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In this paper, we introduce the quadruple sequences spaces 𝓂(𝕄, φ)𝔽
4 of fuzzy 

numbers defined by double young functions using fuzzy metric and discuss some 

properties like the space 𝓂(𝕄, φ)𝔽
4 is a metric space , the space 𝓂(𝕄, φ)𝔽

4 is 

complete metric space , and discuss other properties .   

 

1. Introduction 

          In the year 1965, L.A. Zadeh established the concept of fuzzy set theory by Yu-ru [10], Tripathy 

and Baruah ([1], [2]), Tripathy and Borgohain ([3], Tripathy and Dutta ([4], [5]), Tripathy and Sarma 

([7],[8],[9]), and many others. By generalizing the concept of the probabilistic metric space to the 

fuzzy situation, Kramosil and Michalek [6] established the fuzzy metric space . In this work, we offer 

and define the space  𝓂(𝕄, φ)𝔽
4 of fuzzy numbers determined by the double young functions using 

fuzzy metric. 

 

2. Definitions and Preliminaries  

    If Ω ∶ [0, ∞) → [0, ∞) is a continuous, non-decreasing, and convex with Ω(0) = 0, Ω(𝔄) ≻

0 as 𝔄 ≻ 0 and Ω(𝔄) → ∞ as 𝔄 → ∞ then Ω  is an Orlicz function. 

If ℋ: [0, ∞) → [0, ∞) ∋ ℋ(𝔄) =
Ω(𝔄)

𝔄
 , 𝔄 ≻ 0 and ℋ(0) = 0, ℋ(𝔄) ≻ 0 as 𝔄 ≻ 0 and ℋ(𝔄) → 0 as 

𝔄 → ∞ then ℋ is a young function.   

A double young function is a function 𝕄 ∶ [0, ∞) × [0, ∞)[0, ∞) × [0, ∞) ∋  𝕄(𝔄, 𝔖) =

(𝕄1(𝔄), 𝕄2(𝔖)) , where 𝕄1 ∶ [0, ∞)[0, ∞) ∋ 𝕄1(𝔄) =
Ω1(𝔄)

𝔄
, 𝔄 ≻ 0 and 𝕄2 ∶ [0, ∞)[0, ∞) ∋

𝕄2(𝔖) =
Ω2(𝔖)

𝔖
, 𝔖 ≻ 0.These functions are non-decreasing , continuous , even , convex , and satisfy 

the following condition:  

𝕚)𝕄1(0) = 0, 𝕄2(0) = 0 ⟹ 𝕄(0,0) = (𝕄1(0), 𝕄2(0)) = (0,0) 

𝕚𝕚) 𝕄1(𝔄) ≻ 0, 𝕄2(𝔖) ≻ 0 ⟹ 𝕄(𝔄, 𝔖) = (𝕄1(𝔄), 𝕄2(𝔖)) ≻ (0,0), for 𝔄 ≻ 0, 𝔖 ≻ 0,   

     we mean by (𝔄, 𝔖) ≻ (0,0) implies that 𝕄1(𝔄) ≻ 0, 𝕄2(𝔖) ≻ 0. 

𝕚𝕚𝕚) 𝕄1(𝔄) → 0, 𝕄2(𝔖) → 0 as 𝔄 → ∞, 𝔖 → ∞, then 𝕄(𝔄, 𝔖) = (𝕄1(𝔄), 𝕄2(𝔖)) →  

       (0,0) as (𝔄, 𝔖) → (∞, ∞),we mean by 𝕄(𝔄, 𝔖) → (0,0) as 𝕄1(𝔑) → 0, 𝕄2(𝔐) → 0        

Let 𝕋, 𝕊: [0,1] × [0,1] → [0,1] be non-decreasing , symmetric, and satisfies 𝕋[0,0] = 0 and 𝕊[1,1] =

1, where 𝕋 = min{𝔭, 𝔮} and 𝕊 = max{𝔭, 𝔮} , where 𝔭, 𝔮 ∈ [0,1]. 

Assume 𝒯: ℝ(𝕀) × ℝ(𝕀) → ℝ ∋ 𝒯(𝕏, 𝕐) = sup0≼⋉≼1 𝒯⋉(𝕏⋉, 𝕐⋉) ,and 𝒯⋉: ℝ × ℝ → ℝ ∋

𝒯⋉(𝕏⋉, 𝕐⋉) = min{|𝕏1
⋉ − 𝕐1

⋉|, |𝕏2
⋉ − 𝕐2

⋉|}. 

