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The purpose of this paper is to study the concept of orthogonal generalized
higher symmetric reverse bi- derivation on semiprime I'-ring. We study some
lemmas and theorems of orthogonality on semiprime I"-rings. We prove that
if M is a 2-tortion free semiprime I'-ring then D, and G, are orthogonal
generalized higher symmetric reverse bi-derivations associated with higher
symmetric reverse bi-derivations d,and g, for all neN. Then the following
relations are hold for all a,b,céM , o € T and neN:

i. D,(a,b)aG,(b,c) = G,(b,c)aD,(a,b) =0

hence D,(a,b)aG,(b,c) + G,(b,c)aD,(a,b) =0

ii. d, and G,, orthogonal and d,,(a, b)aG, (b, c)=G, (b, c)ad,(a,b) = 0.

iii. g,, and D, orthogonal and g,,(a, b)aD, (b, c)=D, (b, c)ag,(a,b) = 0.

iv. d,G, = G,d, = 0 and g,D,, = D,,g, = 0
V. G,D,, = D,,G,, = 0.

1. Introduction

If M and I be two additive abelian groups, then M is said to be I"-ring if:
l.aacbeM 2. aa(b+c) =aab+ aac, a(a + )b = aab + afb, (a+ b)ac = aac + bac
3. (aab)Bc = aa(bBc) foranya,b,c e M and a, 3 € I'. Nobusawa 1964 [11] was the first to present
the idea of I'-ring and generalized by Barnes 1966 [3] as above. The I'-ring M is said to be prime if
a’'MI'b=0 implies that a=0 or b=0 and its called semiprime if al’MI'a=0 implies that a=0 for each
a,beM, also M is called n-torsion free (n-tf) if na =0 for all aeM implies that a=0 where n is positive
integer [7]. Ozturk et al. [12] introduced his definition as follows: The mapping d:-MxM—M is called
symmetric if d(a,b)=d(b,a) for all a,b M. Jing in [6] introduced his definition as follows: The additive
mapping d:M—M is called derivation on I'-ring M if d(aob)=d(a)abtaad(b) for each a,beM and
o€l

Ozturk et al. [12] its definintion is as follows: A symmetric bi-additive mapping d:MxM—M is
called symmetric bi-derivation on M if d(aab,c)=d(a,c)bataad(b,c) for each a,b,cEM and a€l’. C. Jaya
Subba Reddy in [4] its definintion is as follows: The reverse bi-additive mapping d:RxR—R is called
symmetric reverse bi-derivation on prime ring R if satisfies the identity d(ab,c)=d(b,c)a+bd(a,c) and
d(a,bc)=d(a,c)b+cd(a,c) for all a,b,ceR. In [5] Ceven and Ozturk their definition as follows: Let D be
additive mapping of M, then D is called generalized derivation on M if there exists a derivation d from
M into M such that D(aab)=D(a)ab+aad(b) for every a , b €M and a€l’. Marir and Salih in [8] are
introduced their concept as follows: If d = (d; );en be a family of bi-additive mapping on MxM into
M is called higher bi-derivation if d,(aab, cad)= ¥j=ndi(a, c)ad;(b,d) for every a,b,c € M and
a€l’. .H.Majeed and S.M.Salih in [1] are introduced the definition on a generalized higher derivation
A as follows: Let M be a I"-ring, D,, = (D;);en be a family of additive mappings of M such that for all
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neN,abeMandf eI, wehave: D,(apb) = Yi,j=n Di(a)Bd;(b)

Ashraf M. and Jamal M. in [2] introduced the definition of orthogonal derivation on I'-ring as
follows: Let d and g be two derivations from M into M, then d and g are said to be orthogonal if
d(a)TMI'g(b) = (0) = g(b)I'MI'd(a) for all a,b,ceM.

