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ABSTRACT

In this work, we presented both the concept of Daniell space and the extension Daniell
space and some basic results related to them, and we proved that the extension Daniel
space is a complete space, and then we introduced the concept of Danielly integrable
functions by introducing the concept of the upper and lower Daniel integration. Finally,

Daniell ~ space, upper | some properties of this integration have been proven
integral, lower integral.
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1.Introduction

Definite integral has an interesting history as the idea of  definite integral arose from
problems of calculating the lengths, areas, and volumes of curved geometric shapes. These
problems were solved for the first time by Greek mathematicians and passed through multiple
stages until in 1868 Riemann presented the concept of integration over a period and Libeck
introduced the integral based on the concept of measurement in 1902.

In 1918, Daniell published his paper entitled “A general form of integral” where he defined the
integral as a positive linear function defined on a vector lattice (Riesz space) whose elements are
real valued function defined on a set that has no conditions only being a non-empty set. Daniell
integral was more general than the Riemann integral and Lebesgue integral.

This research includes four other items in addition to the introduction. In the first item, we
touched on some basic definitions and concepts related to vector space and lattice space, and we
demonstrated some theorems related to this concept. The second item included the definition of
Daniell space and the Daniell function as well, and we proved some theorems related to this
space, either in item Third, we have expanded Daniell space and proved that the extension space
is a complete space. As for the fourth item, it included the definition of the integration of the
upper and lower Daniell, and we have mentioned some definitions and proofs related to this
concept.

2.Fundamental Concepts

The letters R and C will always denote the field of real numbers and the field of complex
numbers, respectively. For the moment, let F stand for either R or C. A scalar is a member of
the scalar field F.
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Definition 2.1[7]

A linear space over F is a set X, whose elements are called vector, and in which two operations,
addition (+: X x X — X) and scalar multiplication (:: F X X — X) such that
1) x+yeXforalxye€x.
(2) x+y=y+xforalxye€X.
B x+@+z)=x+y)+zforalxyzeX.
(4)  Thereexists 0 € X suchthat x+ 0 =0+ x forall x € X and 0 is the zero vector or the
origin.
(5) Forall x € X,thereexist—-x € X suchthat x+ (—x) =(—x)+x=0
6) A-xeXforallAdeFandforall x € X.
(7N A-(x+y)=A-x+A-yforall1€ Fandforall x,y € X.
B8 (a+pB)x=ax+pxforall a,f € F and forall x € X.
9 (@-B)=a-(B-x)forall a,f € F and for all x € X.
I-x = xforall x € X and I is the unity element of the field F. [8]
Remark:

A real linear space is one for which F = R, a complex is linear space is one for which F = R.

Definition 2.2[1]

Let Q0 be an arbitrary set. Suppose f and g are real valued functions on 2 (f,g:Q = R), . we
define

fvg = max{f, g} = {f, g} = max{f + g,0} + g and

fag = min{f, g} = (f + g) — max{f, g}, where 0 is the zero function.

Definition 2.3[1]

Let L be a set of real valued function defined on Q. we say that L is a lattice if
max{f, g}, min{f, g} € L for all f, g € L. Further, a linear L of real valued functions on a set Q
over the real field is called a vector lattice (or Riesz space) provided L is also a lattice.

Notice that if f is in some Riesz space, then |f| is also in that Riesz space.

Theorem 2.4[1]

Suppose L is a linear space of real valued functions on a set Q. Then L is a vector lattice if
max{f,0} € Lforall f € L.

Proof:

Let f,g € L, Since L is a linear space, then f — g € L, thus max{f — g,0} € L and max{f —
g,0}+g€L.

Hence max{f, g} € L. Similarly, f + g € L and max{f, g} € L, so min{f, g} € L.