Suppose 𝒮: ℝ(𝕀) × ℝ(𝕀) → ℝ ∋ 𝒮(𝕏, 𝕐) = sup0≼⋉≼1 𝒮⋉(𝕏⋉, 𝕐⋉) and 

𝒮⋉: ℝ × ℝ → ℝ ∋ 𝒮⋉(𝕏⋉, 𝕐⋉) = max{|𝕏1
⋉ − 𝕐1

⋉|, |𝕏2
⋉ − 𝕐2

⋉|}.                                                           

The distance between the fuzzy numbers 𝕏, 𝕐 which are symbolized by 𝒹𝔽 has the following definition 

𝒹𝔽(𝕏, 𝕐) = [𝒯⋉(𝕏⋉, 𝕐⋉), 𝒮⋉(𝕏⋉, 𝕐⋉)], 0 ≼⋉≼ 1. The quadruple (ℝ(𝕀), 𝒹𝔽, 𝕋, 𝕊) be a referred to as 

fuzzy metric space and 𝒹𝔽 is a fuzzy metric if : 

     𝕚) 𝒹𝔽(𝕏, 𝕐) = 0 iff 𝕏 = 𝕐, for everybody 𝕏, 𝕐 ∈ ℝ(𝕀). 
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    𝕚𝕚) 𝒹𝔽(𝕏, 𝕐) = 𝒹𝔽(𝕐, 𝕏), for everybody 𝕏, 𝕐 ∈ ℝ(𝕀). 

   𝕚𝕚𝕚) ∀ 𝕏, 𝕐, ℤ ∈ ℝ(𝕀), 

           𝕒) 𝒹𝔽(𝕏, 𝕐)(𝕤 + 𝕣) ≽ 𝕋(𝒹𝔽(𝕏, ℤ)(𝕤), 𝒹𝔽(ℤ, 𝕐)(𝕣)), whenever 𝕤 ≼ 𝒯1(𝕏, ℤ), 

                   𝕣 ≼ 𝒯1(ℤ, 𝕐)and 𝕤 + 𝕣 ≼ 𝒯1(𝕏, 𝕐). 

           𝕓) 𝒹𝔽(𝕏, 𝕐)(𝕤 + 𝕣) ≼ 𝕋(𝒹𝔽(𝕏, ℤ)(𝕤), 𝒹𝔽(ℤ, 𝕐)(𝕣)), whenever 𝕤 ≽ 𝒯1(𝕏, ℤ), 

                   𝕣 ≽ 𝒯1(ℤ, 𝕐) and 𝕤 + 𝕣 ≽ 𝒯1(𝕏, 𝕐). 

If it is satisfies the following conditions: 

1. 𝔽 is a convex if for each 𝔽(𝕣2) ≽ 𝔽(𝕣1) ∧ 𝔽(𝕣3) = min{ 𝔽(𝕣1), 𝔽(𝕣3)}, 

∀𝕣1 ≺ 𝕣2 ≺ 𝕣3 , ∀ 𝕣1, 𝕣2, 𝕣3 ∈ ℝ .   

2. 𝔽 is normal if there is a  𝕣0 ∈ ℝ and 𝔽( 𝕣0) = 1.        

3. 𝔽 is upper-semi-continuous ∀ 𝕒 ∈ 𝕀 , ∀ ε ≻ 0 and 𝔽−1 ([0 , 𝕒 + ε)) is open in  

     the usual topology of ℝ 

4. 𝔽 is a non-negative fuzzy number ∀ 𝕣 ≺ 0 implies 𝔽(𝕣) = 0 then 𝔽 ∶ ℝ → [0,1] is a fuzzy  

     real number . 

In this study, we introduce and define these space as follows: 

 

𝓂(𝕄, φ)𝔽
4 =

{(𝔛𝔞𝔟𝔠𝔢) = ((𝔛1)𝔞𝔟𝔠𝔢 , (𝔛2)𝔞𝔟𝔠𝔢) , (𝔛𝔞𝔟𝔠𝔢) ∈ 𝕎𝔽
4 ∶

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔛1)𝔞𝔟𝔠𝔢 ,0̅ )

ρ
) ⋎ 𝕄2 (

𝒯((𝔛2)𝔞𝔟𝔠𝔢 ,0̅ )

ρ
)]𝔢∈ℴ𝔠∈ℴ ≺𝔟∈ℴ𝔞∈ℴ

(∞, ∞) and sup𝔰,𝔯,𝔦,𝔧 ≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔛1)𝔞𝔟𝔠𝔢 ,0̅ )

ρ
) ⋎ 𝕄2 (

𝒮((𝔛2)𝔞𝔟𝔠𝔢 ,0̅ )

ρ
)]𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ ≺

(∞, ∞)} , for some ρ ≻ 0 , where 𝕄 = (𝕄1 , 𝕄2). 

 

3. Main Results        

Theorem 3.1:  𝓂(𝕄, φ)𝔽
4 is a metric space by the metric : 

𝒹̅(𝔄, 𝔘) = inf {(ρ, ρ) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢)

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝔄2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢)

ρ
)] ≼

(1,1) and  sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢)

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝔄2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢)

ρ
)] ≼ (1,1) } , ∀ 𝔄, 𝔘 ∈ 𝓂(𝕄, φ)𝔽

4 . 