Majeed A.H. and Suliman N.N. in [10] present the definition of orthogonal generalized derivation on
I' — ring M as follows: Let D and G be two generalized derivations from M into M are said to be
orthogonal if: D(a)TMI'G(b) = (0) = G(b)I'MI'D(a) for all a,p € M

Salih S.M. and Aneed J.S. [13]are presented and studied the concept of orthogonal on semiprime
I' — ring M as follows: Let D and G are two generalized higher symmetric reverse bi-
derivations(ghsrb-d) and generalized higher symmetric bi-derivations(ghsb-d) on M, then D and G are
called orthogonal if for all a,b,c EM and neN:
D,(a,b)'MI'G,(b,c)=(0)=G,(b,c)TMI'D,(a,b)

2. Orthogonal Generalized Higher Symmetric Reverse Bi-Derivations on Semiprime I'-ring
We will introduce the definition of orthogonality and some lemmas related to inductance and help
prove some theorems.

Definition(2.1):

Let D = (D;)ieny and G = (Gj);en are two generalized higher symmetric reverse bi-
derivations(ghsrb-d) on a semiprime T —ring M, then D and G are called orthogonal if for all a,b,c €
M and neN, then

D,(a,b)ITMI'G, (b, c) = (0)=G,(b,c) TMT D,(a,b)
where D, (a, b)TMI'G,(b,c) = XL, Di(a, b)amBG;(b,c) forallm eM and o, BET
Example(2.2):

Let d,, and g, are two higher symmetric reverse bi-derivations (hsrb-d) on a I"-ring M for all n
€N. Let M’ =MxM and I"'=I'<I" we define dj, and g;, by d;;: M’ x M" > M’ and g,: M’ x M’ - M’ such
that dj,((a,b), (c,d)) = (d,(a,b),0) and g;((a,b),(c,d)) = (0,g,(c,d)) for all (a,b),(c,d) € M.
Then dy, and g, are (hsrb-d). Moreover, if (D,,d,) and (G,,g,) are two (ghsrb-d) on M, we
defined D;, and G, on M’ such that Dy((a,b),(c,d)) = (Dy(a,b),0) and G,((a,b),(c,d)) =
(0,Gp(c,d)) forall (a,b),(c,d) € M. Then (D, dy, ) and (Gj,, gr,) are two (ghsrb-d) on M’ such that Dy,
and G,, are orthogonal.

Lemma(2.3): [5]

Let M be a 2-tfsp I'-ring and a,b € M, then the following conditions are equivalent for each o,B€I":
l.aaMpBb =0
2.baMfBa =0
3.aaMfb + baMBa =0
If one of these conditions is fulfilled, then aob=baa=0

Lemma(2.4): [4]

Let M be a 2-tfsp I'-ring and ao €M such that aaMPb+baMPa=0 for every o,B€I’, then
aoaMBb=baMpa=0.
Lemma(2.5):
Assume that D,and G, are bi-additive mappings on a semiprime [-ring M satisfies
D,(a,b)I'MI'G,(a,b) = (0), then D,(a, b)TMI'G, (b, c) = (0) for every a, b, ceM and neN.
Proof:
By assumption D,(a, b)[MI'G,(a, b) = (0) then
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Dn(a, b)IMI'G,(a, b) =YL, Di(a, b)ampBG;(a,b) = 0 (D
Replace a by a + cin (1) for every ceM then
n

Z D;(a+ ¢,b)ampBG;(a+c,b) =0
™ (Dy(a,b) + Dy(6, b)) amB(Gy(a,b) + Gi(6 b)) = 0

Z D;(a,b)amfBG;(a,b) + D;(a, b)ampBG;(c,b) + D;(c,b)amBG;(a, b) + D;(c,b)amBG;(c,b) =0
i=1

By equation (1) we get i1, D (@, b)amBG;(c,b) + D;(c,b)amBG;(a,b) = 0

z D;(a,b)amfG;(c,b) = — Z D;(c,b)amfG;(a, b) (2)