Definition 2.5

Let Q be any set and f : 2 — R a function, we define the positive and negative parts f *and f~
by f *=max{ f,0} +and f ~=-min{ f ,0} =max{-f ,0}

i.e.
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ey =1 f0, f(x)=0 (=1 ), fx) <0
f(x)—{ 0, 00 <0 andf(x)_{ o Fo 0

It follows that

1) f* and f~ are non-negative

() f=fr=frand|fl=f"+f"=f"+(-f)"

@  fr=sdfl+pHandfm==(fl-1)

(4) (=" =f"and (=f)" =f"

(5) If 2> 0,then Af)* = Af and (Af)” = Af~
Now if we define, for f,g: Q > R, x € 2
(fvg) = max{f(x),g(x)} = and (fag) = min{f (x), g(x)}.
It follows that

(1) fr=fvoand f~ = —(fr0) = (=f)v0

) fvg=({—-gv0+gandfrg =f+g—(fvg)

Theorem 2.6

Let L is a linear space of real valued functions on 2. Then L is a Riesz space if and only if for
every f € L, then |f| € L.

Proof:

Suppose that L is a Riesz space

Let f € L, since L is a linear space, then —f € L

by theorem 2.4, we have max{ f ,0} € L and max{ —f ,0} € L

since f T=max{f,0} + and f “=max{—f,0}, then f*,f~ €L, so f*+f~ €L, since |f| =
fr+f",then|f| €L.

Conversely, suppose |f| € L forall f € L. To prove L is a vector lattice.

Suppose f € L, then |f| € L, so%(lfl +f)EL

Since max{f,0} = f* = %(lfl + f), then max{f, 0}, by theorem 2.4, L is a vector lattice.
Definition 2.7
Let R be the set of real numbers. The extended real numbers system consists of the real numbers
system to be the real number with two symbols, +oo and — oo . and it is denoted by R, i.e
R = R U {00} U {~0} = {00, 00}
The following algebraic relation among them and real numbers x: —co < x < 0
(1) x+o=00+x=00,x+(—00)=—00+x=—00
(2) Ifx=0,then x(0) = 0and x(—w) =0
(3) Ifx > 0,then x(o0) = o0 and x(—o0) = o
(4) Ifx<0,then x(w) = —o0and x(—ow) = —o0

(5) o+ 00 =00,—00 + (—00) = —00, 0 — (—00) = 00, —00 — 00 = —00
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3. Daniell Space

We will introduce the concept of Daniell integration as presented by Daniel in his research paper
(A General Form of Integral).
Recall that a functional I on a linear space L over the field F is called a linear functional if

I(af +Bg) =al(f)+ pI(g) forall f,ge Landa,B EF.

Definition 3.1
Let L be a Riesz space of real valued functions defined on a set 2. A linear functional D: 2 - R
is called

(1) Positive if D(f) = 0 whenever f € Land f > 0.

(2) Continuous under monotone limits if, for every increasing sequence {f,,} of functions in L

and f € L such that f(x) < lim,,_ f,(x) forall x € 02, then D(f) lim,,_,.o D(f)-

Note that if / is positive, then D(f) < D(g) foreach f € Land f < g.

(3) Daniell functional (or Daniell integral) if D is positive and continuous under monotone

limit.

Remark
D is continuous under monotone limit iff D(f,,) { 0 whenever f,, { 0 and each f,, € L.
Definition 3.2
A triple (©2,L,D) is called a Daniell space if 2 is a nonempty set, L is a Riesz space of real
valued functions on £, and D: L — R is a Daniell functional.
Theorem 3.3[1]
Let L be a vector lattice of real valued function on a set 2. Suppose that D is a Daniell integral
on L. Then D(f) < Yo~ D(f,) whenever {f,,} is a sequence of nonnegative functions in L and
f € Lsuchthat f(x) < Yoy fn(x) forall x € 0.
Proof:
Let {f,.} is a sequence of nonnegative functions in L and f € L such that f(x) < Yg; f(x) for
all x € 0.
Define g,(x) =YL, f;(x) for all x €. Then g, €L for all n and lim, ., g,(x) =
Yomeq fu(x) forall x € Q.
Since f(x) < Yp—1 fu(x) for all f(x) < Xp=q1 fu(x), then f(x) < limy, 0 gn(x) for all x € 2.
Thus D(f) < limy_e D(gn)-
BuUt D(gn) = Xty D(f7). Hence limm.eo D(gn) = Tiizy D(£),50 D(f) < Xy D(f) . [1]

