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1.Introduction

We beginning our work by the concept of category of fibrewise (briefly, F.W.) sets on a known set,
named the base set. If the base set is stated with D then a IF.W. set on D apply of a set E with a
function X is X: E — D, named the projection (briefly, project.). For every point d of D the fibre on d
is the subset Eq = X~1(d) of E; fibres will be empty let we do not require X to be surjection, also for
every subset D* of D we regard Ep- = X~1(D*) as a F.W. set on D* with the project. determined by X.
A multi- function [2] Q of a set E in to F is a correspondence such that Q (e) Is a nonempty subset of F
for every e € E. We will denote such a multi- function by Q : E — F . For a multi- function Q, the
upper and lower inverse set of a set K of F, will be denoted by Q*(K) and Q~(K) respectively that is
Q*(K)={e€eE: Q)= K}and Q" (K)={e€E:Qe) NV #0 }.

Definition 1.1. [5] Suppose that E and F are F.W. sets on D, with project. Xg: E - D and Yg: F - D,
respectively, a function Q: E — F is named to be F.W. if Yr0Q = Xg, that is to say if Q(Xy) < Fq for
every point d of D.

It should be noted that a F.W. function Q: E — F on D determines, by restriction, [F.W. function Qpx:
Ep~— Fp~ on D* for every D* of D.

Let {E,} be an indexed family of F.W. sets on D the F.W. product []p E; is stated, as a IF.W. set on D,
and comes included with the family of F.W. projection m.: [[p E. — E,. Specifically, the F.W.
product is stated as the subset of the normally product [] E, where in the fibres are the products of the
relevant fibers of the strain E,.. The F.W. product is recognized by the following Cartesian property:
for every F.W. set E on D the F.W. functions Q: E — [ E, correspond exactly to the families of
F.W. functions {Q,}, with Q, = m.0Q: E — E,. For example if E; = E for every index r the diagonal A
: E — []p E, is stated so that m.0A = idE for every r. If {E} is as before, the F.W. coproduct [ [pE;is
with stated, as F.W. set on D, and comes included with the family of F. W. insertions o: E. — []p E,,
specifically the F.W. coproduct synchronize, as a set, with the normally coproduct (saparated union),
the fibres being the coproducts of the relevant fipers of the summands E,. The F.W. coproduct Is
recognized by the following Cartesian property, for every F.W. set E on D the F.W. functions ¢:
[IpE; — E correspond exactly to the families of F.W. functions {¢.}, where in ¢, = @oo,: E. — E.
For example, if E, = E for every index r the codiagonal V: [[pE — E is stated so that, Voo, = IdE for
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every r. The notation Exp F is used for the F.W. product in the case of the family {E, F}, of two
F.W. sets and similarity for finite families generally. As well as, we builte on some of the result in
[1,6,7-15]. For other concepts or informataon that are undefined here we follow nearly 1.M.James [5],
R.Engelking [4] and N. Bourbaki [3].

Recall that [5] Let D be topological space, the F.W. topology space (briefly, FW.T.S.) on a F.W. set
E on D, mean any topology on E for that the project. X is continuous.

Remark 1.1. [5]

(a) The smaller topology is the topology trace with X, where in the open sets of E are exactly the
pre image of the open sets of D, this is named the IF.W. indiscrete topology.

(b) The F.W.T.S. on D is stated to be a F.W. set on D with a F.W.T.S.

We regard the topology product D x T, for any topological space T, as a F.W.T.S. on D using the
category of first projection. The equivalences in the category of F.W.T.S. are named F.W.T.
equivalences. If E is F.W.T. equivalent to D x T, for some topological space T, we say that E is
trivial, as a FW.T.S. on D. In F.W.T. the form neighborhood(briefly, nPd) is used in exactly in the
same sense as it is in normally topology, but the forms F.W. basic may need some illustration, so let E
be F.W.T.S. on D, if e is a point of Eq where in d € D, appear a family N(e) of nbd of e in E as F.W.
basic if as every nlPd H of e we have E,, N K c H, for some element K of N(e) and nlPd W of d in D.
As example, in the case of the topological product D x T, where in T is a topological spaces, the
family of Cartesian products D x N(t), where in N(t) runs through the nPds of t, is F.W. basic for

(d,b).
Definition 1.2. [5] The F.W. functions Q: E— F; E and F are F.W. spaces on D is hamed:
(a) continuous (briefly, cont.) if every e € Eq; d € D, the Q~1(e) is open set of e.

(b) op%er)l if for every e€ Eg4, d € D, the direct image of every open set of e is an open set of
Q(e).

Definition 1.3. [5] The F.W.T.S. E on D is named F.W. closed (resp., open) if the project. X is closed
(resp., open) functions.

Definition 1.4. [2] Let Q: E — F be a multi-function. Then Q is upper cont. (briefly, U. cont.) iff
Q*(K) open in E for all V open in F. That is, Q" (K) = {x € E: Q(x) € K}. KCS F.

Definition 1.5. [2] Let Q: E — F be a multi-function. Then Q is lower cont. (briefly, L. cont.) iff
Q7 (K)openinE forall KopeninF. Thatis, Q"(K)={e € E: Qe) N K= 0 }. KSF

Let Q: E — F be a multi-function. Then Q is multi cont. (briefly, M. cont.) iff it is U. cont. and L.
cont.

2 . Fibrewise Multi-T,, Multi-T; and Multi-Hausdorff spaces.
Before that offer the stated of fibrewise multi- separation axioms we offer the following stated:

Definition 2.1. Suppose that E be F.W.T.S. on D. Then E is named F.W. upper T,space (briefly,
F.W.U.T..S.) if whenever e; e, € EJ, where in d € D and e; # e;, either there exists an open set of e;
that does not including e, in E, or rice versa.