Multiplication the equation (2) by yt& };iL; Di(a, b)ampG;(c,b) foreacht eM and y, 6 € T we get
ir1 Di(a, b)amfBG;(c,b) yt& X;iL; Di(a, b)ampBG;(c,b) =0
Since M is semiprime I"-ring, we get

Z D;(a, b)ampG;(c,b) = 0 3)

Replace G;(c, b) by Gi(b,c) in (3) we get Y:iL, D;(a,b)amfG;(b,c) =0
Hence  Dy(a,b) 'MTI Gy(b,c) = (0)
Lemma (2.6)

Let M be a 2-tfsp I'-ring. If D, and G,, are two (ghsrb-d) associated with two (hsrb-d) d, and g,
respectively for all neN, then D, and G, are orthogonal if and only if D,(a, b)aG,(b,c) +
Gp(b,c)aD,(a,b) = (0) for all a,b,ceM , neN and a, Bel".

Proof:
Suppose that D, (a,b)aG,(b,c) + G,(b,c)aD,(a,b) = (0)
Z D;(a, b)aGy(b, c) + Gy(b, )aD;(a,b) = 0 )

i=1
Replace a by wpa in (1) forall w € M we get

Z D, (wBa, b)aG; (b, c) + G;(b, c)aD;(wBa,b) = 0

i Di(a,b)Bd; (w, b)aGy (b, ) + Gi(b,c)aD;(a, b)Bd;(w,b) = 0 @)
iRZelpIace aD;(a, b)Bd;(w, b) by Bd;(w, b)aD;(a, b) in (2) we get

Z D;(a, b)Bd;(w, b)aGi(b, &) + G;(b,c)Bd;(w,b)aD;(a,b) = 0

By lemma (2.4) we get

z D;(a, b)Bd;(w, b)aGy(b, ¢) = z G: (b, ©)Bd;(w, b)aD;(a, b) = 0 3)

Replace d;(w,b) by min (3) for aII meM we get
D,(a,b) 'MI' G,(b,c) = (0) = G,(b,c) I'MI' D,(a,b)

Thus D,and G,, are orthogonal

Now, assume that D, and G,, are orthogonal

D,(a,b) 'MI' G,(b,c) = (0) = G,(b,c) I'MI' D,(a,b)
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Z?:l Di(al b)amBGl(bl C) =0= {1=1 Gi(b, C)amBDi(a' b) ?=1 Di(a, b)amBGl(bl C) +
G;(b,c)amfD;(a,b) =0
By lemma (2.3) we get Z -, Di(a,b)aGj(b,c) = XiL; Gi(b,c)aD;(a,b) =0

z D;(a, b)aG; (b, c)+ZG (b, )aD;(a,b) = 0
Thus D,(a,b)aG,(b,c) + G n(b,c)aD,(a,b) =

Lemma(2.7)
If M be a 2-tfsp I'-ring. Let D, and G, are two (ghsrb-d) associated with two (hsrb-d) d,, and g,

respectively for all neN. Then D, and G, orthogonal iff D,(a,b)aG,(b,c)= (0) or
G, (b, c)aD,(a,b) =0 for all a, b, ceMand «, Bel .

Proof :
Suppose that D, (a, b)aG (b,c) = (0)
D, (a,b)aGy (b, ¢) = Z D;(a, b)aG;(b,c) = 0 )
Replace a by wBain (1) forall we Mweget YL, D;(wBa,b)aG(b,c) =0
Z D;(a, b)Bd; (w, b)aG; (b, ) = 0 ©)

Replace d;(w, b) by m for all me M in (2) we get YiL, D;(a, b)BmaG;(b,c) =0
Then D, and G,, orthogonal

Now, if G,(b,c)aD,(a,b) = (0). Then D, and G, orthogonal.