4. Complete Daniell Space

Definition 4.1[1]

Let L* be the class of all those extended real -valued functions on 2 each of which is the limit of
a monotone increasing sequence of functions in the vector lattice L.
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In other words: Let L be a vector lattice, then f € L* iff f: 2 - R is a function and there exists a
sequence {f;,,} of monotone increasing sequences of functions in L such that f = lim,,_ f;. [1]
Definition4.2[2]

Let f be a real function on £2. if there exist function f,, € L,n € N, such that

(1) Xa=i DUfl) <o

(2) f(x) = Xn=1 fu(x) forevery x € 2 and Xp’, | f (x)] < oo

thenwewrite f =Y fhorf=fi+fo+f3+

Definition 4.3[2]

A Daniell space (£2,L,D) is called complete if f = Y7, f,, for some f3, f>,, ... € L, implies that
f €L

Theorem4.4 [1]

Let {f,,} and {g,,} are monotone increasing sequences such that f,, and g,, are in L for all n and
m. Let limf,, < limg,,. Then lim D(f,,) < lim D(g,,). Further if fisinL*, f, T fand g,, T f,
then lim D(f;,) = lim D(g,,,).

Proof: Let n arbitrary and fixed. Then f,, < limf,, < limg,, so D(f,) < lim D(g,,) for each n.
Hence lim D(f;,) < lim D(g,).

LetfisinL*, f, T fand g,, T f,thenlim f,, = f < lim g,,, S0 lim D(f;,) < lim D(g,,)-
Butlim g, = f < lim f,, so lim D(g,,) < lim D(f,,). Therefore lim D(f,) = lim D(g.,).
Remark|[1]

If fis in L*, then there exist an increasing sequence {f,} such that f,, is in L for all n and
f = limf, . Then D(f) = lim D(f;,).

Theorem 4.5 [1]

Let fin L*, then f isin L* if and only if there exist a sequences {f,,} of non-negative functions in
Lwith f = X, f,. Further, D(f) = X2, D(f,).

Proof:(=) Let f is in L* then there exist asequences {g,} of functions in L such that g, T f.
Suppose that g,, are non-negative.Let f; = g, and f,, = gn — gn-1 forn > 2.

Then Z$1=1 fo = Z1l§=2(gn — 9gn-1) + 91 = gi- ThUs X, fr = limy, 24(1:1 fo =limg g, = f.
Therefore, D(f) = lim D(g,) = limD(Xi-, f;) = lim Xi_; D(fy) = X2, D(f).

(&) Let {f,,} be a sequences of non-negative functions in L with f =Y>_, f,, and

D(f) =Xy=1D(fn), then fiisin L,, since L c L".

Theorem 4.6

(2,L*, D) is a complete Daniell space.

Proof

i. First we must prove that L* is a Riesz space

Let f,geL,ALBER, then f=Ilim, ,»frand g = lim,_ . gn ,Where f, and g, are
increasing sequences of function in L, then

AfG) + Bg(x) = Alim f,(x) + B Lim gy (x) =

limy,_,A f(x) + limp, 0 gn(x) = limn,m%w(lfn(x) + .Bgm(x)) .
there fore Af + Bgisin L".
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Since L is Riesz then f,,Vg, is in L for all n then lim,,_,, f,,Vgy) is in L* to show that f,Vg,, is
monotone increasing, let x € 2 then f,,(x) < fry1(X) < (fuy1VGn+1) (X)

and gn(x) < gn+1(x) < (fn+1Vgn+1)(x)y so that (angn)(x) < (fn+1Vgn+1)(x)-

Therefore f,,V g, is monotone increasing. If lim f,(x) = o or

limgy (x) = o0, lim(f,Vgn)(x) = o and (fVg)(x) = oo then (fVg) (x) = lim(f,V gy, (x).