Proof:  

Let 𝔄 , 𝔘, 𝒰 ∈ 𝓂(𝕄, φ)𝔽
4  

𝕚) If 𝒹̅(𝔄 , 𝔘)𝕄 = 0 implies that 𝒯(((𝔄1)𝔞𝔟𝔠𝔢 , (𝔘1)𝔞𝔟𝔠𝔢 )) = 0 , 𝒯(((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢 )) = 0, and   

𝒮(((𝔄1)𝔞𝔟𝔠𝔢 , (𝔘1)𝔞𝔟𝔠𝔢 )) = 0, 𝒮(((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢 )) = 0, (𝕄1(0) = 0, 𝕄2(0) = 0)  

This leads that , ∀ ⋉ ∈ (0,1] , 

sup
0≼⋉≼1

𝒯⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) = 0 ⟹ 𝒯⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) = 0, ∀ ⋉ ∈ (0,1]   

           ⟹ min  {|(𝔄1)𝔞𝔟𝔠𝔢1
⋉ − (𝔘1)𝔞𝔟𝔠𝔢1

⋉ |, |(𝔄1)𝔞𝔟𝔠𝔢2
⋉ − (𝔘1)𝔞𝔟𝔠𝔢2

⋉ |} = 0 , ∀ ⋉ ∈ (0,1] … (1 

sup
0≼⋉≼1

𝒯⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) = 0 ⟹ 𝒯⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) = 0 , ∀ ⋉ ∈ (0,1]  

           ⟹ min  {|(𝔄2)𝔞𝔟𝔠𝔢1
⋉ − (𝔘2)𝔞𝔟𝔠𝔢1

⋉ |, |(𝔄2)𝔞𝔟𝔠𝔢2
⋉ − (𝔘2)𝔞𝔟𝔠𝔢2

⋉ |} = 0 , ∀ ⋉ ∈ (0,1]… (2 
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Similarly , ∀  ⋉ ∈ (0,1], 

sup
0≼⋉≼1

𝒮⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) = 0 ⟹ 𝒮⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) = 0 , ∀ ⋉ ∈ (0,1]  

           ⟹ max {|(𝔄1)𝔞𝔟𝔠𝔢1
⋉ − (𝔘1)𝔞𝔟𝔠𝔢1

⋉ |, |(𝔄1)𝔞𝔟𝔠𝔢2
⋉ − (𝔘1)𝔞𝔟𝔠𝔢2

⋉ |} = 0 , ∀ ⋉ ∈ (0,1]… (3 

sup
0≼⋉≼1

𝒮⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) = 0 ⟹ 𝒮⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) = 0 , ∀ ⋉ ∈ (0,1]   

          ⟹ max  {|(𝔄2)𝔞𝔟𝔠𝔢1
⋉ − (𝔘2)𝔞𝔟𝔠𝔢1

⋉ |, |(𝔄2)𝔞𝔟𝔠𝔢2
⋉ − (𝔘2)𝔞𝔟𝔠𝔢2

⋉ |} = 0 , ∀ ⋉ ∈ (0,1]… (4 

From (1) and (2) and (3) and (4), it follows that, 𝔄𝔞𝔟𝔠𝔢 = 𝔘𝔞𝔟𝔠𝔢 ⟹ 𝔄 = 𝔘 , ∀ 𝔞, 𝔟, 𝔠, 𝔢 ∈ ℕ, where (ℕ is 

the natural numbers)  .  

Conversely, assume that, 𝔄 = 𝔘 . Then, using the definition of 𝒯 and 𝒮, we obtain , 

𝒯⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) = 0, 𝒯⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) = 0 and  

𝒮⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) = 0, 𝒮⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) = 0 , ∀ 𝔞, 𝔟, 𝔠, 𝔢 ∈ ℕ, ∀ ⋉ ∈ (0,1].  

This means that, 

sup
0≼⋉≼1

𝒯⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) = 0 , sup
0≼⋉≼1

𝒯⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) = 0 and sup
0≼⋉≼1

𝒮⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) =

0 , sup
0≼⋉≼1

𝒮⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) = 0. ∀ 𝔞, 𝔟, 𝔠, 𝔢 ∈ ℕ. Consequently, 

𝒯((𝔄1)𝔞𝔟𝔠𝔢 , (𝔘1)𝔞𝔟𝔠𝔢) = 0 , 𝒯((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢) = 0 and 

𝒮((𝔄1)𝔞𝔟𝔠𝔢 , (𝔘1)𝔞𝔟𝔠𝔢) = 0 , 𝒮((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢) = 0  . 

By the continuity of 𝕄, we obtain , 𝒹̅(𝔄 , 𝔘)𝕄 = 0 . Therefore 𝒹̅(𝔄 , 𝔘)𝕄 = 0 ⟺ 𝔄 = 𝔘 . 