Conversely, assume that D,, and G,, orthogonal

Then D,(a,b) I'MT G,(b,c) = (0) implies that };iL; D;(a,b)amfG;(b,c) =0
By lemma (2.3) we get i, D;(a, b)aGi(b,c) =0

Hence D,(a,b)aG,(b,c) =0

And by G, (b,c)TMI'D,(a,b) = XL, G;j(b,c)amBD;(a,b) =0

By lemma(2.3) we get YiL; G;(b, c)aD (a,b)=0

Hence G, (b,c)aD,(a,b) =0

Lemma (2.8)
If M be a 2-tfsp I'-ring. Let D,and G, are two (ghsrb-d) associated with two (hsrb-d) d, and g,

respectively for all neN.Then D, and G, orthogonal iff D,(a,b)ag,(b,c) =0 or d,(a, b)aG,(b,c) =0
for all a,b,ceM and a, Bel.
Proof :
Suppose that D, (a,b)ag, (b, c) = (0)
n

Dy (2, b)aga(b,c) = )" Di(a, b)aagi(b,c) = 0 e

Replace a by wpa in (1) for all w € M we get

Z D;(wpa,b)agi(b,c) =0
D Dia)Bdi(w, baags (b, ) = 0 @
i=1
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Replace g;(b, c) by G;(b,c) and Bd;(w,b)a by amf for all meM in (2) we get
i=1 Di(a, b)ampG;(b,c) =0

By lemma(2.3) we get Yi-; D;(a, b)aGi(b,c) =0

D,(a,b)aG,(b,c) =0

By lemma(2.7) we get D,, and G,, orthogonal .

Similarly way if d,,(a, b)aG, (b, c) =0 we get D, and G,, are orthogonal

Conversely, assume that D,, and G,, are orthogonal.

By lemma(2.7) we get D, (a, b)aG,(b,c) =0

Z Di(a, b)aG;(b, ) = 0 3)
i=1
Replace a by wfa in (3) we get Y.L, D;(wBa,b)aG;(b,c) =0

in=1 Di (a, b)Bdl (W' b)aGi (b, C) =0 (4)

Replace Bd;(w, b)aG;(b,c) by ad;(w,b)Bg;(b,c) in (4) we get
i=1 Di(a, b)ad;(w, b)Bg;(b,c) = 0

By lemma(2.3) we get }iL; Di(a,b)agi(b,c) =0

Hence D, (a,b)ag,(b,c) = (0)

Also replace a by apw in (3) we get }i-; D;(apw,b)aG;(b,c) =0

Z D;(w, b)Bd;(a, b)aG;(b, c) = 0 (5)

Left multiplication the equation (5) by d;(a, b)aG;(b, c)é for all 6 € T we get
ir; di(a,b)aG;i(b,c)8D;(w, b)Bd;(a,b)aG;(b,c) =0

Since M is semiprime, then YL, d;(a, b)aG;(b,c) =0

Hence d,(a,b)aG,(b,c) = (0)

Lemma(2.9)
Let M be a 2-tfsp I'-ring. If D,, and G,, are two (ghsrb-d) associated with two (hsrb-d) d, and g,

respectively for every neN. Then D, and G, orthogonal iff D,(a,b)aG,(b,c) = d,(a,b)aG,(b,c) =0
for all a,b, ceM and oel.

Proof:

Assume that D,, and G,, orthogonal

From lemma(2.7) we get D, (a, b)aG,(b,c) =0 (D
And by lemma (2.8) we get d,(a,b)aG,(b,c) =0 (2)

From (1) and (2) we get D,(a,b)aG,(b,c) = d,(a,b)aG,(b,c) =0
Conversely, suppose that D,,(a,b)aG,(b,c) = 0
By lemma(2.7) we get D,, and G,, are orthogonal
Now, if d,(a,b)aG,(b,c) =0
By lemma(2.8) we get D,, and G,, are orthogonal
3. Main Theorems
We will present and study some basic theorems for orthogonality on I'-ring M.