Let lim f,(x) # oo and limg, (x) # oo, then lim(f,,Vg,)(x) # o0 and (fVg)(x) # oo.

Now define h,, = f,Vg, forall n. Then h, isin L, and lim h,,(x) = lim(f;,,Vg,) (x).

Let h,(x) > max(limfn(x), limgn(x)) = max(f(x),g(x)).

Suppose that there exist N e€z*  such that n>=N implies that
hn(x) > max(f(x), g(x)), since h,is monotone. But {f,},{g,} monotone increasing implies
limg,(x) = gn(x) and limf,, (x) = f,(x) for all n.

Thus h,(x) > max(f;(x), g;(x)) for all i and for all n > N which is a contradication.
Therefore, lim h,(x) <max(f(x), g(x)). But hy,(x) = f,(x) for all n implies h,(x) = f(x),
and h,(x) = g,(x) for all n implies h,(x) = g(x), thus lim h,(x) =max(f(x), g(x)), so
lim hy, (x) = max(f(x), g(x)).

Therefore, f Vv g isin L*, by the same way we can prove that f A g isin L*. Since L ¢ L%, then L*
is a lattice contained L.

Ii. toprovethat D:L* — R is a positive linear function on L*

Let f € L*, f = 0, there is an increasing sequence {f,,} such that f,, is in L for all n=1,2,3,.... and
0 < f = limf, = limD(f,,) = D(0) = 0.

Let f,g € L* then f =lim,_ f,and g = lim,,_,. gm ,Where f, and g, are are monotone
increasing sequences of function in L.

Suppose that f < g implies that lim,,_,o f;, < limy 00 gm then

D(f) = D(lim fp) < D(limune0 gm) = D(g) implies

D(f) = limy,D(f) < limy0o D(gm) = D(g) there fore D(f) < D(g).
Letf,g € L' and a,f € Rthen D(af + Bg) = D(a(ii_r)go )+ (Tél_r)rgo Im))

= aD(lim £, ) +BD(lim g,,) = aD(f) + BD(g).

n—oo m-oo

iii. To prove that D is a Daniell integral on L*.
Let {f,,} be an increasing sequence in L* and f in L* with f < lim f,
n—-oo

Let gn = fo — f1,9n = f then D(f) = D(gn) + D(f1) =

lim D(f,) = limD(g,) + D(f1).

Letg =limg, + f; =limf, thenginL*. Then f <limf, =g
Then D(f) < D(g) = lim D(gy) + D(f1) = lim D(f,)

There fore D(f) < Tllllv.}o D(fn).