Definition 2.2. Suppose that E be F.W.T.S. on D. Then E is named F.W. lower T, space(briefly,
F.W.L.T..S.) if whenever e; e; € E5, where in d € D and e; # ey, either there exists an open set of e;
that does not including e, in E, or rice versa.

The F.W.T.S. E on D is named F.W. multi-Tospace(briefly, F.W.M.T,.S.) if E is F.W.U.T, .S. and
F.W.L.Ty.S.
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Remark 2.1.

€)) E is F.W.U.T, space (resp., FW.L.Toand F.W.M.Ty ) if and only if each fiber Eq is upper
To (resp., lower T and multi-Ty).

(b) Subspace of F.W.U.T, space (resp., F.W.L.Toand F.W.M.T ) are F.W.U.T, space (resp.,
F.W.L.Tg and F.W.M.Ty )

(©) Every F.W.M.T, space is F.W.T, space, but the convers is not true.
(d) Every F.-W.M.T, space is F.W.U.T, space, but the convers is not true.
(e Every F.-W.M.T, space is F.W.L. T, space, but the convers is not true.
()] The F.W.U.T, space and IF.W.U.T, space are independence.

F.W.U.T,. Space

F.W.M.T,. Space

F.W.L.T,. Space

/N

Planned 2.1.

Example 2.1.

(@) LetE ={a,b,c}, Ty = discrete topology. D = {1,2}, p = {(D, D, {1}}. Define the project.
X: (E, 1)) = (D,p) by X(a) = X(b) = X(c) = {1}, E is FW.U.To.S., F.W.L.T,.S., and
F.W.M.T,.S.

(b) Let E = R with the usual topology t and let D = {a, b, ¢} with the topology
p = {@,D,{a},{b},{a, b}}. Define multi-function

_ _(f{a};e<0
X: (R 1)~ (D,p)byX(e) = {{a,c}; e>0
Eis FW. L.To.S. But not FW.U.Ty.S. And not F.W.M.T,.S.

(c) Let E =R with the usual topology T and D = {a, b} with the topology p = {@, D, {a}} . Define
multi-function

{a}; e<0

X:(R,T)*(D:P)byx(e)z{(z)- e>0

Eis FW.U.T,.S., but not FW.L.T,.S. and not F.W.M.T,.S.

(d) Let E = R with the usual topology T and D = {a, b, c} with the topology p = {@, D, {a}} .
Define multi-function
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{a}; e<0
X:(R,t) > (D,p)byX(e) ={{ab}; e=0
{c};e>0

E is not F.W.U.T,.S., not F.W.L.T,.S. and not F.W.M.T,.S.

Of course, we can formulate a F.W. emission of the U.T1.S. (resp., L.T1.S. and M.T,.S.) in a similarly
shape as follows “Let E be F.-W.T.S. on D. Then E is named F.W.U.Ty(resp., F.W.L.T; and
F.W.M.T,) if whenever e;,e; € E} (resp.,E7) , where in d € D and e; # e,, there exist an open set
Hi,H, in E such that e; € Hy, e, € Hy and e € Hy, e, € Hy”, but it work that there is no fact use for it is
in what we are going to do. Alternatively we do some use of different axiom “The axiom is that every
multi-open set including the closure of every of its points”, and use the from multi-R, space. This is
right for multi-T; spaces and for multi-regular spaces. It is clear that is a weak form of multi-
regularity.

Definition 2.3. The F.W.T.S. E on D is named F.W. upper R, space (briefly, FW.U.R,.S.), if for
every point e € E}, where in d € D, and every open set V of e in E, there exist a nlPd W of d in D such
that the closure of {e} in Ey is including in V (i.e. Ef, nCl{e}c V).

For example, DxT is F.W.U.R,.S. for all upper R spaces T.

Definition 2.4. The FW.T.S. E on D is named F.W. lower R,space (briefly, F.W.L.R,.S.), if for
every point e € E5, where in d € D, and each open set V of e in E, there exist anlPd W of d in D such
that the closure of {e} in Ew is including in V (i.e. E;, NCl{e}c V).

For example, DXT is F.W.L.R, .S. for all lower R, spaces T.

The F.W.T.S. E on D is named F.W.multi-R,space (briefly, F.W.M.R..S.), if E is FW.U.R,.S. and
F.W.L.Ro.S.

Remark 2.2.

€)) E is FW.U.Ro.S. (resp., F.W.L.Ro.S.and F.W.M.R,.S. ) if and only if each fiber Eq is
upper Ro (resp., lower Ry and multi-Ry).

(b) Subspace of F.W.U.Rp . S. (resp., F.W.L.Ro.S. and F.-WM.R,.S. ) are F.W.U.Rq . S. (resp.,
F.W.L.Rg and F.W.M.Rq )

(c) Every F.W.M.Ry space is F.W.R, space, but the convers is not true.
(d) Every F.W.M.Ry space is F.W.U.Rq space, but the convers is not true.
(e) Every F.-W.M.R, space is F.W.L.R, space, but the convers is not true.

()] The F.W.U.Ry space and F.W.U.Rq space are independence.

F.W.U.Ro. space

F.W M.Ro. space %%
\ F.W L.Ro. space
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Example 2.2.

(@) LetE ={a,b,c},1(g) = discrete topology. D ={1,2},p = {0,D,{2}}. Define the project.
X: (E, 1)) = (D, p) by X(a) = X(b) = X(c) = {2} Eis FW.U.Ro.S., F.W.L.R,.S., and
F.W.M.R,.S.

