 𝑡. 𝑧 ∈

𝑈𝑌 𝑎𝑛𝑑  𝑧 ∈ Ա}, also the focal closure of the set Ա w. r. t.  𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌denoted by 𝐹𝑐𝑙𝑌(Ա)  

Example (3.20): Let 𝑋 = {𝓀, ℊ, 𝒻}, 𝑇 = {∅, 𝑋, {𝓀, ℊ}}, 𝐼 = {∅, {𝒻}} with 𝛿𝐷 . And let 𝑌 = {𝓀, 𝒻} so 

𝑇𝑌 = {∅, 𝑋, {𝓀}}, 𝐼𝑌 = {∅, {𝒻}} with 𝛿𝑌𝐷
 be  𝑖– 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌 of 𝑋𝑇𝐼

𝛿 . Then 𝐼𝑌∮  
(𝓀) = {𝑌, {𝓀}} =

𝐼𝑌∮  
(ℊ), but 𝐼𝑌∮  

(𝒻) = 𝑌. Now let Ա = {𝓀, 𝒻}, then 𝐹𝑑(Ա) = {ℊ, 𝒻}, and 𝐹𝑑𝑌(Ա) = {𝒻}.  

Proposition (3.21): Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , and let  Ա ⊆ 𝑌, Then 𝐹𝑑𝑌(Ա) =

𝐹𝑑𝑋(Ա) ∩ {𝑌} 

Proof: Let 𝑦 ∈ 𝐹𝑑𝑌(Ա), so ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦) ∃ 𝑧 ≠ 𝑦, 𝑠. 𝑡. 𝑧 ∈ 𝑈𝑌 and 𝑧 ∈ Ա but 𝑈𝑌 = 𝑈 ∩ Ա s.t. 𝑈 ∈

∮
𝐼
(𝑦) so 𝑧 ∈ 𝑈 ∩ Ա. Therefore 𝑦 ∈ 𝐹𝑑𝑋(Ա), and 𝑦 ∈ 𝑌 so, 𝑦 ∈ 𝐹𝑑𝑋(Ա) ∩ {𝑌}. Thus 𝐹𝑑𝑌(Ա) ⊆

𝐹𝑑𝑋(Ա) ∩ {𝑌}.  
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Conversely, Let 𝑦 ∈ 𝐹𝑑𝑋(Ա) ∩ {𝑌}, then 𝑦 ∈ 𝐹𝑑𝑋(Ա), and 𝑦 ∈ 𝑌, and  ∀ 𝑈 ∈ ∮
𝐼
(𝑦),  ∃ 𝑧 ≠ 𝑦, 𝑠. 𝑡. 𝑧 ∈

𝑈 ∩ Ա, but Ա ⊆ Y, then 𝑧 ∈ 𝑌 which implies 𝑧 ∈ 𝑈 ∩ 𝑌, but 𝑈𝑌 = 𝑈 ∩ 𝑌, therefore by definition (319) 

we have  𝑦 ∈ ∮
𝐼𝑌

(𝑦), so, 𝑦 ∈ 𝐹𝑑𝑌(Ա). Thus 𝐹𝑑𝑋(Ա) ∩ {𝑌} ⊆ 𝐹𝑑𝑌(Ա). And this complete the proof.  

Proposition (3.22): Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , and let  Ա ⊆ 𝑌, Then 𝐹𝑐𝑙𝑌(Ա) =

𝐹𝑑𝑌(Ա) ∪Ա 

Proof: Since 𝐹𝑐𝑙𝑋(Ա) = 𝐹𝑑𝑋(Ա) ∪ Ա, so  𝐹𝑐𝑙𝑋(Ա) ∩ {𝑌} = (𝐹𝑑𝑋(Ա) ∪ Ա) ∩ {𝑌} 

 = (𝐹𝑑𝑋(Ա) ∩ {𝑌}) ∪ Ա = 𝐹𝑑𝑌(Ա) ∪ Ա. Thus 𝐹𝑐𝑙𝑌(Ա) = 𝐹𝑑𝑌(Ա) ∪ Ա.  

