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1. INTRODUCTION 

  Oɡuz et al explored the actions of soft groups in [4] & discovered several interesting features. Other algebraic 

characteristic of soft sets was also investigated in [1,2,5]. Oguz defined the action of soft topological groups and 

examined some of its features in 2020[3], as well as presenting some research on soft orbit spaces and soft transitive 

spaces. In this paper, by using these concepts we are going to introduce some types of soft group space, and give 

some examples and propositions about them.  

 

2. SOFT ACTION 

We recall some notions and properties about the soft topological group used throughout the paper.  

 

Definition (2.1)[3] 

Let 𝔾 be a group with topology Γ, and (𝐹, Ê) be a non-null soft set (S-set) over 𝔾, then (𝔾, Γ, 𝐹, Ê) is called a soft 

topological group (Sʈɡ) over 𝔾 if for all Ê : 

i) 𝐹(𝜔) < 𝔾 ( )(F   is a subgroup of 𝔾), 

ii) the mapping yy  ),(  of the topological space )()(  FF   onto )(F  and the inversion 

)()(:  FF   , 
1)(    are continuous.  

 

Definition (2.2)[3] 

Let (𝐹, Ê, Γ) be a Sʈg over 𝔾, and let (𝐾, Ê, Γ′) be a Sʈs over X . A soft action of  (𝐹, Ê, Γ) on (𝐾, Ê, Γ′)  is a 

continuous map )()()(:  KKF   Ê  such that: 

(i)  ),( Ge  ¸ )( K  

(ii) 𝜑𝜔(𝑔, 𝜑𝜔(𝑔 ∗, 𝜒)) = 𝜑𝜔(𝑔𝑔 ∗, 𝜒) ,  𝑔, 𝑔 ∗∈ 𝐹(𝜔) & )( K . 

The Sʈs (𝐾, Ê, Γ′) is called "Soft Group space" which is denoted by (𝑆𝔾-space). 

 

 

Example (2.3) 

Let (𝔾, Γ, 𝐹, Ê) be a Sʈg, then every Sʈs (𝐾, Ê, Γ′)is 𝑆𝔾-space, where )()()(:  FFF   defined  by 

𝜑𝜔(𝑔, 𝑔 ∗) = 𝑔𝑔 ∗, Ê . 

Example (2.4)  
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Let 𝔾 = (𝑍2, +2) with discrete topology Γ, },{Ê 21   & Ê),(F be a S-set over 𝔾 where 

221 )(},0{)( ZFF   . Then (𝐾, Ê, Γ′) is a  𝑆𝔾 -space where )()()(:  FFF   defined by 

𝜑𝜔(𝑔, 𝑔 ∗) = 𝑔+2𝑔 ∗ +2𝑔−1,  Ê . 

 

Proposition (2.5) 

Let (𝐾, Ê, Γ′)be a 𝑆𝔾 -space, then Ê  the map 𝜙𝜔𝑔: 𝐾(𝜔) → 𝐾(𝜔), which is defined by 𝜙𝜔𝑔(𝜒) = 𝜑𝜔(𝑔, 𝜒) 

, )( K is a homeomorphism. 

Proof: 

 Let  }{  be a net in )(K such that    in )(K . 

Then 𝜑𝜔(𝑔, 𝜂𝛽) → 𝜑𝜔(𝑔, 𝜒). So 𝜙𝜔𝑔(𝜂𝛽) → 𝜙𝜔𝑔(𝜒). Hence 𝜙𝜔𝑔is continuous. 

 Also, its inverse 𝜙𝜔𝑔−1is continuous. 

Then 𝜙𝜔𝑔 is homeomorphism. 