(b) Let E = R with the usual topology t and let D = N with the cofinite topology p. Define multi-
function

N\{1,2};e<0

x:(R,t)ﬁ(D,p)be(e):{ N:e>0

E is FW. L.Ro.S. But not FW.U.R.S. And not FW.M.R,.S.

(c) Let E =R with the usual topology t and D = {a, b} with the discrete topology p. Define multi-
function

{a}; e<0

x:(R,r)a(D,p)be(eF{@- e>0

E is FW.U.R,.S., but not F.W.L.Rg.S. and not F.W.M.R,S.

(d) Let E = R with the usual topology T and D = {a, b, c} with the topology p = {(D, D, {a}} :
Define multi-function

{a}; e<0
X:(R,t) > (D,p)byX(e) =1{ab}; e=0
{c};e>0

E isnot FW U.Ry.S., not F.W L.RgS. and not FW M.R,.S.

Proposition 2.1. let Q : E - E* be a F.W. embedding, where in E and E* are F.W T.S. on D. If E* is
F.W.U.Rp (resp., F.W L.Ro) then so is E.

Proof. Suppose that e € EJ (resp., Ey), where ind € D, and let V be an open set of e in E. Then K =
Q~1(K*), where in K* is an open set of e* = Q(e) in E*. Since E* is F.W.U.Rq (resp., F.W.L.Ry) there
exists a nPd W of d such that (E*);; NCl{e*} c K* (resp., (E*);,NCK{e*} c K*). Then EfNCI{e} c
Q71 (resp., E;NCHeY} € Q7Y ((E*)FHNCHe*}c Q~1(K*) (resp., (E*); NCH{e*}) € Q71(V*)) =K,
and so E is F.W.U.Rq (resp., F.W.L.Ry).

The class of F.W.U.R (resp., F.W.L.Ry) spaces is finitely multiplicative.

Corollary 2.1. 1et Q : E - E* be a F.W. embedding, where in E and E* are F.W.T.S. on D. IfE* is
F.W.M.Rq then so is E.

Proposition 2.2. let {E} be a finite family of F.W.U.R, (resp., F.W.L.Ro) spaces on D. Then the [F.W.
topological product E = [[p E; is F.W.U.Rq (resp. F.W.L.Ry).

Proof. Lete € E} (resp.,EZ), where in d € D. Consider an open set V = [[p K, of e in E, where in K,
is an open set of m(e)= e, in E, for every index r. Since E, is F.W.U.Ry (resp., F.W.L.Ry) there exists a
nPd W, of d € D such that (E,|W,)* NnCl(e,) c K, (resp., (E,|W,)~ NCl(e;) c K,). Then the

intersection W of the W, is a nbd of d such that E}, NCI{e}c K (resp., E;,NCI{e} c K) and so E = []p
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Eis FW.U.R. (resp., F.W.L.Rp). The same conclusion holds for infinite F.W. products provided
every of the strain is F.W. nonempty.

Corollary 2.2. let {E} be a finite family of F.W.M.R, spaces on D. Then the F.W.
topological product E = [[p E, is F.W.M.Rq.

Proposition 2.3. let Q : E — F be a closed F.W. surjection, where in E and F are FW.T.S.onD. IfE
is F.W.U.Ry (resp., F.W.L.Rp), then so is F.

Proof. Let f € FJ (resp.,Fg) , where ind € D, and let V be an open set of fin F. Picke € Q~1(f).
Then H = Q71(K) is an open set of e. Since E is F.W.U.Ry (resp., F.W.L.Ry) there exists a nPd W of d
such that E}, N Cl{e} c H (resp.,E,, N Cl{e} c H). Then

Fiv N Q(Cl{e}) c Q(H) (resp., Fyy N Q(Cl{e}) < Q(H)) = K. Since Q is closed, then
Q(Cl{e})=Cl(Q{e}).ThereforeFy, N Q(Cl{e}) c K (resp., Fyy N Q(Cl{e}) c K) and so F is F.W.U.R,
(resp., F.W.U.Ry), as asserted.

Corollary 2.3. 1et Q : E - F be a closed F.W. surjection, where in E and F are FW.T.S. on D. IfE is
F.W.M.Ry, then so is F.

Now we offer the emission of IF.W. upper (resp., lower and multi) Hausdorff spaces as follows:

Definition 2.5. The F.W.T.S. E on D is named [F.W. upper Hausdorff (briefly, F.W.U. Hausd.) if
whenever e1,e; € EJ, where in d € D and e; # e,, there exist saparated open sets H;, H, of e, e, in E.

Definition 2.6. The F.W.T.S. E on D is named F.W. lower Hausdorff (briefly, F.W.L. Hausd.) if
whenever e1,e; € E4, where in d € D and e; # ey, there exist saparated open sets Hy, H, of e4, e, in E.

The F.W.T.S. E on D is named F.W. multi-Hausdorff (briefly, F.W.M. Hausd.) if E is F.W.U. Hausd.
and F.W.L. Hausd..

Remark 2.3. If E is F.W.U. Hausd. (resp., F.W.L. Hausd. and F.W.M. Hausd.) space on D, then Ep-
is F.W.U. Hausd. (resp., F.W.L. Hausd. and F.W.M. Hausd.) space on D* for every subspace D* of
D. In particular the fibres of E are U. Hausd. (resp., L. Hausd. and M. Hausd.) spaces. However a
F.W.T.S. with U. Hausd. (resp., L. Hausd. and M. Hausd.) fibres is not necessarily U. Hausd. (resp.,
L. Hausd. and M. Hausd.) : for example take E = D with D indiscrete.

Proposition 2.4. The F.W.T.S. E on D is F.W.U. Hausd. (resp., F.W.L. Hausd.) iff the diagonal
embedding A : E— EXpE is closed.

