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1. Introduction

The notion of a F-subset of a nonempty set S as a function from S into [0,1], was first developed by
Zadeh [1]. The concept of F-modules was introduced by Zahedi in [2]. The concept of F-submodules
was introduce by Martines in [3]. Goodeal in [4], introduced and studied the concept of closed
submodule, where a submodule A of an R-module M is said to be closed submodule of M (A<, M), if
has no proper essential extension. Hassan in [5] fuzzify this concept to closed F-submodule of a F-
module u.

In this paper, we introduce the concept of S-closed F-submodules which is stronger than closed F-
submodule and we investigate the main properties of S-closed F-submodules such as the transitive
property. Moreover we study the relationships between S-closed F-submodules and other submodules.

Throughout this paper R commutative ring with unity. M is an R-module and u is a F-module of an
R-module M. Finally,( shortly fuzzy set, fuzzy submodule and fuzzy module is F-set, F-submodule
and F- module).

2. Preliminaries

In this section, the concepts of F-sets and operations on F-sets are given, with some properties,
which are useful in the next work.

Definition 1.1 [1]: Let M be a non-empty set and let | be the closed interval [0,1] of the real line (real
numbers ). An F-set g in M (a F-subset p of M) is a function from M into | ."

Definition 1.2 [2]: Letx;:M — | be a F-set in M, where x € M, t € [0,1], defined by:
(1 if x=y
X = {0 if x+y

Then x; is called a F-singleton.
1 if y=0

If x=0andt=1then Ol(y)z{o if y %0

We shall call such F-singleton the F-zero singleton.

Definition 1.3[2]: Let v and p be two F-sets in M, then :

l.v=pifand only if v(x) = p (x) ,for all x € M.

2.v € pifand only if v(x) < p (x), for all x € M.

If v € p and there exists x € M such that v(x) < p(x), then we write v € p and v is called a proper F-
subset of p .

3. X € v ifand only if x¢(y) < v (y), forally € M and if t > 0, then v(x) > t. Thus x; S v (x € v;),
(that is x € v Iff x; S v)."

Next, we give some operation on F-sets:

forall ye M
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"Definition 1.4 [2]: Let v and p be two F-sets in M, then:
1.(v Up)(X) =max {v(x), p(x)}, for all x € M.
2.(v N p)(x) = min{v(x), p(x)}, for all x € M.
vUp andvnpare F-setsin M
In general if {v,,a € A}, isv family of F-setsin M, then:

(ﬂ va> (x) = inf {v,(x),a € A},forallx €S.

aEA

(Ugea Vo) (x) = sup {v,(x),a € A}, forallx € S."

Now, we give the definition of the level subset, which is a set between a F-set and ordinary set.
"Definition 1.5 [3]: Let v be a F-set in M, for all t € [0,1], the set vi= {X €M, v(x) =t} is called a
level subset of v ".

Note that, v, is a subset of M in the ordinary sense. The following are some properties of level
subset:
"Remark 1.6 [1]: Let v and p be two F-subsets of a set M, then:
1.(vnp)=v,np, fForanyte[0,1].
2.(vup)=v,Up, foranyte]0,1].
3.v = pifandonlyif v, = p,, forall t € [0,1]."
"Definition 1.7 [2]: Let M be an R-module. A F-set i of M is called F-module of an R-module if :
1. 1 (x=y) = min {u(x), u(y)}, forall x, y € M.
2.1 (rxX) = (x), forall x e M, r eR.
3. 1 (0) =1, (0 is the zero element of M)."
"Definition 1.8 [3]:

Let u, v be two F-module of an R-module M. v is called a F-submodule of p ifv < p."
"Definition 1.9 [2]: If v is F-submodule of an R-module M, then the submodule v, of M s called
level submodule of M, where t € [0,1]."
"Definition1.10 [2]: Let v, p be two F-subsets of an R-module M. Then (v + p)(X) = sup
{min{v (a),p(b),x =a+b}} a,be M, forallxe M.v+ pisa F-subsetof M."
"Proposition 1.11 [2]: Let v and p be two F-submodule of a F-module p, thenv + +pisa F-
submodule of p ."
"Definition 1.12 [7]: Let p and y be two F-modules of an R-module M; and M, respectively. Define p
®y : M; &M, — [0,1] by:
(udy)(a, b) = min {u(a),y(b), for all (a, b) € M;BM,}.
udy is called a F-external direct sum of pand y .