Hence (£, L*, D) is a Daniell space.
(\2 To prove that (2, L*, D) is complete.
Letf, €L, f, = 0for eachn =1,2,...and f = X.7°_; f, we must prove that f € L*.
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Then there is a sequence of non-negative functions {gm,n} In L for each n
such that £, = X -1 9nm
Then f = X7l1fu = Znm1 Zm=19nm = Z;ﬁm=1 Inm thenby (Thm.4.5), f € L".
Therefore (02, L, D) is a complete Daniell space.
5. Upper and Lower Daniell Integral
Defintion 5.1
Let f € L*. Define the upper Daniell integral of f by D(f) = inf{D(g):g € L* , g = f}
(i.e inf(@) = o0).
Theorem 5.2:
Let f1, f2, g L*, then
(1) If a > 0,D(af) = aD(f).
)D(f1 + f2) < 5_(f1) + ?(fz)-
(3)If f < g then D(f) < D(g).
Proof:
(1) Let ¢ > 0.Then
D(af) = inf{D(ag):ag € L',ag = af} =
D(af) = inf{aD(g):g € L",g = f}
D(f) = a D(f).
(2) Let g4, 9, € L, suchthat f; < g, and f, < g5.
Then f; + f, < g1 + g, therefore D(f; + f2) < D(g1 + g2)= D(g1) + D(g2)-
For fixed g, and for all g, > f, the inequality holds. Thus
D(f; + f>) < D(f1) + I(f). Since this inequality holds for all g; > f; it follows that D(f; +
f2) < D(f) + D(f).
(3) LeteeL*ande = g.Thene = fso{e:e € L', e>f}D{e:e€le>g}
Definition 5.3
Let f € L*.the lower Daniell integral of f is defined by D(f) = sup{I():L € L, < f}.
i.e. D(f) = —D(-f)
Theorem 5.4
Let f;, f,and g are extended real-valued function on £2. then
(1) D(f) < D(f) forall f € L*.
(2) D(fVg) +D(fAg) < D(f) + D(g).
(3) DAUfD —DAUfD < D(f) — D).
Proof:
(1)0 =D(0) = D(f — f) < D(f) + D(—f) but
D(—f) = — D(f) (by definition). Thus D(f) < D(f).
(2)Let hy,h, € L*, hy = f,h, = g. Then hyAh, = fAg
and h,V h, = fVg. Therefore D(fVg) + D(fAg) < D(h,Vh,) + D(hyAhy) = D(hy) +
D(h,) since (hyVh,) + (hyAh;) = D(hy) + D(h,).
@Ifl = fV(=f) and =If| = fFA=).

112



Journal of Iragi Al-Khwarizmi (JIKh) Volume:7 Issue:2 Year: 2023 pages: 106-118

Thus D(If]) + D(=If1) < D(f) + D(—f). Thatis, D(If]) — D(IfI) < D(f) — D(f).
Theorem 5.5[1]
Let {f,,} be a sequence of non-negative extended real-valued functions on £, and that f = Y., f».

Then D(f) < 3, D(f,).

Proof:
Suppose that D(f,) = oo for some n. Then Y, D(f,) = . Let D(f,) # o for all n, given
€> 0, there exists a g,, in L* such that f,, < g,, and with D(g,) < D(f,,) + zin Then
gn = fn =0 for all n and hence, g =>.,,9,is in L,. and D(g) = >.,,D(g,)- But D(g) =
S0 D(gn) < Zn(D(f) +57) = Ta D(f)+E.
gn = fn impliesthat g = ¥, g = X fn = f- Therefore, D(g) = D(f).
Hence, D(f) < D(g) < Y, D(f,)+€. But €> 0 was arbitrary. Hence, D(f) < X, D(f,,)-[1]
Definition 5.6[1]
We say that a function f € L*is D-integrable if D(f) = D(f) and is finite.we will denote to the
class of all D-integrable function by L!.

If f € L we write D(f) for D(f).
In this case define D(f) = D(f) = D(f). D(f) is called the Daniell integral.. [1]
Theorem 5.7[1]
the set L! is a Riesz space of functions containing L, D is a positive linear functional on L, L c
Ll
Proof:
We want to show that if f in L* implies that cf is in L'for all real c.
Let f € L', c = 0 then D(cf) = cD(f) = cD(f) = D(cf).
Suppose that ¢ <0. Then D(cf) = D(=lclf) =le| D(—f) = —lc|D(f) = —lcID(f) =
—D(|c|f) = D(—|clf) = D(cf).Therefore, cf isin LL.
we want to show that if f and g in L! then f + g isin L.
Let f,g € LY, then D(f + g) < D(f) + D(g)
Also, —f and — g are in L', hence D(—f — g) < D(—f) + D(—g) = —D(f) — D(g).
Thus D(f + g) = —=D(—f — g) =2 D(f) + D(g) = D(f + g). But D(f + g) < D(f + g).
Therefore D(f + g) = D(f + g), this implies that f + g is in L.
Third we must proof that if f and g in Lyand a, b are real numbers, then af + bg is in L*.