Theorem(3.1):
If M be a 2-tfsp I'-ring. Let D, and G, are orthogonal associated with two (hsrb-d) d, and g,

respectively for every neN.Then the following relations are hold for every a, b, ceM and «, fel’
i. D,(a,b)aG,(b,c) = G,(b,c)aD,(a,b) =0
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hence D,(a,b)aG,(b,c) + G,(b,c)aD,(a,b) =0

ii. d,, and G,, orthogonal and d,,(a, b)aG, (b, c)=G, (b, c)ad,(a,b) = 0.
iii. g, and D, orthogonal and D,,(a, b)ag,(b,c) = g,(b,c)aD,(a,b) = 0.
iv. d,, and g, are orthogonal (hsrb-d).

v.d,G, = G,d, = 0and g,D, =D,g, =0

vi. G,D,, = D,G, = 0.

Proof: (i)

Since D,, and G,, orthogonal and by lemma(2.7) we get
D,(a,b)aG,(b,c) = 0 and G,(b,c)aD,(a,b) =0

D,(a,b)aG,(b,c) = G,(a,b)aD,(b,c) =0

Hence D,(a,b)aG,(b,c) + G,(a,b)aD,(b,c) =0

Proof: (ii)
Since D, and G, orthogonal, then
By lemma(2.8) we get d,(a, b)aG,(b,c) =0 (D
n
> di@baGb,0) =0 @
i=1

Replace a by wBa in (2) for all weM and 8 € I' we get
Y, di(wBa,b)aG;(b,c) =0

i=1 di(a,b)Bd;(w,b)aG;(b,c) =0 (3)
Replace d;(w, b) by min (3) for all meM we get

", di(a,b)BmaG;(b,c) = 0 4
From (i) we have G,(b,c)aD,(a,b) =0

i=1 Gi(b,c)aD;(a,b) =0 (5)

Replace a by apw in (5) we get Y G;(b,c)aD;(afw,b) =0
= Y, Gi(b,c)aD;(w,b)Bd;(a,b) =0

By lemma (2.3) we get >, G;(b,c)ad;(a,b) =0
G,(b,c)ad,(a,b) =0 (6)

In the equation Y7, G;(b,c)ad;(a,b) = 0 replace a by afw we get
v Gi(b,c)ad;(afw,b) =0

n
z G, (b, ©)ady(w, b)Bd;(a,b) = 0 %)
i=1
Replace ad;(w, b)B by Bd;(w, b)a in (7) we get

i=1 Gi(b,c)pd;(w,b)ad;(a,b) =0 €))
Replace d;(w, b) by m in (8) for every me M, then

i=1 Gi(b,c)pmad;(a,b) =0 (9)

From (4) and (9) we get d,, and G,, orthogonal
From (1) and (6) we get d,,(a, b)aG, (b, c) = G,(b,c)ad,(a,b) =0

Proof: (iii) In the same way as used in proof (2)

Proof: (iv)
From (i) we have D, (a, b)aG,(b,c) =0
?lei(a, b)aGi(b, C) =0 (1)
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Replacmg a by apw in (1) we get Y7, D;(aBw,b)aG;(b,c) =0
Z Di(w, b)Bd;(a,b)aGi(b,c) =0 @)

R_eplacing a by sya and G;(b,c) by g;(b,c) in (2) for each s eM we get
n

D Di(w, b)pdi(sya, Dagy(b,c) = 0

D Diw,b)pdi(a, bydi(s, bagy(b,c) = 0 3)

R_eplace d;(s,b) by min (3) for all me M
n

D Diw,b)B di(a, bymag,(b,c) = 0 0

Left multiplication (4) by d;(a, b)ymag;(b,c)d forall § € I' we get
?=1 di(a! b)ymagl(b! C)6D1(W ’ b)ﬁdl(a ’ b)ymagl(b, C) =0

Since M is semiprime then Y.i-, d;(a, b)ymag;(b,c) =0

Thus d,(a,b)TMTg,(b,c) =0

Similarly from (i) we have G,(b,c)aD,(a,b) =0 we get g,(b,c)TMI'd,(a,b) =0
Hence d,, and g,, orthogonal (hsrb-d).
Proof: (v)
From (ii) we have d,(a,b)aG,(b,c) =0
d,(d,(a,b)aG,(b,c),m) =0
n
Z d;(d;(a, b)aG;(b,c),m) = 0 )
Replace a by wBa in (1) forall weM and 8 € I' we get
*,d;(d;(wBa,b)aG;(b,c),m) =0