 

Definition (2.6)[3] 

Let (𝐾, Ê, Γ′)be a 𝑆𝔾 -space, then Ê  : 

i) The set 𝑂𝑟𝑏𝜔(𝜒) = {𝜑𝜔(𝑔, 𝜒): 𝑔 ∈ 𝐹(𝜔)},   )(Kx is called the soft Orbit of  . 

ii) The set 𝑆𝑡𝑎𝑏𝜔(𝜒) = {𝑔 ∈ 𝐹(𝜔): 𝜑𝜔(𝑔, 𝜒) = 𝜒} is called the soft stabilizer of  . 

iii) The set  𝐾𝑒𝑟𝜙𝜔 = {𝑔 ∈ 𝐹(𝜔): 𝜑𝜔(𝑔, 𝜒) = 𝜒,   ∀𝜒 ∈ 𝐾(𝜔)} is called the soft kernel of the soft action   

 

Proposition (2.7) 

Let (𝐾, Ê, Γ′) be a 𝑆𝔾 -space, then Ê : 

(i) )()(  FStab  . 

ii) 
)(

)(


 
Kx

StabKer


 . 

iii) )( FKer   (normal subgroup). 

Proof: 

(i) It is clear that )(StabeG   

Then 𝜑𝜔(𝑔1𝑔2, 𝜒) = 𝜒 

Then 𝑔1𝑔2 ∈ 𝑆𝑡𝑎𝑏𝜔(𝜒) & 𝜑𝜔(𝑔−1, 𝜒) = 𝜒,   𝑔1, 𝑔2 ∈ 𝑆𝑡𝑎𝑏𝜔(𝜒) 

Therefore )()(  FStab  . 

ii) let 𝑔 ∈ 𝐾𝑒𝑟𝜑𝜔 ↔ 𝜑𝜔(𝑔, 𝜒) = 𝜒,∀𝜒 ∈ 𝐾(𝜔) ↔ 𝑔 ∈ 𝑆𝑡𝑎𝑏𝜔(𝜒),∀𝜒 ∈ 𝐾(𝜔) ↔ 𝑔 ∈ ⋂ 𝑆𝑡𝑎𝑏𝜔(𝜒)𝜒∈𝐾(𝜔)  

Then 
)(

)(


 
Kx

StabKer


 . 

iii) )( FKer   from (i & ii). 

Let 𝑔𝜖𝐹(𝜔) and ℎ ∈ 𝐾𝑒𝑟𝜑𝜔, then 𝜑𝜔(𝑔ℎ𝑔−1, 𝜒) = 𝜒,  )( K  

Then 𝑔−1(𝐾𝑒𝑟𝜑𝜔)𝑔 ⊂ 𝐾𝑒𝑟𝜑𝜔, & therefore 𝐾𝑒𝑟𝜑𝜔 ⊆ 𝑔(𝐾𝑒𝑟𝜑𝜔)𝑔−1.  

Thus 𝑔(𝐾𝑒𝑟𝜑𝜔)𝑔−1 = 𝐾𝑒𝑟𝜑𝜔 , ∀𝑔 ∈ 𝐹(𝜔). Hence )( FKer  . 

Proposition (2.8) 

Let  (𝐾, Ê, Γ′)be a 𝑆𝔾 -space, if X  be a Hausdorff space, then Ê : 

i) Ker is a closed normal subgroup of )(F , 

ii) )(Stab  is a closed subgroup of )(F  , )( K . 

proof: 
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i) )( FKer   from proposition (2.7(iii)) 

Now let 𝑔 ∈ 𝐾𝑒𝑟𝜑𝜔, then   a net {𝑔𝛽}𝛽∈𝛺   in Ker  such that 𝑔𝛽 → 𝑔 

Then 𝜑𝜔(𝑔𝛽 , 𝜒) → 𝜑𝜔(𝑔, 𝜒) , )( K  

But 𝑔𝛽 ∈ 𝐾𝑒𝑟𝜔𝜑. Then 𝜑𝜔(𝑔𝛽 , 𝜒) = 𝜒, )( K  

Since )(K is a Hausdorff Space, then 𝜑𝜔(𝑔, 𝜒) = 𝜒, )( K  

Then 𝑔 ∈ 𝐾𝑒𝑟𝜑𝜔. 

Hence Ker is closed. 

ii) )()(  FStab  , )( K from proposition (2.7(i)) 

Let 𝑔 ∈ 𝑆𝑡𝑎𝑏𝜔(𝜒) 

Then there is a net {𝑔𝛽}𝛽∈𝛺 in )(Stab  such that 𝑔𝛽 → 𝑔. 