D(af + bg) = D(af) + D(bg) = aD(f) + bD(g).

Hence L! is a vector space and D is a linear functional.
If f < gthenifhisinL*and h > g then h > f. Hence, D(f) < D(g).
If f<gthen-f >—gand-D(—f) < —D(—g). Thus D(f) < D(g).
By above, we see that D is positive.
if f isin L*, then there is a sequence {g,.} , g, < L,suchthatg, T f and f > g, forall n.
Hence D(f) = D(g,) = I(gy) for all n. Therefore D(f) = lim D(g,,) = D(f).
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But D(f) < D(f) = D(f). Hence, But D(f) = D(f) = D(f).
Let f € L then D(f) < oo. Hence f € L, implies that L! is an extension of L.
To prove that L! is a vector lattice we must show that if f € L! then fV0 is in L!.
Let f € L'and g € L*'withg = f. ThengvO0 > fvO0and gA0 = f A0
ThenD(fv0)+D(fA0) <D(gVvO0)+D(gA0)=D(g)andsince g = f
then D(f v 0) + D(f A0) < D(f).
If we replace f by —f in the above inquality, we must replace f v 0 by —(f A0) and f A 0 by
—(fv0).ThenD(—(f A0) + D(—=(f v 0)) < D(—f).
Thus - D(f A 0) — D(f v 0) < D(~f) = ~D(f).
Therefore, D(fv0)+D(f A0) <D(f) <D(f A0)+ D(f v0) which implies that D(f Vv
0) —D(fv0)+D(f A0) —D(f A0) < 0. But D(h) < D(h) for all h in L*, then D(h) —
D(h) = 0forallhinL".
Hence D(f v 0) — D(f v 0) = 0.
Therefore, £VO0 is in L' and Llis a vector lattice. [1]
Theorem 5.8
(1) If f is D-integrable, and f = 0 then D(f) = 0.
(2) If cisareal number and f is I integrable, then cf is I integrable and D(cf) = cD(f).
(3) If fiand f, are 1 integrable, then f; + f, are I integrable and D(f; + f;) = D(f1) +
D(f2).
(4) If f; and f, are l integrable, then f,Vf, and f; A\f, are D-integrable.
(5) If f is D integrable, |f] is D integrable and (|D(f)|) < D(|fD).
Proof:
(1) Since 0 < £,0 = D(0) < D(f). Therefore D(f) = D(f) = 0.
(2) Let ¢ = 0.By theorem D(cf) = cD(f) = cD(f).
There fore D(cf) = cD(f),and so for ¢ = 0,D(cf) = D(cf) = D(cf) = cD(f).Let c
< 0.Then D(cf) = D((~e)(=f)) = —cD(~f) = eD(f)
= ¢D(f) and —D(cf) = D(—cf) = —cD(f) = —cD(f) > That is, D(cf)
= cD(f).
Thus for all real ¢, D(cf) = D(cf) = D(cf) = cD(f).
(3) since D(f + f2) < D(f1) + D(f2) = D(f1) + D(f2).
—D(fi + f2) = D(~f1 — f2) < D(~f1) + D(~f>)
= —-D(f1) —D(f2).
Therefore D(f; + f2) = D(f1) + 1(f2).
Since D(fy + f2) = D(f1 + f2) = D(fi + f2) = D(f1) + D(f), and also D(f; + f,) = D(f1) +
D(f,) therefore f; + f, is D-integrable and D(f; + f,) = D(f;) + D(f3).
(4) Suppose f; and f, are lintegrable. Then D(f;Vf,) + D(fi Af,) < D(f;) + D(f2) =
D(f1) + D(f2),
and D(—f1V — f2) = D(—fiA = f2) < D(—f1) + I(-f2).
Now —f1V — fo = =(fi Af2),and —fiA — f, = —(f1Vf>) therefore
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- Q(f1/\f2) - Q(f1vf2) = —Q(f1) - Q(fz) = —1(f)) — I1(f2).