Proof. (<) suppose that e, e; € EJ (resp.,E3) , where ind € D and e; # e,. Let A(E) is closed in
EXpE, then (e1,e;), being a point of the completeness, admits a F.W. product open set VXV that
does not meet A(E), and then K, K; are separated open set of e, e,.

(=) The revise direction is similarity.

Corollary 2.4. The FW.T.S. E on D is F.W.M. Hausd. iff the diagonal embedding A : E— EXpE is
closed.

Subspaces of F.W.U. Hausd.S. (resp., F.W.L. Hausd.S.) are F.W.U. Hausd. (resp., F.W.L. Hausd.).
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Proposition 2.5. Let Q : E— E* be an embeddingF.W. function, where in E and E*are F.W.T.S. on
D. If E* is F.W.U. Hausd. (resp., F.W.L. Hausd.) then so is E.

Proof. Let e;, e, € EJ (resp., E7), where in d € D and e; # e,. Then Q(ey), Q(e;) € E*gare distinct,
since E* is F.W.U. Hausd. (resp., F.W.L. Hausd), there exist an open sets Kj, K; of Q(e;), Q(¢e>) in
E* that are separated. Their inverse images Q~1(V1), Q~1(V>) are open sets of ey, e; in E that are
separated and so E is F.W.U. Hausd. (resp., F.W.L. Hausd.). Alternatively (2.4) can de used.

Corollary 2.5. Let Q : E— E* be an embedding [F.W. function, where in E and E*are F.W.T.S. on D.
If E* is F.W.M. Hausd. then so is E.

Proposition 2.6. Let Q : E— F be a F.W. functions, where in E and F are FW.U.T.S. (resp.,
F.W.LT.S.)onD. If Fis F.W.U. Hausd. (resp., F.W.L. Hausd.), then the F.W. graph G: E — EXpF
of Q is closed embedding.

Proof. The F.W.graph is defined in the same way as the normally graph, but with values in the F.W.
product, so that the diagram show below is commutative.

E 5 > ExpF
Q 0 X IdF
F » F XD F
A
Planned 2.3.

Since A(F) is closed in Fxp F, by (2.4), so G(E) = (Q x idg)~1(A(F)) is closed in Exp F, as asserted.

Corollary 2.6. Let Q : E— F be a F.W. functions, where in E and F are FW.M.T.S. on D. If F is
F.W.M. Hausd., then the F.W. graph G : E — EXpF of Q is closed embedding.

The class of F.W.U. Hausd.S. (resp., F.W.L. Hausd. S.) is multiplicative, in the following sense.

Proposition 2.7. Let {E.} be a family of F.W.U. Hausd.S. (resp., F.W.L. Hausd.S.) on D. Then the
[F.W. topological product E =[] E; with the family of F.W. projection m,: E = [[g E; — E; is
F.W.U. Hausd. (resp., F.W.L. Hausd.).

Proof. Let e, e, € EJ (resp., E3), where in d € D and e; # e,. Then m(e1) # m(e2) for some index r.
Since E; (resp., E;) is F.W.U. Hausd. (resp., F.W.L. Hausd.), there exist an open sets K3, K, of
mi(e1), T(ey) in E; (resp., E;) that are separated. Since T, is projection, then the inverse images ;!
(K1), w1 (Ky) are separated an open sets of ey, e, in E, as required.

Corollary 2.7. Let {E} be a family of F.W.M. Hausd. S. on D. Then the F.W. topological product E
= []s Er with the family of F.W. projection m;: E = []g Er — E; is F.W.M. Hausd.
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The upper functionally (resp., lower functionally and multi- functionally) emission of the F.W.U.
Hausd. (resp., F.W.L. Hausd. and F.W.M. Hausd.) axiom is finer than the non multi-functional
emission, but its properties are fairly similarly. Here and elsewhere we use | to denote the closed unit
interval [0, 1] in the real line IR.

Definition 2.7. The F.W.T.S. E on D is named F.W. upper functionally (briefly, F.W.U. funct.)
Hausd. if whenever ey, e, € E*4, where in d € D and e; # e,, there exist a nlPd W of d and separated
open sets H, K of e;, e, in E and a cont. function A: Ef, — I such that E*4n H < A™(1).

Definition 2.8. The F.W.T.S. E on D is named F. W. lower functionally (briefly, F.W.L. funct.)
Hausd. if whenever ej, e; € E74, where in d € D and e; # e, there exist a nPd W of d and saparated
open sets H, K of e, e; in E and a continuous function A: Ey, — | such that E-g n H < A™(1).

The F.W.T.S. E on D is named F.W. multi- functionally (briefly, F.W.M. funct.) Hausd. if whenever
e1, €2 € Eq, where ind € D and e; # e, there exist aa nlPd W of d and separated open sets H, K of ey,
e, in E and a cont. function A: EW — | such that Eq n H < A™(1).

For example, DXT is F.W.U. funct. Hausd.S. for all upper funct. Hausd. spaces T.
For example, DxT is F.W.L. funct. Hausd.S. for all lower funct. Hausd. spaces T.
For example, DXT is F.W.M. funct. Hausd.S. for all multi-funct. Hausd. spaces T.

Remark 2.4. If E is F.W.U. funct. (resp., F.W.L. funct. and F.W.M. funct.) Hausd. S. on D, then E*
= Ep~ is F.W.U. funct. (resp., F.W.L. funct. and F.W.M. funct.) Hausd. on D* for every subspace D*
of D. In particular the fibers of E are upper funct. (resp., lower funct. and multi- funct.) Hausd.S.