If v and p are F-submodules of u, y respectively. Definev @ p : M;@®M, — [0,1] by :

(vép)(a, b) = min {v(a), p(b), forall (a, b) € M;BM,}.

Note that, if p =v + pandv Np=0, then p is called the internal direct sum of v and p which is
denoted by v @ p. Moreover, v and p are called direct summand of p ."
"Definition 1.13 [7]: Let v be a F-submodule of F-module p of an R-module M, then v is called an
essential F-submodule (briefly v <, u),if v n p # 04, for any non-trivial F-submodule p of .
Equivalent a F-submodule v of p is called essential if v n n = 04, implies to n =0,, for all F-
submodule n of p."
"Definition 1.14 [2]: Suppose that v and p be two F-submodules of a F-module of p an R-module M.
The residual quotient of v and p. We define (v: p) by: (v: p) = {r;: r; is a F-singleton of R such that
r.p S v}H"
"Definition 1.15 [7]: Let i be non-empty F-module of an R-module M. The F-annihilator of v denoted
by (F-anngv) is defined by {x;: x € R,x;v € 0,} t € [0,1], where v is a proper F-submodule of p."
"Definition 1.16 [7]:
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A F-module p of an R-module M is said to be prime F-module if F-ann v = F-annu for any non-
trivial F-submodule v of u."
"Definition 1.15: [8] Let v be a F-module of an R-module M, if p a F-submodule of v, then p is called
a semi-essential F-submodule of v if for all prime F-submodule n of v and p N 7n =04, then n =0,."
"Definition 1.19:[7] Let u be a F-module of an R-module M is called fully prime F-module, if every
proper F-submodule of u is prime F-submodule.”

3. S-Closed F-Submodules

In this section, we introduce the notion of S-closed F-submodule of a F-module as a generalization
of (ordinary) notion S-closed submodule, where a submodule N of M is called S-closed submodule in
M (briefly N<;.M ), if has no proper semi-essential in M[9]. We shall give some properties of this
concept.
Definition (2.1): Let v be a F-submodule of a fuzzy module of u. v is called S-closed F-submodule
(briefly v <s. p) , if has no proper semi-essential F-submodule of u.
Proposition (2.2): Let v be a F-submodule of a F-module y, if v, is S-closed submodule of u;, vVt €
[0,1], then v is S-closed submodule of u.
Proof: Suppose there exists p < u, such that v is a semi-essential of p, then v, semi-essential of p;, V t
€ [0,1]. But v, is S-closed submodule of u; V t, so that v, = p;, hence by Remark (1.6)(3), v = p. Thus
v is S-closed submodule of u .
Remarks and Examples (2.3):

1. Every F-module u is an S-closed F-submodule it self.

2. 0; may be not S-closed F-submodule of u , for example:
Example:

Let M = Z, as Z-module. Let u: M — [0,1], define by:

u@=1vaeZz,.
Note that (0,), = (0), for all t € [0,1]. But (0) is a semi-essential in Z, = u;, thus 0; is semi-essential
F-submodule of u [8, Proposition(3.4)] and so 0, is not S-closed F-submodule.