Z di(di(a, D)Bds(w , B)aG(b,c),m) = 0

Z d;(G;(b,c),m)Bd;(d;(w,b),m)ad;(d;(a,b),m) =0 (2)
Replace d;(a,b) by G;(b,c) in (2) we get

2 di(Gy(b, ©), m)Bdy(ds(w , b),m)ady(G;(b,c),m) = 0

Szince M is semiprime, then >, d;(G;(b,c),m) =0

Thus d,G, =0 3)
And by (ii) G, (b,c)ad,(a,b) =0

G,(G,(b,c)ad,(a,b),m) =0

D Gi(Gib,)adi(a,b),m) = 0 @)

Replace a by adéw in (4) forall § € I' we get
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. Gi(Gi(b,c)ad;(adw,b),m) =0
. Gi(Gi(b,c)ad;(w,b)éd;(a,b),m) =0

n
> Gildi(a, b),magi(di(w, b, m)8gi(Gi(b, ©),m) = 0 5)
i=1

Replace g;(G;(b,c), m) by G;(d;(a,b),m) in (5) we get

=1 Gi(di(a,b), m)ag;(d;(w,b),m)6G;(d;(a,b),m) =0

Since M is semiprime, then >, G;(d;(a,b),m) =0
Thus G,,d,, =0 (6)
From equations (3) and (6) we get G,d,, =d,G, =0

In the same way we prove that D,,g,, = gD, =0

Proof: (vi)
Since D,, and G,, orthogonal, then D, (a, b)TMTG,,(b, c) =0
D, (D,(a,b)TMTG, (b, c),s) = (0) for all seM

i=1 Di(Di(a, b)amBG;(b,c),s) =0

ie1 Di(Gi(b,c),s)ad;(m,s)Bd;(D;(a,b),s) =0 (1)
Replace d;(D;(a, b),s) by D;(G;(b, c),s) in (1) we get
w1 Di(Gi(b,c),s)ad;(m,s)BD;(G;(b,c),s) =0
Since M is semiprime we get Y.i-; D;(G;(b,c),s) =0
Thus D, G, =0 (2)
And by G, (b, c)TMTD,(a, b) = 0
G, (G, (b,c)TMTD,,(a,b),s) = 0 forall seM
1 Gi(Gi(b,c)amBD;(a,b),s) =0
i=1 Gi(Di(a,b),s)ag;(m,s)Bg;(Gi(b,c),s) =0 3)
Replace g;(G;(b,c),s) by G;(D;(a,b),s) in (3) we get
iz1 Gi(Di(a,b),s)ag;(m,s)BG;(D;(a,b),s) =0
Since M is semiprime we get )i~ G;(D;(a, b),s) =0
Thus G,D, =0 4)
By equations (2) and (4) we get G,,D,, = D,,G,, =0

Theorem (3.2):
Let M be a 2-tfsp I'-ring. If D,, and G,, are two (ghsrb-d) associated with two (hsrb-d) d,, and g,
respectively for each neN. Then the following relations are equivalent for every a, b, ceM and «a, SeTl".
i. D,, and G,, orthogonal.
ii. D, (a,b)aG,(b,c) + G,(b,c)aD,(a,b) = 0.
iii. d,,(a, b)aG,(b,c) + gn(b,c)aD,(a,b) = 0.
Proof: (i) & (ii)
Assume that D,, and G,, orthogonal
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By theorem(3.1) (i) we have D,(a,b)aG,(b,c) = G,(b,c)aD,(a,b) =0
Hence D,(a,b)aG,(b,c) + G, (b,c)aD,(a,b) =0