𝕚𝕚) 𝒹̅(𝔄 , 𝔘)𝕄 =

inf {(ρ, ρ) ≻ (0,0) ∶

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎ 𝕄2 (

𝒯((𝔄2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢 )

ρ
)]𝔢∈ℴ𝔠∈ℴ ≼𝔟∈ℴ𝔞∈ℴ

(1,1) and  sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝔄2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢 )

ρ
)] ≼ (1,1) }.  

From the definition of 𝒯, we get, 

𝒯((𝔄1)𝔞𝔟𝔠𝔢 , (𝔘1)𝔞𝔟𝔠𝔢) = sup
0≼⋉≼1

𝒯⋉((𝔄1)𝔞𝔟𝔠𝔢
⋉  , (𝔘1)𝔞𝔟𝔠𝔢

⋉ ) =

sup
0≼⋉≼1

(min{|(𝔄1)𝔞𝔟𝔠𝔢1
⋉ − (𝔘1)𝔞𝔟𝔠𝔢1

⋉ |, |(𝔄1)𝔞𝔟𝔠𝔢2
⋉ − (𝔘1)𝔞𝔟𝔠𝔢2

⋉ |}) =

sup
0≼⋉≼1

(min{|(𝔘1)𝔞𝔟𝔠𝔢1
⋉ − (𝔄1)𝔞𝔟𝔠𝔢1

⋉ |, |(𝔘1)𝔞𝔟𝔠𝔢2
⋉ − (𝔄1)𝔞𝔟𝔠𝔢2

⋉ |}) = sup
0≼⋉≼1

𝒯⋉((𝔘1)𝔞𝔟𝔠𝔢
⋉  , (𝔄1)𝔞𝔟𝔠𝔢

⋉  ) =

𝒯((𝔘1)𝔞𝔟𝔠𝔢 , (𝔄1)𝔞𝔟𝔠𝔢).  

𝒯((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢) = sup
0≼⋉≼1

𝒯⋉((𝔄2)𝔞𝔟𝔠𝔢
⋉  , (𝔘2)𝔞𝔟𝔠𝔢

⋉ ) =

sup
0≼⋉≼1

(min{|(𝔄2)𝔞𝔟𝔠𝔢1
⋉ − (𝔘2)𝔞𝔟𝔠𝔢1

⋉ |, |(𝔄2)𝔞𝔟𝔠𝔢2
⋉ − (𝔘2)𝔞𝔟𝔠𝔢2

⋉ |}) =

sup
0≼⋉≼1

(min{|(𝔘2)𝔞𝔟𝔠𝔢1
⋉ − (𝔄2)𝔞𝔟𝔠𝔢1

⋉ |, |(𝔘2)𝔞𝔟𝔠𝔢2
⋉ − (𝔄2)𝔞𝔟𝔠𝔢2

⋉ |}) = sup
0≼⋉≼1

𝒯⋉((𝔘2)𝔞𝔟𝔠𝔢
⋉  , (𝔄2)𝔞𝔟𝔠𝔢

⋉  ) =

𝒯((𝔘2)𝔞𝔟𝔠𝔢 , (𝔄2)𝔞𝔟𝔠𝔢).  

Continuing in the same way, we have, 

 𝒮((𝔄1)𝔞𝔟𝔠𝔢 , (𝔘1)𝔞𝔟𝔠𝔢) = 𝒮((𝔘1)𝔞𝔟𝔠𝔢 , (𝔄1)𝔞𝔟𝔠𝔢) ,  𝒮((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢) = 𝒮((𝔘2)𝔞𝔟𝔠𝔢 , (𝔄2)𝔞𝔟𝔠𝔢) .  

Then we arrive that, 

𝒹̅(𝔄 , 𝔘)𝕄 = inf {(ρ, ρ) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢 )

ρ
)] ≼
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(1,1) and   sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢 )

ρ
)] ≼ (1,1) }    

= inf {(ρ, ρ) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔘1)𝔞𝔟𝔠𝔢 ,(𝔄1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝔘2)𝔞𝔟𝔠𝔢 , (𝔄2)𝔞𝔟𝔠𝔢  )

ρ
)] ≼

(1,1) and   sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔘1)𝔞𝔟𝔠𝔢  ,(𝔄1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝔘2)𝔞𝔟𝔠𝔢 , (𝔄2)𝔞𝔟𝔠𝔢  )

ρ
)] ≼ (1,1) } = 𝒹̅(𝔘, 𝔄 )𝕄 . Consequently 𝒹̅(𝔄 , 𝔘)𝕄 = 𝒹̅(𝔘, 𝔄 )𝕄 .  

𝕚𝕚𝕚) Let
'
s assume ρ1, ρ2 ≻ 0, then   

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯( (𝔄1)𝔞𝔟𝔠𝔢 , (𝒰1)𝔞𝔟𝔠𝔢)

ρ1
) ⋎ 𝕄2 (

𝒯((𝔄2)𝔞𝔟𝔠𝔢 , (𝒰2)𝔞𝔟𝔠𝔢  )

ρ1
)]𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ ≼ (1,1), 

and  

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯( (𝒰1)𝔞𝔟𝔠𝔢 , (𝔘1)𝔞𝔟𝔠𝔢)

ρ2
) ⋎ 𝕄2 (

𝒯((𝒰2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢  )

ρ2
)]𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ ≼ (1,1).  