But 𝜑𝜔(𝑔𝛽 , 𝜒) = 𝜒 & 𝜑𝜔(𝑔𝛽 , 𝜒) → 𝜑𝜔(𝑔, 𝜒) 

Since )(K is a Hausdorff Space, then 𝜑𝜔(𝑔, 𝜒) = 𝜒 

So 𝑔 ∈ 𝑆𝑡𝑎𝑏𝜔(𝜒) 

Thus )(Stab  is closed set. 

 

3. SOME TYPES OF SOFT GROUP SPACES 

In this section, we introduce some types of soft group space, and investigate some propositions and examples about 

them. 

   

Definition (3.1) [3] 

A soft action of the Sʈg (𝐹, Ê, Γ) on the Sʈs (𝐾, Ê, Γ′) is called: 

i) Transitive if  )()(  KOrb  ,  )( K  & Ê . 

ii) Effective (faithful) if }{ GeKer  , Ê . 

iii) Free if }{)( GeStab  , )( K  & Ê . 

iv) Trivial if )( FKer  , Ê . 

v) Regular if it is both transitive and free. 

vi) Semi-free if }{)( GeStab   or )()(  FStab  , )( K  & Ê . 

 

Definition (3.2) 

A 𝑆𝔾 -Space (𝐾, Ê, Γ′) is called: 

i) Transitive 𝑆𝔾 -Space if its soft action is transitive.   

ii) Free 𝑆𝔾 -Space if its soft action is free. 

iii) Effective 𝑆𝔾 -Space if its soft action is effective. 

(iv) Regular 𝑆𝔾 -Space if its soft action is regular. 

(v) Semi-free 𝑆𝔾 -Space if its soft action is semi-free. 

 

Example (3.3) 

In example (2.3), the Sʈs  (𝐾, Ê, Γ′) is regular 𝑆𝔾 -space. 

 

Proposition (3.4) 

Every free 𝑆𝔾 -space is an effective 𝑆𝔾 -space. 

Proof: 

Let (𝐾, Ê, Γ′) be free 𝑆𝔾 -space, then the soft action   is free Ê . 

Then }{)(
)(

G

K

eStabKer 





                                                 
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So  (𝐾, Ê, Γ′) is an effective SG-space. 

 

As the following example demonstrates the opposite of (3.4) isn’t true. 

 

Example (3.5) 

Let (𝔾,⋅) = ({−1,1}, . ) with discrete topology, },{Ê 21  , let Ê),(F be a S-set over 𝔾 defined by 

}1{)( 1 F ,    }1,1{)( 2 F . Let (𝐾, Ê, Γ′) be a Sʈs over   such that  )()( 21  KK . Define 

)()()(: 1111
 KKF   by  ),1(

1
, )( 1 K . & )()()(: 2222

 KKF   

by    ),1( ,       ),1(
22

, )( 2 K . Then (𝐾, Ê, Γ′)  is an effective 𝑆𝔾 -space but not 

free 𝑆𝔾 -space. 

 

Proposition (3.6) 

Every free 𝑆𝔾 -space is semi-free 𝑆𝔾 -space. 

Proof: 

Let  (𝐾, Ê, Γ′) be a free 𝑆𝔾 -space, then the soft action  is free, Ê . 

Then }{)( GeStab  .  

Hence  (𝐾, Ê, Γ′) is semi-free 𝑆𝔾 -space. 

 

As the following example demonstrates the opposite of (3.6) isn’t true. 

 

Example (3.7) 

Let (𝔾, Γ, 𝐹, Ê) be commutative Sʈg. If )()()(:  FFF  defined by, 𝜑𝜔(𝑔, ℎ) = 𝑔ℎ𝑔−1 Ê  

Then  (𝐾, Ê, Γ′)is semi-free 𝑆𝔾 -space, but not free 𝑆𝔾 -space. 

 

Remark (3.8) 

Let  (𝐾, Ê, Γ′) be a 𝑆𝔾 -Space, we define a relation ٭ in )(K as follows:  

𝜒 ∗ 𝑏 ↔ ∃𝑔 ∈ 𝐹(𝜔) such that 𝜑𝜔(𝑔, 𝜒) = 𝑏 

we claim that ٭ is an equivalence relation in )(K  

i) ٭ is reflexive: We have  * , )( K  Since  ),( Ge  

ii) ٭ is symmetric: Suppose that b* , then ∃𝑔 ∈ 𝐹(𝜔) such that 𝜑𝜔(𝑔, 𝜒) = 𝑏.  