Hence D(fiAf,) + D(fiVfy) = D(f1) + D(f2) = D(fiVf2) + D(fi AL2).

Thatis [D(f,Vfz) = D(iVF)] + [D(fi Af) = D(AAf)] < 0.

Since each of these differences is non-negative, each must be zero, and so the theorem is proved.
(5) DAfD =DAUfD < D) —=D(f) =D(f)—D(f) =0, but
D(If) = D(f]) = 0,thus D(|f]) =D(f]) and |f| is D -integrable .Since —|f| < f <
Ifl = —=D(f) < D(f) < D(fD.Thatis, ID(f)| < DSfD.

Theorem 5.9[1]

If {f,,} is a sequence of functions in L! such that f;, T f. Then fis in L! if and only if lim D(f;,) is

finite. If £ in L, then D(f) = lim D(f,).

Proof:

(=) suppose that lim D(f;,) = coand since f,, T f, f = f,, for all n then

D(f) = lim D(f;,) = . this implies that f is not in L1.

(<) Suppose that lim D(f;,) is finite, since f > f,, then —f < —f,, for all n.

Thus D(f) < D(f) = D(f,) for all n which implies that D(f) = lim D(f,,).

Let e > 0 and let {g,,} be a sequence of functions in L* such that g, > f;, g, = f — fn—1 fOr

n = 2and with D(g,) < D(f;) +€/, and D(g) < D(fy, — fu-1) +€/p forn =2, g, = f, —

fn—1 = 0. Now define h,, = >}, g; for all n. then h,, is in L* for all n and the sequence {h,} is

monotone increasing, which implies that lim h,, isin L* and I(lim h,, ) = limI( h,, ).

Then h, = X%, 9; = X1-,(fi — fi—1) + f1 = f, which implies that lim h,, > lim f,, = f, so that

lim I( hy,) = I(f).

But D(hy) = %y D(g:) < Bz D(fi = fi-1) + D(F) + Ty €/

= DU+ D i
i=1

Thus limD(h,) <limD(f,) + €.

Hence D(f) <limD(h,) <limD(f,) + € < D(f) +e.

But € was arbitrary, so D(f) < D(f).

Thus D(f) = lim D(f,,) = D(f) = D(f) which is finite.

Therefore f isin L.

Theorem 5.10 [1]

let f;, be a sequence of non-negative functions in L!. Then inff,, is in L. Further, if lim I(f;, )
is finite then is in L and I(lim f;;,) < lim D(f;,).

Proof:

Letg, =fiNfo A ... ... A f,. Then the sequence {g,} is a decreasing sequence of non-negative
function in L. At any point x of 2, g,,(x) = g1bi<i<n fi(x)

Hence g = lim g, = inff,, then —g,, T —g. Since g,, = 0, —g,, < 0 then D(—g,,) < 0 for all n.
Thus lim D(—g,) < 0 and is finite, so, —g is in L, this implies that g = inf f;, is in L.
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Define the sequence {h,,} by h,, = inf,,snfin, Ay is in Lt for all n.
Since f,, = 0, h,, =2 0, lim h,, = lim f,,,, and h,, < f,, if n < s, thus
lim D(h,,) < lim D(f,,) and is finite.
Hence lim h,, = lim f;, isin !, and D(lim f;,) = D((lim h,) = lim D(h,) < lim D(fy,) .
Theorem 5.11
Let {f;,,} be a sequence of functions in L, g in L! such that |f;,| < g for all n. then if
f=1limy_ e fn, D(f) = limy_oo D(f).
Proof:
Since —f,, < |f,| < g implies that f, + g =0for all n, f, + gisin L forall n, £, < |ful < g
for all n, and D(f,,) < D(g) for all n.
Therefore, D(f, + g) = D(f,) + D(g) < 2D(g) for all n.
Thus lim D(f,, + g) < 2D(g) < oo.
Then lim (f, + g) = limf, + g = f + g isin L.
Thus (f +g) —g = fisin L.
Therefore,  D(f) + D(g) = D(f + g) = D (lim (f, + 9)) < lim D(f,, + g) = Lim D(f,) +
D(g).
Therefore, D(f) < lim D(f,).
But g — f,, = 0 implies that

D(g) = D(f) = D(g — f) = D(lim(g — f,)) < lim D(g — f») = D(g) + lim D(—fy)

= D(g) + lim(= D(f)) = D(g) — lim D(f).