Subspaces of F.W.U. funct. (resp., F.W.L. funct. and F.W.M. funct.) Hausd. S. are F.W.U.
funct. (resp., F.W.L. funct. and F.W.M. funct.) Hausd.S. In fact, we have

Proposition 2.8. Let Q) : E — E* be an embedding F.W. function, where in E and E* are F.W.T.S.
onD. If E* is F.W.U. funct. Hausd. (resp., F.W.L. funct. Hausd.) then so is E.

Corollary 2.8. Let Q : E — E* be an embedding F.W. function, where in E and E* are F.W.T.S. on
D. If E* is F.W.M. funct. Hausd., then so is E.

Moreover, the class of F.W.U. funct. Hausd.S. (resp., F.W.L. funct. Hausd. S.) is multiplicative, as
stated in.

Proposition 2.9. Let {E;} be a family of F.W.U. funct. Hausd.S. (resp., F.W.L. funct. Hausd.S.) on D.
Then the F.W. topological product E = []p E, with the family of F.W. projection i, : E=[]p E; =
E is F.W.U. funct. Hausd. (resp., F.W.L. funct. Hausd.)..

Corollary 2.9. Let {E;} be a family of F.W.M. funct. Hausd.S. on D. Then the F.W.
topological product E = []p E; with the family of F.W. projection 1, : E = [[p E; = E;is FW.M.
funct. Hausd.

The proofs of Proposition (2.8.) and (2.9.) (resp., Corollary (2.8) and (2.9)) are similarly to those for
the corresponding results in the non-functional case and will therefore be omitted
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3. Fibrewise Multi-regular and Multi-normal spaces

We now progress to look the F.W. emissions of the higher multi- separation axioms, starting by multi-
regularity and multi-completely regularity.

Definition 3.1. The F.W.T.S. E on D is named F.W. upper regular (briefly, F.W.U. re.) if for every
pointe € EJ, where ind € D, and for every open set K of e in E, there exists a nlPd W of d in D and
an open set H of e in EJ, such that closure of H in is Etancluding in K (i.e. E{, NCI(H) c K).

Definition 3.2. The F.W.T.S. E on D is named F.W. lower regular (briefly, F.W.L. re.) if for every
pointe € Eg, where ind € D, and for every open set K of e in E, there exists a nlPd W of d in D and
an open set H of e in E;, such that closure of H in is Ey;ancluding in K (i.e. E;, NCI(H) c K).

The FW.T.S. on D is named F.W. multi- regular (briefly, FW.M. re.), if E is FW.U. re and F.W
L. re.

Remark 3.1.

(a) The nPd s of e are given by F.W. basis it is sufficient if the condition in definition (3.1) is
satisfied for all F.W. basic nPd s.

(b) Every F.W.M. re. space is F.W. re. space, but the convers is not true.
(c) Every F.W.M. re. space is [F.W.U. re. space, but the convers is not true.
(d) Every F.W.M. re. space is F.W.L. re. space, but the convers is not true.

(e) The F.W.U. re. space and F.W.U. re. space are independence.

F.W.U. Re. Space

F.W.M. Re. Space

F.W.L. Re. Space

/N

Planned 3.1.

Example 3.1.

(a) LetE={a,b,c}, 1 ={E, 0,{a},{b,c}}. D={1,2}, p = {@,D,{1}}. Define the project.
X: (E, 1) = (D, p) by, X(a) = X(b) = X(c) = {1}

E is F.W.U. re. space F.W.L. re. space and [F.W.M. re. space.
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(b) Let E = R with the usual topology T and let D = {a, b, c} with the topology
p = {@,D,{a},{b},{a, b}}. Define multi-function

fa}; e<o0

X: (R,r)a(D,p)be(eF{{a c};e>0

E is F.W. L. re. space, but not F.W.U. re. space and not F.W.M. re. space.

(c) Let E =R with the usual topology T and D = {a, b} with the topology p = {9, D, {a}} . Define
multi-function

{fa}; e<0

x:(R,t)ﬁ(D,p)be(e):{gy e>0

E is F.W.U. re. space, but not F.W.L. re. space and not F.W.M. re. space.

(d) Let E = R with the usual topology t and D = {a, b, c} with the topologyp = {®, D, {a}}.
Define multi-function

{a}; e<0
X: (R,t) > (D,p)byX(e) =1{a,b}; e=0
{c};e>0

E is not F.W.U. re. space, not F.W.L. re. space and not F.W.M. re. space.

If Eis F.W.U. re. (resp., F.W.L. re. and F.W.M. re.) space on D* for every subspace D* of D.
Subspace of F.W.U. re. (resp., F.W F.W.L. re. and F.W.M. re.) spaces F.W.U. re. (resp., F.W.L. re.
and F.W.M. re.) space.

Proposition 3.1. Let Q: E — E* be a F.W. embedding function, where in E and E* are F.W.T.S. on
D. IfE*is F.W.U. re. (resp., F.W.L. re.) then so is E.

Proof. Let e € E} (resp., E7), where ind € D, and let K be an open set of e in E. Then K = QY (K>),
where in K* is an open set of e* =Q(e) in E*. Since E* is F.W.U. re. (resp., F.W.L. re.), there exists a
nPd W of d and an open set H* of e* in E*\y such that (E*);;, n CI(H*) c K* (resp., (E*);, N CI(H*)
c K*). Then H =Q™(H*) is an open set of e in Ew such that Ef, n CI(H) c K(resp., Eg, N CI(H) c K),
and so E is F.W.U. re. (resp., F.W.L. re.).

Corollary 3.1. Let Q: E — E* be a F.W. embedding function, where in E and E* are F.W.T.S. on D.
If E* is F.W.M. re. then so is E.