Then 𝜒 = 𝜑𝜔(𝑒𝐺 , 𝜒) = 𝜑𝜔(𝑔−1𝑔, 𝜒) = 𝜑𝜔(𝑔−1, 𝜑𝜔(𝑔, 𝜒)) 

= 𝜑𝜔(𝑔−1, 𝑏). Thus 𝜑𝜔(𝑔−1, 𝑏) = 𝜒 which shows that *b . 

iii) ٭ is transitive: suppose b* & cb* .  

Then there are 𝑔1, 𝑔2 ∈ 𝐹(𝜔) such that  𝜑𝜔(𝑔1, 𝜒) = 𝑏 & 𝜑𝜔(𝑔2, 𝑏) = 𝑐 

Now 𝜑𝜔(𝑔2𝑔1, 𝜒) = 𝜑𝜔(𝑔2, 𝜑𝜔(𝑔1, 𝜒)) = 𝜑𝜔(𝑔2, 𝑏) = 𝑐 which shows that a٭c. 

Thus ٭ is an equivalence relation in )(K , and we have that the equivalence class ][ of a point )( K

equals  

}*:)({][ bKb    = :)({ Kb 𝑏 = 𝜑𝜔(𝑔, 𝑎), 𝑔 ∈ 𝐹(𝜔) }= )(Orb  

Thus, the equivalence class of a under ٭ is exactly the )(Orb . 

By )(/)(  FK , We denote the set of equivalence classes under ٭, that is )(/)(  FK denotes the set of orbits 

in )(K .  

By )(/)()(:  FKK  , we denote the natural projection. 

We give )(/)(  FK the quotient topology induced by )(/)()(:  FKK  . We call  

)(/)(  FK  the orbit space of the 𝑆𝔾 -space(𝐾, Ê, Γ′). 
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Proposition (3.9) 

The map )(/)()(:  FKK  is an open map Ê . 

Proof: 

Let A be an open set in )(K Ê . 

Then 
)(

1 )())((


 
Fg

g AA


   is an open in )(K . 

So )(A  is an open set in )(/)(  FK  

Hence   is an open map Ê . 

 

Proposition (3.10) 

Let (𝐾, Ê, Γ′)  be Hausdorff 𝑆𝔾 -space, and (𝔾, Γ, 𝐹, Ê) be a compact Sʈg, then   is a closed map Ê . 

Proof: 

Let V be a closed set in )()(  KF  and let )(V  , then there is a net {(𝑔𝛽 , 𝑥𝛽)}𝛽∈𝛺 in V such that 

𝜑𝜔(𝑔𝛽 , 𝑥𝛽) → 𝑥,  Ê . 

Then {𝑔𝛽} has a convergent subnet, say {𝑔𝛽} such that 𝑔𝛽 → 𝑔in )(F ( because )(F  is a compact). 

Since 𝜒𝛽 = 𝜑𝜔(𝑔𝛽
−1, 𝜑𝜔(𝑔𝛽 , 𝜒𝛽)) → 𝜑𝜔(𝑔−1, 𝜒)  

Then  (𝑔𝛽 , 𝜒𝛽) → (𝑔, 𝜑𝜔(𝑔−1, 𝜒)), but {(𝑔𝛽 , 𝜒𝛽)}𝛽∈𝛺is a net in V  

Then (𝑔, 𝜑𝜔(𝑔−1, 𝜒)) ∈ 𝑉, So 𝜑𝜔(𝑔, 𝜑𝜔(𝑔−1, 𝜒)) ∈ 𝜑𝜔(𝑉) 

Hence )()( VV    . Thus   is a closed map, Ê . 

 

Definition (3.11) 

Let (𝐾, Ê, Γ′) be a 𝑆𝔾 -space. A subset V of )(K is called an invariant of )(F  if VVF )( , where  

𝐹𝜔(𝑉) = {𝜑𝜔(𝑔, 𝜒): 𝑔 ∈ 𝐹(𝜔), 𝜒 ∈ 𝑉}. 