3. A direct summand of S-closed F-submodule is not necessary S-closed F-submodule of u, for

example:
Let M = Z,, as Z-module and let u : M —[0,1] such that:

u(@) =1, forallae[0,1]
Andvp)={l o x € (3)
0 otherwise

It is clear that v is a F-submodule of x and v, = (3). v, is a direct summand of u, = Z,,, V t € [0,1].
Since v; is semi-essential [9, Remarks and Examples (3.1.2.)(6). A is not S-closed [See Proposition
(2.2)]

4. Let u be a F-module of an R-module M and v is an S-closed F-submodule in yz and p < u such

that v = p, then it is not necessary that p is an S-closed F-submodule of u , for example:

Example: Let M be Z as Z-module. Let u : M —J0,1], such that: u (a) =1,Va€e Z

And v : M —[0,1], define by : v(x) = {(1) ifotiferi/iii

It is clear that v is a F-submodule of u and v = u. But v is not S-closed F-submodule since v <, u
(and v <., 1). Moreover u is S-closed in pu.
Remarks (2.4):
1. Let v be a F-submodule of a F-module u of an R-module M. If v is an essential F-submodule
in u, then v is a semi-essential F-submodule in .
Proof: It is easy, so it omitted.
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"Recall that a F-submodule v of u of an R-module M ,then v is called closed F-submodule of u
(shortly v <. ), if v has no proper essential extension; thatis v <, p < u, thenv = p" [5].

2. Every S-closed F-submodule of a F-module u is a closed F-submodule of u.

Proof: Let v be S-closed F-submodule of u and let p < u, with v <, p <, the by part (1), v is a
semi-essential in p. But v S-closed F-submodule in y imply v = p. That is v is a closed F-submodule.
Lemma (2.5): Let u be a F-module of an R-module M with a F-submodules v and p where v
<p < wu Ifvisaprime F-submodule in u and p is a prime F-submodule in y, then v is a prime
F-submodule in p.
Proof: Let x; € p, r € R such that (rx); € v. To show that v is a prime F-submodule of p, we must
prove that either Let x, € v orr, S (v:p). Suppose that r, € (v: u), (i.er,u S v). But p<Spu, so
r.p S v.Hencer, € (v:p). Thus v is a prime F-submodule in p .
If x;, € v, then nothing to prove.
Proposition (2.6): Let u be fully prime F-module of an R-module M and let 0; # v < u. Thenvisa
semi-essential F-submodule of p if and only if v is an essential F-submodule of p, for every F-
submodule p of u .
Proof: (=) Assume that v is a semi-essential F-submodule of p and let § be a F-submodule of p such
that v N p = 0,. We have two cases if p = 5, then v = 0, which is a contradiction. Otherwise since u is
a fully prime F-module, then B is a prime F-submodule of x and by Lemma (2.5) v is a prime F-
submodule of p. But v is a semi-essential F-submodule of p, therefore § = 0,. That is v is an essential
F-submodule of p.

(<) ltis clear.
Proposition (2.7): Let v, p be a F-submodules of u of an R-module Mand 0; #v<p<u. Ifvis a
semi-essential p and p is a semi-essential in w, then v is a semi-essential in .
Proof: Let n be a prime F-submodule of x4 such thatv nn =0,. Notethat 0,=vnn=(wvNn)Np=
v N (nnNp). Butny isaprime F-submodule of u, so we have two cases. If p <n,then0; =v Nn(n N
p)=vnNnp,hence vnp=10,butv € p,sovnp=v,impliesthat v = 0; which is a contradiction
with our assumptions. Thus p € n and by [10, Lemma (2.3.11)], n N p is a prime F-submodule of p.
But v is a semi-essential F-submodule of p. Therefore n N p = 0, and since p is a semi-essential F-
submodule of u. That is v is a semi-essential F-submodule of u.
Proposition (2.8): Let u be a F-module of an R-module M and let 0, # v < u, then there exists an S-
closed F-submodule p in u such that v is a semi-essential F-submodule of p.
Proof: Consider the set S = { n| n is a F-submodule of x such that v is a semi-essential F-submodule of
n}. It is clear that S is a non-empty By [10, Proposition (2.2.13)], S has maximal element say p. In
order to prove that p is an S-closed F-submodule in u assume that there exists a F-submodule y of u
such that p is a semi-essential F-submodule in y, where y a F-submodule of ux. Since v is a semi-
essential F-submodule in p and p is a semi-essential F-submodule in y, so by Proposition (2.7), v is a
semi-essential F-submodule in y. But this is a contradiction with the maximality. Thus p =y, thatis p
is an S-closed F-submodule of u with v is a semi-essential F-submodule of p.