Assume ρ = ρ1 + ρ2 , then we have  

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎ 𝕄2 (

𝒯((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢  )

ρ
)]𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ ≼

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 ((

𝒯(((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢),((𝔄2)𝔞𝔟𝔠𝔢 ,(𝒰2)𝔞𝔟𝔠𝔢))

ρ1+ρ2
) +𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

(
𝒯(((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢),((𝒰2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢))

ρ1+ρ2
)) ⋎ 𝕄2 ((

𝒯(((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢),((𝔄2)𝔞𝔟𝔠𝔢 ,(𝒰2)𝔞𝔟𝔠𝔢))

ρ1+ρ2
) +

(
𝒯(((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢),((𝒰2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢))

ρ1+ρ2
))] ≼  

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 ((

ρ1

ρ1+ρ2
) (

𝒯(((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢),((𝔄2)𝔞𝔟𝔠𝔢 ,(𝒰2)𝔞𝔟𝔠𝔢))

ρ1
) +𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

(
ρ2

ρ1+ρ2
) (

𝒯(((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢),((𝒰2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢))

ρ2
)) ⋎ 𝕄2 ((

ρ1

ρ1+ρ2
) (

𝒯(((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢),((𝔄2)𝔞𝔟𝔠𝔢 ,(𝒰2)𝔞𝔟𝔠𝔢))

ρ1
) +

(
ρ2

ρ1+ρ2
) (

𝒯(((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢),((𝒰2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢))

ρ2
))] ≼   

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧

ρ1

ρ1+ρ2
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢 )

ρ1
) ⋎ 𝕄2 (

𝒯((𝔄2)𝔞𝔟𝔠𝔢 , (𝒰2)𝔞𝔟𝔠𝔢)

ρ1
)]𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ +      

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧

ρ2

ρ1+ρ2
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ2
) ⋎ 𝕄2 (

𝒯((𝒰2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢)

ρ2
)]𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ ≼

(1,1).  

Since the 
'
s are non-negative , so taking the infimum of such 

'
s, we get  

inf {(ρ, ρ) ≻ (0,0) ∶

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎ 𝕄2 (

𝒯((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢  )

ρ
)]𝔢∈ℴ𝔠∈ℴ ≼𝔟∈ℴ𝔞∈ℴ

(1,1) } ≼  

inf {(ρ1, ρ1) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢 )

ρ1
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝔄2)𝔞𝔟𝔠𝔢 , (𝒰2)𝔞𝔟𝔠𝔢  )

ρ1
)] ≼ (1,1) } +  
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inf {(ρ2, ρ2) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ2
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝒰2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢  )

ρ2
)] ≼ (1,1) } .  

Continuing in the same way, we obtain that, 

inf {(ρ, ρ) ≻ (0,0) ∶

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎ 𝕄2 (

𝒮((𝔄2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢  )

ρ
)]𝔢∈ℴ𝔠∈ℴ ≼𝔟∈ℴ𝔞∈ℴ

(1,1) } ≼  

inf {(ρ1, ρ1) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢 )

ρ1
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝔄2)𝔞𝔟𝔠𝔢 , (𝒰2)𝔞𝔟𝔠𝔢  )

ρ1
)] ≼ (1,1) } +  

inf {(ρ2, ρ2) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ2
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝒰2)𝔞𝔟𝔠𝔢 , (𝔘2)𝔞𝔟𝔠𝔢  )

ρ2
)] ≼ (1,1) }.  

Moreover, we have   

inf {(ρ, ρ) ≻ (0,0) ∶

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎ 𝕄2 (

𝒯((𝔄2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢 )

ρ
)]𝔢∈ℴ𝔠∈ℴ ≼𝔟∈ℴ𝔞∈ℴ

(1,1) and sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
  ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔄1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝔄2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢 )

ρ
)] ≼ (1,1)} ≼ 

inf {(ρ1, ρ1) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢 )

ρ1
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝔄2)𝔞𝔟𝔠𝔢 ,(𝒰2)𝔞𝔟𝔠𝔢 )

ρ1
)] ≼

(1,1) and sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝔄1)𝔞𝔟𝔠𝔢 ,(𝒰1)𝔞𝔟𝔠𝔢 )

ρ1
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝔄2)𝔞𝔟𝔠𝔢 ,(𝒰2)𝔞𝔟𝔠𝔢 )

ρ1
)] ≼ (1,1)} + 

inf {(ρ2, ρ2) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ2
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝒰2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢 )

ρ2
)] ≼

(1,1) and sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 ∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝒰1)𝔞𝔟𝔠𝔢 ,(𝔘1)𝔞𝔟𝔠𝔢 )

ρ2
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝒰2)𝔞𝔟𝔠𝔢 ,(𝔘2)𝔞𝔟𝔠𝔢 )

ρ2
)] ≼ (1,1)} ⟹ 𝒹̅(𝔄 , 𝔘)𝕄 ≼  𝒹̅(𝔄 , 𝒰)𝕄 + 𝒹̅(𝒰 , 𝔘)𝕄 .  