 

Example (3.12) 

Let 𝔾 = (𝑍, +) with discrete space, },{Ê 21   and Ê),(F  be a s-set over 𝔾defined by  

ZFF  )()( 21  . If )()()(:  FFF  defined by 𝜑𝜔(𝑔1, 𝑔2) = 𝑔1 + 𝑔2, Ê .  

(i) If ZV  , then V is an invariant set. 

(ii) If 0ZV   (the set of odd integer numbers), then V isn’t  invariant. 

 

Proposition (3.13) 

Let (𝐾, Ê, Γ′)  be a Hausdorff  𝑆𝔾 -space, where (𝔾, Γ, 𝐹, Ê) a compact Sʈg, and let V be a closed subset of )(K . 

i) If V is closed set, then )(VF is closed in )(K . 

ii) If V is compact, then )(VF is compact. 

Proof: 

i) If V is closed subset of )(K , then VF )(  is a closed subset of )()(  KF  . 

Hence by proposition (3.10), we have )())(( VFVF    is closed set in )(K . 

2) If V is compact, then VF )( is compact, and hence )())(( VFVF     is compact. 

 

Theorem (3.14) 

Let (𝐾, Ê, Γ′) is a Hausdorff   𝑆𝔾 -Space, where (𝔾, Γ, 𝐹, Ê)is a compact Sʈg, then Ê : 



            Journal of Iraqi Al-Khwarizmi (JIKh)   Volume:6  Issue:2 Year: 2022   pages: 69-75   

 

74 
 

i) The natural projection )(/)()(:  FKK  is a closed map. 

ii) The Orbit space )(/)(  FK is Hausdorff.  

iii) The map )(/)()(:  FKK   is proper. 

iv) )(K is compact iff )(/)(  FK  is compact. 

Proof: 

i) Suppose U is a closed subset of )(K . 

Then )())((1 UFU  
  

By proposition (3.13), we have that )(UF is closed in )(K and hence )(U  is closed in )(/)(  FK . 

Then   is closed map. 

ii) Let )(/)(,  FKba   such that ba    

Then there are )(, Kba  such that aa  )( , bb  )(  

Then )()(1 aOrba  
and )()(1 bOrbb  

 

The )(aOrb and )(bOrb are compacts (by proposition 3.13) and disjoint. 

Hence there are disjoint open sets A and B such that AaOrb )( , BbOrb )( . 

So  )(bOrbA  

Now: )()( Abb   . Furthermore )(A is closed in )(/)(  FK by (i). 

Thus )()(/)( AFK   is an open neighborhood of b in )(/)(  FK . 

Since )(/)()(:  FKK  is an open map, then )(A is an open neighborhood of )(aa  in 

)(/)(  FK . 

Since    ))()(/)(()( AFKA  . This completes the proof. 

iii) Let A  be a compact set in )(/)(  FK , we claim that )(1 A  is compact. 

Let }:{ A  be an open cover of )(1 A . For all )(/)(  FKb  we have that )(1 b is compact. 

Since )()(1 aOrbb  
 where ba  )( . 

Thus, for all )(Hb there is a finite subset b  of   such that  

bAAb
b




 


 )(1
, then )()(/)( c

bb AFKB    

Since 
c

bA  is closed in )(K , we have by (i) that )( c

bA  is closed in )(/)(  FK  

Thus bB  is an open in )(/)(  FK . 

We claim that bb AB  )(1

  and bBb  

Let )(1

bBa   . Then )()(/)()( c

bb AFKBa     

Thus )()( c

bAa   . Hence 
c

bAa , and thus bAa  

Since bAb  )(1

 , then )( c

bAb  , that is b

c

b BAFKb  ))()(/)((   

The sets AbBb ,  form a covering of A  by open subsets of )(/)(  FK  

Since A  is compact, then there are nbb ,...,1  such that 
n

i

bi
BA

1

  
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Then . 

Thus, the finite sub cover  }1:: niA
ib   of  }{A  covers )(1 A  

Then )(1 A is compact, hence  is proper map. 
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