Proposition (3.23): Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , and let  Ա ⊆ 𝑌, Then 𝐹𝑐𝑙𝑌(Ա) =

⋃ {𝑦 ∈ 𝑌, ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦), ∃ 𝑧 ∈ 𝑈𝑌 𝑎𝑛𝑑 𝑧 ∈ Ա} 

Proof: Let 𝑦 ∈ 𝐹𝑐𝑙𝑌(Ա), then 𝑦 ∈ 𝐹𝑑𝑌(Ա) or 𝑦 ∈ Ա. If 𝑦 ∈ 𝐹𝑑𝑌(Ա) then ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦) ∃ 𝑧 ≠

𝑦, 𝑠. 𝑡. 𝑧 ∈ 𝑈𝑌 𝑎𝑛𝑑  𝑧 ∈ Ա, then 𝑦 ∈ ⋃ {𝑦 ∈ 𝑌, ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦), ∃ 𝑧 ∈ 𝑈𝑌  𝑎𝑛𝑑 𝑧 ∈ Ա}.  

If 𝑦 ∈ Ա and for any 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦) , 𝑦 ∈ 𝑈𝑌, so we get 𝑦 ∈ 𝑈𝑌 ∩ Ա then 𝑈𝑌 ∩ Ա ≠ ∅, Hence 𝑦 ∈

⋃ {𝑦 ∈ 𝑌, ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦), ∃ 𝑧 ∈ 𝑈𝑌  𝑎𝑛𝑑 𝑧 ∈ Ա}. Thus 𝐹𝑐𝑙𝑌(Ա) ⊆ ⋃ {𝑦 ∈ 𝑌, ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦), ∃ 𝑧 ∈

𝑈𝑌 𝑎𝑛𝑑 𝑧 ∈ Ա} 

Conversely, let 𝑦 ∈ ⋃ {𝑦 ∈ 𝑌, ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦), ∃ 𝑧 ∈ 𝑈𝑌  𝑎𝑛𝑑 𝑧 ∈ Ա}, then ∀𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦) , 𝑦 ∈ 𝑈𝑌, 

∃ 𝑧 ≠ 𝑦 , 𝑧 ∈ 𝑈𝑌 , 𝑧 ∈ Ա. So  𝑦 ∈ 𝐹𝑑𝑌(Ա), then 𝑦 ∈ 𝐹𝑐𝑙𝑌(Ա), Thus ⋃ {𝑦 ∈ 𝑌, ∀ 𝑈𝑌 ∈ ∮
𝐼𝑌

(𝑦), ∃ 𝑧 ∈

𝑈𝑌 𝑎𝑛𝑑 𝑧 ∈ Ա} ⊆ 𝐹𝑐𝑙𝑌(Ա).  

Proposition (3.24): Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , and let  Ա ⊆ 𝑌, Then 𝐹𝑐𝑙𝑌(Ա) =

𝐹𝑐𝑙𝑋(Ա) ∩ 𝑌 

Proof: 𝐹𝑐𝑙𝑋(Ա) ∩ 𝑌 = [𝐹𝑑𝑋(Ա) ∪ Ա] ∩ 𝑌 = (𝐹𝑑𝑋(Ա) ∩ 𝑌) ∪ Ա = 𝐹𝑑𝑌(Ա) ∪ Ա = 𝐹𝑐𝑙𝑌(Ա).  

Definition (3.25): Let 𝑌𝑇𝑌𝐼𝑌

𝛿𝑌  be 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 of 𝑖 − 𝑇𝑃𝑆 𝑋𝑇𝐼
𝛿 , and let Ա be a subset of 𝑌, then we say 

that Ա is focal dense w. r. t. 𝑖 − 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 if and only if    𝐹𝑐𝑙𝑌(Ա) = 𝑋 , and it is denoted by 

𝐹𝑂𝑌dense. 

Example (3.26): Let 𝑋 = {𝓀, ℊ, 𝒻}, 𝑇 = {∅, 𝑋, {𝓀, ℊ}}, 𝐼 = {∅, {𝒻}} with 𝛿𝐷 . And let 𝑌 = {𝓀, 𝒻} so 

𝑇𝑌 = {∅, 𝑋, {𝓀}}, 𝐼𝑌 = {∅, {𝒻}} with 𝛿𝑌𝐷
 be  𝑖– 𝑠𝑢𝑏𝑠𝑝𝑎𝑐𝑒 𝑌 of 𝑋𝑇𝐼

𝛿 . Now let Ա ⊆ 𝑌 s.t. Ա = {𝓀}, then 

𝐹𝑑𝑌(Ա) = {𝒻}, then we get 𝐹𝑐𝑙𝑌(Ա) = Ա ∪ 𝐹𝑑𝑌(Ա) = {𝓀} ∪ {𝒻} = 𝑌. Thus Ա is 𝐹𝑂𝑌dense.  
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