Thus, 𝓂(𝕄, φ)𝔽
4 is a metric space. 

 

Theorem 3.2:  𝓂(𝕄, φ)𝔽
4  is complete metric space by the metric : 
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𝒹̅(𝕏, 𝕐)𝕄 = inf {(ρ, ρ) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝕏1)𝔞𝔟𝔠𝔢 , 0̅ )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝕏2)𝔞𝔟𝔠𝔢 , 0̅ )

ρ
)] ≼ (1,1) and sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝕏1)𝔞𝔟𝔠𝔢 , 0̅ )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝕏2)𝔞𝔟𝔠𝔢 , 0̅ )

ρ
)] ≼ (1,1)} , ∀ 𝕏, 𝕐 ∈ 𝓂(𝕄, φ)𝔽

4 .  

Proof:  

Assume that (𝕏(𝒾𝒿ℓ𝓀)) is a Cauchy quadruple sequence in 𝓂(𝕄, φ)𝔽
4  ∋ 𝕏(𝒾𝒿ℓ𝓀) = (𝕏𝓌𝓋𝓊𝓉

(𝒾𝒿ℓ𝓀)
)

𝓌,𝓋,𝓊,𝓉=1

∞

. 

Let
 
 ε ≻ 0. For a fixed exist 𝓍0 ≻ 0, choose  𝔭 ≻ 0 ∋ [𝕄1 (

𝔭𝓍0

2
) ⋎ 𝕄2 (

𝔭𝓍0

2
)] ≽ (1,1) . Then a positive 

integer exists 𝓃0 = 𝓃0(ε) ∋ 𝒹̅(𝕏(𝒾𝒿ℓ𝓀), 𝕏(ℊ𝒻ℯ𝒹))
𝕄

≺ (
ε

𝔭𝓍0
,

ε

𝔭𝓍0
) , ∀ 𝒾, 𝒿, ℓ, 𝓀, ℊ, 𝒻, ℯ, 𝒹 ≽ 𝓃0.  

By the definition of 𝒹̅(𝕏, 𝕐)𝕄 , we obtain :  

inf {(ρ, ρ) ≻ (0,0) ∶ sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝕏1)
𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏1)
𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝕏2)𝔞𝔟𝔠𝔢

(𝒾𝒿ℓ𝓀)
 ,   (𝕏2)𝔞𝔟𝔠𝔢

(ℊ𝒻ℯ𝒹)
 )

ρ
)] ≼

(1,1) and sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏1)𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝕏2)𝔞𝔟𝔠𝔢

(𝒾𝒿ℓ𝓀)
 ,   (𝕏2)𝔞𝔟𝔠𝔢

(ℊ𝒻ℯ𝒹)
 )

ρ
)] ≼ (1,1)} ≺ ε , ∀ 𝒾, 𝒿, ℓ, 𝓀, ℊ, 𝒻, ℯ, 𝒹 ≽ 𝓃0                  (1)  

It follows that , 

 sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏1)𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝕏2)𝔞𝔟𝔠𝔢

(𝒾𝒿ℓ𝓀)
 ,   (𝕏2)𝔞𝔟𝔠𝔢

(ℊ𝒻ℯ𝒹)
 )

ρ
)] ≼ (1,1)                                                            (2) 

 sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏1)𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝕏2)𝔞𝔟𝔠𝔢

(𝒾𝒿ℓ𝓀)
 ,   (𝕏2)𝔞𝔟𝔠𝔢

(ℊ𝒻ℯ𝒹)
 )

ρ
)] ≼ (1,1)                                           (3)                     

From (2) , we have ,  

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏1)𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝕏2)𝔞𝔟𝔠𝔢

(𝒾𝒿ℓ𝓀)
 ,   (𝕏2)𝔞𝔟𝔠𝔢

(ℊ𝒻ℯ𝒹)
 )

ρ
)] ≼ (1,1)…                                                               (4 ) 

On taking  𝔰, 𝔯, 𝔦, 𝔧 = 1 and varying ℴ over 𝔜𝔰𝔯𝔦𝔧, we arrive that ,  

∑ ∑ ∑ ∑ [𝕄1 (
𝒯((𝕏1)𝔞𝔟𝔠𝔢

(𝒾𝒿ℓ𝓀)
 ,   (𝕏1)𝔞𝔟𝔠𝔢

(ℊ𝒻ℯ𝒹)
 )

ρ
) ⋎ 𝕄2 (

𝒯((𝕏2)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏2)𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 )