The class of F.W.U. re. (resp., F.W.L. re. and F.W.M. re.) spaces is F.W. multiplicative, in the
following sense.
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Proposition 3.2. Let {E,} be a finite family of F.W.U. re.S. (resp., F.W.L. re.S.) on D. Then the
F.W.T. product E = []pE; is F.W.U. re. (resp., F.W.L. re.).

Proof. Let e € EJ (resp., E7), where in d € D. Consider an open set K = [[pE;, of e in E, where in K, is
an open set of m,(e) = e, in E; for every index r. Since E; is F.W.U. re. (F.W.U. re.)

there exists a nPdW, of d in D and an open set H, of e, in (E.|W,.) * (resp., (E,.|W,)~) such that the
closure (E,[W;) * n CI(Hy) (resp., (E-[W;) ~ n CI(HY) of Uy in (E,[W;) * (resp., (E-|W;)7)is
including in K. Then the intersection W of the W, is a nPd of b and H = []pE; is an open set of e in
Ef (resp.,Ey), such that the closure EX, n CI(H)(resp., Ei, N CI(H)) of H in Ef, (resp., Ey), is
including in K, and so E = []pE, is F.W.U. re. (resp., F.W.L. re.). The same conclusion holds for
infinite F. W. products provided every of the strain is F.W. non-empty.

Corollary 3.2. Let {E,} be a finite family of F.W.M.re.S. on D. Then the F.W. T. product E = []pE,
is F.W.M. re..

Proposition 3.3. Let Q: E — F be an open and closed F.W. surjection, where in E and F are
FW.T.S.onD. If Eis FW.U. re. (resp., FW.L. re.), then so is F.

Proof. Let f € F] (resp., F3) , where in d € D, and let K be an open set of f in F. Pick e € Q*(f). Then
H = Q}(K), is an open set of e. Since E F.W.U. re. (resp., F.W.L. re.) there exists a nPd W of d and
an open set H* of e such that Ef, n CI(H*) c H(resp., E, N CI(H*) c H). Then F{, n Q(CI(H*))
@ (H)(resp., F, N Q(CI(H*)) c Q (H)) = K. Let @ is closed, then Q(CI(H*)) = CI(Q(H*)) and since Q
is open, then Q(H*) is an open set of y. Thus, F is F.W.U. re. (resp., F.W.L. re.), as asserted.

Corollary 3.3. Let Q: E — F be an open and closed F.W. surjection, where in E and F are F.W.T.S.
onD. IfE is FW.M. re., then so is F.

The upper (resp., lower and multi) funct. emission of the F.W.U. re. (resp., F.W.L. re. and resp.,
F.W F.W.M. re.) axiom is finer than the non- upper (resp., lower and multi) funct. emission, but its
properties are fairly similarly. In the normally theory the term completely re. is always used instead
of funct. re. and we extend this usage to the F.W theory.

Definition 3.3. The F.W.T.S. E on D is named F.W. upper completely (briefly, F.W.U. comp.) re. if
for every point e € E}, where in d € D and for every open set K of e, there exist a nIPd W of d and an
open set H of e in EJ; and a continuous function A : E, — I such that E} n H < A*(0) and EJ; n (E¢; -
K) c A%(1).

Definition 3.4. The F.W.T.S. E on D is named [F.W. lower completely (briefly, F.W.L. comp.) re. if
for every point e € Eg, where in d € D and for each open set K of e, there exist a nlPd W of d and an
open set H of e in Eg, and a continuous function A : Ey, — | such that E; N H < A™*(0) and Ey, n (Ey -
K) c A%(1).

The F.W.T.S. on D is named [F.W. multi-completely (briefly, F.W.M. comp.) re., if E is F.W.U.
comp. re. and F.W.L. comp. re..

Remark 3.2.

(a) The nPds of e are given by a F.W. basis it is sufficient if the condition in Definition (3.2.) is
satisfied for every F.W. basic nPds.
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(b) If E is FW.U. comp. (resp., F.W.L. comp. and F.W.M. comp.) re.S. on D, then Ep~ is
F.W.U. comp. (resp., F.W.L. comp. and F.W.M. comp.) re.S. on D* for every subspace D*
of D.

Subspaces of F.W.U. comp. (resp., F.W.L. comp. and F.W.M. comp.) re.S. are F.W.U. comp.
(resp., F.W.L. comp. and F.W.M. comp.) re.S. In fact, we have.

Proposition 3.4. Let Q: E — E* be a F.W. embedding function, where in E and E* are F.W.T.S. on
D. If E* is F.W.U. comp. (resp., F.W.L. comp.) re. then so is E.

Proof. The proof is similarly to the proof of (Proposition 3.3.), so it is omitted.

Corollary 3.4. Let Q: E — E* be a F.W. embedding function, where in E and E* are FW.T.S. on D.
If E* is F.W M. comp. re. then so is E.

The class of is F.W.U. comp. (resp., F.W.L. comp. and F.W.M. comp.) re.S. is finitely
multiplicative, in the following sense.

Proposition 3.5. Let {E,.} be a finitely family of F.W.U. comp. (resp., F.W.L. comp.) re.S. on D.
Then the F.W.T. product E = []pE, is F.W.U. comp. (resp., F.W.L. comp.) re.