The following results show that the transitive property for S-closed F-submodule certain.
Proposition (2.9): Let v, p be a F-submodules of u of an R-module M. If v <. p and p <g. u, then
v <g. U, provided that p contained in any semi-essential F-submodule of v.

Proof: Let n < u such that v is a semi-essential F-submodule of n, where n F-submodule in u. By
assumption, we have two cases. If n < p. Since v <. p,then v = n and since v semi-essential F-
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submodule of n, so by Proposition (2.7), p is a semi-essential F-submodule in n. But p <., u then p =
n. That is v is a semi-essential F-submodule in p other hand v <. p, so v = p, hence v <g, u.

"Recall that a F-module u is a chained, if for each F-submodule v and p of u either v<por
p <vI[11]".
Corollary (2.10): Let u be a chained F-module and v, p be a F-submodules of u such that v < p < u.
If v<g.pand p <g u, then v < p.
Proof: Let n < u such that v is a semi-essential F-submodule of n, where n F-submodule in . Since u
is a chained F-module, then either n < p or p < n and the result follows.

As the same argument which used in the proof of Proposition (2.9).
"Recall that a non-zero R-module M is called fully essential, if every non-zero semi-essential

submodule of M is an essential submodule of M"[12].

We fuzzify the following:
Definition (2.11): A F-module u is called fully essential F-module, if every a non-trivial semi-essential
F-submodule of u is an essential F-submodule of u.
Proposition (2.12): Let v be a non-trivial closed F-submodule of a F-module p. If every semi-essential
of v is fully essential F-submodule of u, then v is an S-closed F-submodule of .
Proof: Let v be a non-trivial and closed F-submodule of u and let v is a semi-essential F-submodule of
p, Where p is F-submodule of u. By assumption v is a fully essential F-submodule. Therefore v is an
essential F-submodule of p. But v is a closed F-submodule in y, that is v = p. Thus v is an S-closed F-
submodule of u.
Remark (2.13): I u is a fully prime F-module, then every non-trivial closed F-submodule in y is an
S-closed F-submodule in .
Proof: Let v be a non-trivial closed F-submodule in u and let v is a semi-essential F-submodule in p,
where p a F-submodule in g, then by Proposition (2.6), v is an essential F-submodule of p. But v is
closed F-submodule of u, then v = p and we are done.

We can replace the condition by other conditions to get the transitive property of S-closed F-
submodule.
Proposition (2.14): Let u be a F-module and 0; # v < p < u. Assume that every semi-essential F-
submodule of v is fully essential F-submodule of u. If v <. p and p <., uthenv <. pu
Proof: Sincev <,.p and p <, u , then by Remarks and Examples (2.3)(5), v is a closed F-
submodule in p and p is a closed F-submodule in u, imply v is a closed F-submodule inu (see [10,
Proposition (2.1.20)]). Therefore v <;. u by Proposition (2.12)

The following Remark shows that the property of S-closed F-submodule is not hereditary.

Remark (2.15): Let v, p be a F-submodules of u suchthatv <p <u.If p <. u, then v need not
S-closed F-submodule in u, for example:
Let M = Z as Z-module. Let u : —[0,1], defined by:

u(@) =1 forallaeZ Letv:M —[0,1], such that: v(a) = {1 if ae2z

0 otherwise
It is clear that v F-submodule of u and u is S-closed. But v is an essential F-submodule of u (sov isa

semi-essential F-submodule in i), hence v is not S-closed F-submodule in .
Proposition (2.16):
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If every F-submodule of a F-module u is an S-closed F-submodule, then every F-submodule of u
is a direct summand of u.