Therefore, lim D(f,,) < D(f) < lim D(f,) which implies that lim D(f,) exist and D(f) =

lim D(f,).
Theorem 5.12[1]

let f is a real-valued function on (. then f is in L! if and only if there exists a sequence {f,} of

functions in L such that D(|f — f,,|) — 0 asn — oo.
Proof:

(=) Suppose that D(|f — f,]) — 0then D(f) = limD( f,,) < oo.

But D(f) = lim D(f,) then —=D(f) = D(~f) = limD(~ f) = lim (~D(f,)) = ~lim D(f,) =
~D(f).

Hence D(f) = D(f) and is finite then f is in L.

(<) suppose that f is in L. Then there exists a sequence {g,,} of functions in L* with g, T f and
such that D(f) < D(g,) < D(f) + 1/n.

But g,, in L* then there exist a sequence {hn,m} of functions in L for each n, such that h,, ., T g,

and D (hym) T D(gn).
For each n, we choose f,, in L by f,, = h,, ,,, for some m with

D(gy) = D(f) = D(hnm) > D(gn) — Y.
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Then f, is in L for all n and for each n, D(f — f,,) = D(f) — D(f) > D(gy) — Yy — D(f,) =
D(gn) = /n = D(gn) = = Y/n.

D(f - ) = D(f) = D(£) < D(gn) — D(£) < D(gn) — D(gn) + Y/ = .

Therefore,~ 1/ < D(f = f) < YnsoD(f = f) = 0.

Consider (f, Vf) — finL*and f,, < g, impliesthat f < f, Vf < g,V f = gn.

Hence 0 < D((f, vV f) — f) < D(gn) — D(f).

But D(g,) ! D(f) and hence D(g,,) — D(f) 1 0.

Thus D (((fuv )= ) = f) Lo.

Suppose x is in 2. then

((FaV ) = F)x) > 0iff (fu)(x) > f(x),and £, (x) < f(x)

implies that ((f, v f) = f) = f)(x) = f(x)

and hence ((f, Vf) —f) — f)(x) = 0.

Thus (f, V) —f =l — O

Then (fu =) = =N === =N+ — 1)

Hence D((f, — f)~) = 0.

Thus, since |f — ful = lfn = fl =l =T+l — )7,

And since D(|f — f,1) = 0. [1]

Theorem 5.13[1]

Let h is a real-valued function defined on 2. and let g A his in L for all functions g in L. Then
f A hisin L for all functions f in L.

Proof:

Suppose that f is in L. Then there exists a sequence {f,,} of functions in L with D(|f — f,,|) =
0.

And since f, isin L then f, A hisin L, and by the inequality

0<[(fAR) = AD] <If = ful

and since D(|(f AR) — (fu AR < |f = fol) — 0.

Hence f Ahisinin L. [1]

Theorem 5.14 [1]

The functional D is a Dniell integral on the vector lattice L!.

Proof:

Since D is a positive linear functional and L! is a vector lattice

Let {f,} is an increasing sequence of functions in L', and f in L' with f < lim f,,.

Let g, = f, — f1 forall n. Then D(f,) = D(f;) + D(gx,)

then lim D(f,)) = D(f;) + lim D(g,).

Letg = limI(f,) = fi + lim g, = limf,.

Since g, = f, and limg, in L' and hence h in L!. Then f <limf, = h, so D(f) < D(g) =
D(f1) +1im D(g,) = lim D(fy).
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Therefore D is a Daniell integral. [1]
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