ρ
)]𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ ≼

φ1111 , ∀ 𝒾, 𝒿, ℓ, 𝓀, ℊ, 𝒻, ℯ, 𝒹 ≽ 𝓃0,  

[𝕄1 (
𝒯((𝕏1)

𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏1)
𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 )

�̅�(𝕏1
(𝒾𝒿ℓ𝓀)

, 𝕏1
(ℊ𝒻ℯ𝒹)

)
) ⋎ 𝕄2 (

𝒯((𝕏2)
𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏2)
𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 )

�̅�(𝕏2
(𝒾𝒿ℓ𝓀)

, 𝕏2
(ℊ𝒻ℯ𝒹)

)
)] ≼ φ1111 ≼ [𝕄1 (

𝔭𝓍0

2
) ⋎ 𝕄2 (

𝔭𝓍0

2
)] .  

By the continuity of 𝕄 , we obtain , 
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 𝒯⋉ (((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏1)𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 ) , ((𝕏2)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,   (𝕏2)𝔞𝔟𝔠𝔢
(ℊ𝒻ℯ𝒹)

 ))
𝕄

≺  (
𝔭𝓍0

2
,

𝔭𝓍0

2
) . (

ε

𝔭𝓍0
,

ε

𝔭𝓍0
) = (

ε

2
,

ε

2
)  . 

 Therefore ((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

) , ((𝕏2)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

) are Cauchy quadruple sequence in ℝ(𝕀),so is convergent in ℝ(𝕀) 

by the completeness property of  ℝ(𝕀) .  

Assume lim𝒾𝒿ℓ𝓀(𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

= (𝕏1)𝔞𝔟𝔠𝔢 and lim𝒾𝒿ℓ𝓀(𝕏2)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

= (𝕏2)𝔞𝔟𝔠𝔢  , ∀ 𝔞, 𝔟, 𝔠, 𝔢 ∈ ℕ . 

We must to prove that, 

lim𝒾𝒿ℓ𝓀(𝕏1)(𝒾𝒿ℓ𝓀) = 𝕏1 and lim𝒾𝒿ℓ𝓀(𝕏2)(𝒾𝒿ℓ𝓀) = 𝕏2 , ∀ 𝕏1, 𝕏1 ∈ 𝓂(𝕄, φ)𝔽
4 .  

Since 𝕄 is a continuous , so on taking ℊ, 𝒻, ℯ, 𝒹 ⟶ ∞ and fixing 𝒾, 𝒿, ℓ, 𝓀 .  

From (2) ,we obtain, 

 sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,(𝕏1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎ 𝕄2 (

𝒯((𝕏2)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,(𝕏2)𝔞𝔟𝔠𝔢 )

ρ
)]𝔢∈ℴ𝔠∈ℴ ≼𝔟∈ℴ𝔞∈ℴ

(1,1) for some ρ ≻ 0 and ∀ 𝒾, 𝒿, ℓ, 𝓀 ≽ 𝓃0.  

Continuing in the same way, from (2) we obtain, 

 sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,(𝕏1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎ 𝕄2 (

𝒮((𝕏2)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,(𝕏2)𝔞𝔟𝔠𝔢 )

ρ
)]𝔢∈ℴ𝔠∈ℴ ≼𝔟∈ℴ𝔞∈ℴ

(1,1) for some ρ ≻ 0 and ∀ 𝒾, 𝒿, ℓ, 𝓀 ≽ 𝓃0.  

Now on taking the infimum of such 
'
s, we obtain ,  

inf {(ρ, ρ) ≻ (0,0) ∶  sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,(𝕏1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒯((𝕏2)𝔞𝔟𝔠𝔢

(𝒾𝒿ℓ𝓀)
 ,(𝕏2)𝔞𝔟𝔠𝔢 )

ρ
)] ≼

(1,1) and  sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒮((𝕏1)𝔞𝔟𝔠𝔢
(𝒾𝒿ℓ𝓀)

 ,(𝕏1)𝔞𝔟𝔠𝔢 )

ρ
) ⋎𝔢∈ℴ𝔠∈ℴ𝔟∈ℴ𝔞∈ℴ

𝕄2 (
𝒮((𝕏2)𝔞𝔟𝔠𝔢

(𝒾𝒿ℓ𝓀)
 ,(𝕏2)𝔞𝔟𝔠𝔢 )

ρ
)] ≼ (1,1)} ≺ (ε, ε) , ∀ 𝒾, 𝒿, ℓ, 𝓀 ≽ 𝓃0.  

Which demonstrates that,  

𝒹̅ (((𝕏1)(𝒾𝒿ℓ𝓀), 𝕏1), ((𝕏2)(𝒾𝒿ℓ𝓀), 𝕏2))
𝕄

≺ (ε, ε), ∀ 𝒾, 𝒿, ℓ, 𝓀 ≽ 𝓃0. 

That is  lim𝒾𝒿ℓ𝓀(𝕏1)(𝒾𝒿ℓ𝓀) = 𝕏1 and   lim𝒾𝒿ℓ𝓀(𝕏2)(𝒾𝒿ℓ𝓀) = 𝕏2. 