Proof: Since every F-submodule of u is an S-closed F-submodule, then by Remarks (2.4)(2), every S-
closed F-submodule is a closed F-submodule, so every F-submodule is a direct summand. Hence the
result follows from by [5, Remarks and Examples (3.3)(2)].

Proposition (2.17): Let v,p be a F-submodules of u such that v<p <u. If v is an S-closed F-
submodule in u, then v is an S-closed F-submodule in p.

Proof: Suppose that v is a semi-essential F-submodule in n and n F-submodule of p (where p < pu).
But v is an S-closed F-submodule in y, then v = 7.

Corollary (2.18): If v, p be S-closed F-submodules of u, then v and p are S-closed F-submodules in
v+ p.

Proof: Since v < v + p < pu, so by Proposition (2.17), we are done.

In the following Proposition we see that the converse of Proposition (2.2) is true when the
condition (*) holds, where condition (*):Let pu be a F-module of an R-module M and v, p are a non-
trivial F-submodules of u , ifv, € p,, then v € p.

Proposition (2.19): Let pn be a F-module of an R-module M and v be a F-submodule of p. If v isan

S-closed F-submodule of u if and only if v, isan S-closed submodule in ., provided that u satisfies

condition (*).

Proof: (=) Suppose that v,.<gem N<p.. We have to show that v,=N. Let
1 if x€eN

p(X) :{ 0 otherwise
It is clear that p is a F-submodule of u and p, = N, hence v, € p,= N and so by condition (x), v < p.

But v, <gem N = p., then by [8, Proposition(3.4)], v. <gem p, since v is an S-closed F-submodule in
u, therefore v=p, sov, = p, = N, thusv, = N.

(&) It clear by Proposition (2.2).

Proposition (2.20): Let p, y be F-modules of an R-module M;, M, respectively and let
annv, +anny, = R and every submodules of v,®y, fully essential module, if v, p be S-closed F-
submodules of , y respectively, then v@®p is an S-closed F-submodule in pué y.

Proof: Since v and p are an S-closed F-submodules, then u, and p, are an S-closed submodules by
Proposition (2.19) we have v,@®p, is an S-closed submodule in u,®y, see [9, Proposition (3.1.17)], so
(vp)., is an S-closed submodule in (u®y). therefore v@®p is an S-closed F-submodule in u®y
see Proposition (2.19).

"Recall that a F-submodule v of u is called y-closed F-submodule, if w/v is non-singular F-
module, where a F-module u of an R-module M such that : Z(u) = {x; € u: F-ann(x;) is an essential
F-ideal of R} is called F-singular submodule of u. If Z(u) = u, then u is called singular F-module. If
Z(u) = 04, then u is called non-singular F-module.

The following proposition show that under certain condition S-closed F-submodules implies y-
closed F-submodules.
Proposition (2.21): Let u be a non-singular F-module of an R-module M, if a F-submodule v of u is an
S — closed, then vis ay — closed F — submodule.
Proof: Let v be an S-closed F-submodule in u, by Remarks (2.4)(2), v is a closed F-submodule in v.
But u is a non-singular F-module, so by [10, Proposition (2.5.9)], v is a y-closed F-submodule.
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Proposition (2.22): Let u be a fully prime F-module of an R-module M and let v be a non-trivial F-
submodule of u. Consider the following statements.

1.
2.
3.

v is a y-closed F-sub module.
v is a closed F-submodule.
v is an S-closed F-submodule.

Then (1)= (2) © (3), and if u is a non-singular F-module, then (3) = (1).

Proof:

= (2) It follows by [10, Remarks and Examples (2.5.8)(3).

(1) < (3) Since u is a fully prime F-module, then by Remark (2.13), v is an S-closed F-submodule.
The converse is clear.
(2) = (1) Since u is a non-singular F-module, then by Proposition (2.21), v is a y-closed F-

submodule.
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