Proof. Let e € E} (resp., E7), where in d € D. Consider a F.W. open set [[oK; of e in E, where in K;
IS an open set of m,(e) = e, in E, for every index r. Let E, is F.W.U. comp. (resp., F.W.L. comp.) re.
there exists a nPd W, of d and an open set H of e in E; and a continuous function A; : X3, — I(resp.,
At Xy, — 1) such that (E)3 N H < A (0)(resp., (E)g N U cA™(0)) and Ef, N (Ef, - K) A/
Y(1)(resp., Ey, N (Eq, - K) © A7Y(1)). Then the intersection W of the W, is a nlPd of b and A: E, —
I(resp., A: Ei, — 1) is a continuous function where

Me) = infi12,. {3 (ep)} for e = (&) € Eg(resp., Ey,)

Since E} n my! (H) € iyt (resp., Eg N mrt (H) € miy1) ((Er)fs N H) € iyt (A71(0) (resp., (Er)gp N
H) €t (A:(0)) ) = (o )™ (0) and By (resp., Ewr) N it (Edhr(resp., Eqy) - Ki) ©

(B (resp., Exp) N (EL, (resp., Eqp) - Ko) € ! (A71(1))) = (3.0m,)™ (1), this proves the result.
The same conclusion holds for infinitely nPd. products provided that every of the strain is nlPd. non-
empty.

Corollary 3.5. Let {E,} be a finite family of F.W.M. comp. re.S. on D. Then the F.W.T. product E =
[IoE: is F.W.M. comp. re..

Proposition 3.6. Let Q: E — F be an open and closed F.W. surjection, where in E and F are F.W.T.S.
onD. If Eis F.W.U. comp. (resp., F.W.L. comp.) re., then so is F.

Proof. Let f € F (resp., Fy), where in d € D, and let K be an open set of f. Pick e € EZ (resp., Ey),

so that K. = Q*(Ky) is an open set of e. Since E, F.W.U. comp. (resp., F.W.L. comp.) re., there exists
anPd W of d and an open set H, of e in Xy and a continuous function A : Xy — I such that X, N He
c At (0)and E, N (EE - Ke) € A7 (1) (resp., Ey N (Ey - Ke) € A (1)). Using (Proposition 1.3.) in [5]

we obtain a continuous function Q : FJ — I(resp., Q : F3 — I) such that F} n He € @™ (0)(resp., F
N Hec @™ (0)) and F, N (F - Ky Q™ (1) (resp., Fy, N (Fy - Ky)c Q1 ().
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Now we offer the emission of F.W. upper (resp., lower and multi) normal spaces as follows:

Definition 3.5. The F.W.T.S. E on D is named [F.W. upper normal (briefly, F.W.U. no.) if for every
point d of D and every pair U, V of separated closed sets of E, there exist a nlPd W of d and a pair of
separated open sets H, Kof Ef, n U, E} N VinE{,.

Definition 3.5. The F.W.T.S. E on D is named F.W. lower normal (briefly, F.W.L. no.) if for every
point d of D and every pair U, V of separated closed sets of E, there exist a nlPd W of d and a pair of
separated open sets H, Kof E;; N U, E;;, N Vin E,.

The F.W.T.S. on D is named F.W. multi-normal (briefly, F.W.M. no.), if E is F.W.U. no. and
F.W.L. no.

Remark 3.3.

(@) IfEis F.W.U. no. (resp., F.W.L. no. and F.W.M. no.) space on D, then Ep~ is F.W.U.
no. (resp., F.W.L. no. and F.W.M. no.) on D* for each subspace D* of D

(b) Every F.W.M. no.S. is F.W. no.S., but the convers is not true.
(c) Every F.W.M. no.S. is F.W.U. no.S., but the convers is not true.
(d) Every F.W.M. no.S. is F.W.L. no.S., but the convers is not true.

(e) The F.W.U. no.S. and F.W.U. no.S. are indeperdddfich. No. space

\\ F.W.L. No. space

Planned 3.2.

F.W.M. No. space

Example 3.2.

(a) LetE ={a,b,c}, 1) ={E, 0,{a}}. D={1,2}, p = {®,D,{1}}. Define the project.
X: (E, 1)) = (D, p) by X(a) = X(b) = X(c) = {1}

Eis FW.U. no.S. FW.L. no.S. and F.W.M. no.S.

(b) Let E = {a,b, c}, ()= discrete topology and let D = {a, b, c} with the topology p =
{®,D, {a}, {b},{a, b}}. Define multi-function

{fa}; e<0

X : (R,r)%(D,p)be(e)z{{a c};e>0

E is F.W.L. no.S., but not F.W.U. no.S. and not F.W.M. no.S.
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(c) LetE ={a,b, c}, 1(g)= discrete topology and D = {a, b} with the topology p = {9,D,{a}}.
Define multi-function

{fa}; e<o0

X:([R,T)*(D;p)byx(e)z{@- e>0

E is F.W.U. no.S., but not F.W.L. no.S.and not F.W.M. no.S.

(d) Let E = R with the usual topology t and D = {a, b, c} with the topologyp = {®,D, {a}}.
Define multi-function

{a}; e<0
X:(R1)—> (D,p)byX(e)={{ab};e=0
{c};e>0

E is not F.W.U. re. S, not FW.L. re.S. and not F.W.M. re.S.

Closed subspaces of F.W.U. no. (resp., F.W.L. no. and F.W.M. no.) spaces are F.W.U. no. (resp.,
F.W.L. no.and F.W.M. no.). In fact, we have:

Proposition 3.7. Let Q: E — E* be a closed F.W. embedding, where in E and E* are F.W.T.S. on D.
If E* is F.W.U. no. (resp., F.W.L. no.) then so is E.

Proof. Let d be a point of D and let U, V be separated closed sets of E. Then Q(U), Q(V) are separated
closed sets of E*. since E* is F.W.U. no. (resp., F.W.L. no.)there exists a nPd W of d and a pair of
separated open sets H, K of (E*)¥ n Q(U)(resp., (E)w N QU)), (EH N Q(V)(resp., (EH)w N Q((V))
in (E)E (resp., (E)y) . Then @Y(H) and Q*(K) are separated open sets of Ef, n U(resp., Ey, N U) ,
Ed nV(resp., Ey) in Ef (resp., Ey).