Now, to prove that 𝕏1, 𝕏2 ∈ 𝓂(𝕄, φ)𝔽
4 . We have,  

𝒹̅ ((𝕏1, θ̅), (𝕏2, θ̅))
𝕄

≼

𝒹̅ ((𝕏1, (𝕏1)(𝒾𝒿ℓ𝓀)), (𝕏2, (𝕏2)(𝒾𝒿ℓ𝓀)))
𝕄

+ 𝒹̅ (((𝕏1)(𝒾𝒿ℓ𝓀), θ̅), ((𝕏1)(𝒾𝒿ℓ𝓀), θ̅))
𝕄

≺ (ε, ε) +

(𝕄1, 𝕄1), ∀ 𝒾, 𝒿, ℓ, 𝓀 ≽ 𝓃0(ε) .  

That is 𝒹̅ ((𝕏1, θ̅), (𝕏2, θ̅))
𝕄

 is a finite.  

Consequently 𝕏1, 𝕏2 ∈ 𝓂(𝕄, φ)𝔽
4 . Thus, 𝓂(𝕄, φ)𝔽

4  is complete metric space.  

 

Proposition 3.3:  𝓂(𝕄, φ)𝔽
4 ⊆ 𝓂(𝕄, φ, 𝓅)𝔽

4  , ∀ 1 ≼ 𝓅 ≺ ∞.  

Proof: Let 𝕏 = (𝕏𝔞𝔟𝔠𝔢) = ((𝕏1)𝔞𝔟𝔠𝔢 , (𝕏2)𝔞𝔟𝔠𝔢) ∈ 𝓂(𝕄, φ)𝔽
4 , then we have, for some ρ ≻ 0 , 

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
∑ ∑ ∑ ∑ [𝕄1 (

𝒯( (𝕏1)𝔞𝔟𝔠𝔢   ,   0̅)

ρ
) ⋎ 𝕄2 (

𝒯( (𝕏2)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
)] = 𝕂𝔢∈ℴ𝔠∈ℴ ≺ ∞.𝔟∈ℴ𝔞∈ℴ   

Hence, for fixed 𝔰, 𝔯, 𝔦, 𝔧 , we have  
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∑ ∑ ∑ ∑ [𝕄1 (
𝒯( (𝕏1)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
) ⋎ 𝕄2 (

𝒯( (𝕏2)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
)] ≼ 𝕂𝔢∈ℴ φ𝔰𝔯𝔦𝔧𝔠∈ℴ , ∀ 𝔟∈ℴ𝔞∈ℴ ℴ ∈ 𝔜𝔰𝔯𝔦𝔧 . 

[∑ ∑ ∑ ∑ (𝕄1 (
𝒯( (𝕏1)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
) ⋎ 𝕄2 (

𝒯( (𝕏2)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
))

𝓅

𝔢∈ℴ𝔠∈ℴ  𝔟∈ℴ𝔞∈ℴ ]

1

𝓅

≼ 𝕂φ𝔰𝔯𝔦𝔧 , ∀ ℴ ∈ 𝔜𝔰𝔯𝔦𝔧  

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 [∑ ∑ ∑ ∑ (𝕄1 (

𝒯( (𝕏1)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
) ⋎ 𝕄2 (

𝒯( (𝕏2)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
))

𝓅

𝔢∈ℴ𝔠∈ℴ  𝔟∈ℴ𝔞∈ℴ ]

1

𝓅

 ≼ 𝕂 . 

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 [∑ ∑ ∑ ∑ (𝕄1 (

𝒯( (𝕏1)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
) ⋎ 𝕄2 (

𝒯( (𝕏2)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
))

𝓅

𝔢∈ℴ𝔠∈ℴ  𝔟∈ℴ𝔞∈ℴ ]

1

𝓅

 ≺ ∞ .  

Continuity in the same way , we get , 

sup𝔰,𝔯,𝔦,𝔧≽1,ℴ∈𝔜𝔰𝔯𝔦𝔧

1

φ𝔰𝔯𝔦𝔧
 [∑ ∑ ∑ ∑ (𝕄1 (

𝒮( (𝕏1)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
) ⋎ 𝕄2 (

𝒮( (𝕏2)𝔞𝔟𝔠𝔢  ,   0̅)

ρ
))

𝓅

𝔢∈ℴ𝔠∈ℴ  𝔟∈ℴ𝔞∈ℴ ]

1

𝓅

 ≺ ∞ .  

Therefore 𝕏 = (𝕏𝔞𝔟𝔠𝔢) = ((𝕏1)𝔞𝔟𝔠𝔢 , (𝕏2)𝔞𝔟𝔠𝔢) ∈ 𝓂(𝕄, φ, 𝓅)𝔽
4 , ∀ 1 ≼ 𝓅 ≺ ∞  
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