Corollary 3.7. Let Q: E — E* be a closed F.W. embedding, where in E and E* are FW.T.S. on D. If
E* is F.W.M. no. then so is E.

Proposition 3.8. Let Q): E — F be an closed continuousF.W. surjection, where in E and F are
F.W.T.S.onD. If E is FW.U. no. (resp., F.W.L. no.), thenso is F.

Proof. Let d be a point of D and let U, V be separated closed sets of F. Then Q}(U), Q*(V) are
separated closed sets of E. Since E is F.W.U. no. (resp., F.W.L. no.) there exists a nlPd W of d and a
pair of separated open sets H, K of EX n Q™ (U)(resp., E;, N Q*(U)) and EE, n Q™Y(V)(resp., Ex, N Q
(V). Since Q is closed, the sets Ff, - Q (E&:- H)(resp., F{; - Q (E&- H)), F, - Q (Ed - K)(resp., Ff, - Q
(Ef- K)) are open in F{,, and from a separated pair of an open sets of F, n U(resp., Fy, N U), F{ N
V(resp., F, NV)in FY, as required.

Corollary 3.8. Let Q: E — F be an closed continuouslF.W. surjection, where in E and F are
F.W.T.S. on D. If E is F.W.M. no. ( then so is F.
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Finally, we offer the emission of F.W. upper functionally (resp., F. W. lower functionally and F.W.
multi- functionally) normal space as follows:

Definition 3.7. The F.W.T.S. E on D is named F.W. upper functionally (briefly, F.W.U. funct.)

no. if for every point d of D and every pair U, V of separated closed sets of E, there exist a nPd W of
d and a pair of separated open sets K, H and a continuous function A : X {,— I'such thatX{ nUnH
cAt@andXEnvnKcecat@inXi.

Definition 3.8. The F.W.T.S. E on D is named [F.W. lower functionally (briefly, F.W.L. funct.) no. if
for every point d of D and every pair U, V of separated closed sets of E, there exist a nlPd W of d and
a pair of separated open sets H, K and a continuous function A : X ;— Isuch that X, nU N H c A*
and Xy NVNnKcat@inXg,.

The F.W.T.S. on D is named F.W. multi- functionally (briefly, F.W.M. funct.) no., if E is F.W.U.
funct. no. and F.W.L. funct. no.

Remark 3.3. If E is F.W.U. funct. (resp., F.W.L funct. and F.W.M. funct.) no.S. on D, then Ep~ is
F.W.U. funct. (resp., F.W.L . funct. and F.W.M. funct.) no.S. on D* for every subspace D* of D.

Closed subspaces of F.W.U. funct. (resp., F.W.L funct. and F.W.M. funct.) no.S. are F.W.U.
funct. (resp., F.W.L funct. and F.W M. funct.) no. In fact, we have:

Proposition 3.9. Let Q: E — E* be a closed F.W. embedding, where in E and E* are F.W.T.S. on D.
If E* is F.W.U. funct. (resp., F.W.L funct.) no. then so is E.

Proof. Let d be a point of D and let U, V be separated closed sets of E. Then Q(U), Q(V) are separated
closed sets of E*. since E* is F.W.U. funct. (resp., F.W.L funct.) no. there exists a nlPd W of d and a
pair of separated open sets H, K and a continuous function A : (E*){ — I(resp., A : (E*)— 1) such
that (E*)#, N Q(U) n H < A (0)(resp., (E)E N QU) nHc At (0)) and (ENE N (V) nK et
(1)(resp., (ENE N (V) n K c At (1)) in ()T (resp., (E)3), then ¢ = ao is a continuous
function A : Ef, — I(A : E;, — D) such that Ef, nU N Q(H) c ¢™ (0)(resp., Ey, N U N Q™ (H) c o™
() and Ef, NV n QY K) c o™ ()(resp., Ey, NV N QYK) € @? (1)) inEE (resp., EE),. As required.

Corollary 3.9. Let Q: E — E* be a closed F.W. embedding, where in E and E* are F.W.T.S. on D. If
E* is F.W.M. funct.no. then so is E.

Proposition 3.10. Let Q: E — F be an open, closed and continuousF.W. surjection, where in E and F
are FW.T.S. on D. If E is F.W.U. funct. (resp., F.W.L funct.) no., thensois Y.

Proof. Let d be a point of D and let U, V be separated closed sets of F. Then Q™}(U), Q*(V) are
separated closed sets of E. Since E is F.W.U. funct. (resp., F.W.L funct.) no. there exists a nPd W of
d and a pair of separated open sets H, K and a continuous function A : X §,— I (resp., A : X ,— )
suchthat X, N Q' (U) nHc At (0) (resp., X 7w N Q' U)NnHc AT (0)and X n QN (V) n K c At
(1) (resp., X & N Q(V) N K c A (1)) in Xw. Now a function ¢ : F{, — I (resp., F & — I) is given
by:

(f) = supeeq-15) A(e); f € Fy (resp., F;)
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Since Q is open and closed, as well as continuous, it follows that ¢ is continuous. Since F{; N U N Q
(H) c Q™ (0) (resp., Fiy nUNQ (H) c Q* (0) and Ffy, NV n Q (H) € Q™ (1) (resp., Fiy nV N Q
(H) c Q™ (1)) in E{y (resp., Fyy). This proves the proposition.

Corollary 3.9.. Let Q: E — F be an open, closed and continuousF.W. surjection, where in E and F
are FW.T.S. on D. If E is FW.M. funct. no., thensois Y.
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