Conversely, let D,,(a, b)aG, (b, c) + G,,(b,c)aD, (a,b) =0

By lemma(2.6) we get D,, and G,, orthogonal

Proof: (i) & (iii)
Let D, and G, orthogonal

Then, by lemma(2.8) we get d,,(a, b)aG, (b,c) =0 (1)
Since D,, and G, orthogonal, then G, (b,c)I’'MI'D,(a,b) =0

Z G;(b,c)ampBD;(a,b) =0 (2)
By lemma (2.3) we get Y.iv, G;(b,c)aD;(a,b) =0 3

Replace G;(b,c) by g;(b,c) in (3) we get
Z?:l gi(b, C)aDi(a! b) =0
Thus g,(b,c)aD,(a,b) =0 (4)
From (1) and (4) weget d,(a,b)aG,(b,c)+ g,(b,c)aD,(a,b) =0
Conversely, suppose that d,,(a, b)aG, (b,c) + g,(b,c)aD,(a,b) =0

‘{L=1 di(aJ b)aGi(b' C) +gl(bi c)aDi(a, b) =0 (5)
Replacing a by tya in (5) we get
Z’-l_ld-(tya b)aG;(b,c) + g;(b,c)aD;(tya,b) =0

Z d;(a, b)yd; (t, b)aG(b, c) + g;(b, c)aD;(a, b)yd;(t,b) = 0 6)
Replace d;(a,b) by D;(a,b) and g;(b, c) by G;(b,c) in (6) we get
Yi=1Di(a,b)yd;(t,b)aG;(b,c) + G;(b,c)aD;(a,b)yd;(t,b) =0 (7)
Replacing aD;(a, b)yd;(t,b) by yd;(t,b)aD;(a, b) in (7) we get

i=1Di(a, b)yd;(t, b)aG;(b,c) + G;(b, c)yd;(t,b)aD;(a,b) = 0 (8)
By Lemma (2.4) we get

1 Di(a, b)yd;(t,b)aG;(b,c)=Y1, G;(b,c)yd;(t,b)aD;(a,b) =0
Hence D, (a, )TMTG, (b, c) = (0) = G, (b, c)TMI'D,(a, b)
Hence D,, and G, orthogonal

Theorem(3.3):
Let M be a 2-tfsp I'-ring. If D,, and G,, are two (ghsrb-d) associated with two (hsrb-d) d,, and g,

respectively for all neN.Then D,, and G,, orthogonal iff D, (a,b)aG,(b,c) =0 and d,,G,, = d,g, =0
for all a,b,c EM and o,pel".
Proof:
Assume that D,, and G,, orthogonal
By lemma (2.7) we get D,,(a, b)aG,(b,c) =0 (1)
And by Theorem (3.1) (ii) we get G,(b,c)ad,(a,b) =0
d,(G,(b,c)ad,(a,b),m) =0 forall me M
i=1 di(Gi(b,c)ad;(a,b),m) =0 (2)
Replace a by aft in (2) for all teM we get
n

Z d:( G;(b, )ard;(aBt, b),m) = 0

n=1 di(Gi(b' C)adi(t' b)ﬁdi(a’ b)'m) =0

43



Journal of Iraqi Al-Khwarizmi (JIKh) Volume:9 Issue:1 Year: 2025 pages: 35-47

D dildi(a,b), mad:(di(t, b), m)Bd(Gib,c),m) = 0 )
Eelplace d;(a, b) by G;(b,c) in (3) we get

D di(Gi(b,0), m)ad;(d(t,b), mBdy(Gi(b, ), m) = 0

i=1

Since M is semiprime we get Y.i-, d;(G;(b,c),m) =0
Thus d,G, =0 (4)
Also, by Theorem (3.1) (iv) we get g, (b, c)TMT'd,,(a,b) =0
d,(gn(b,c)TMId,(a,b),m;) = 0 forall m;eM
*,di(gi(b,c)ampBd;(a,b),m;) = 0 for all m;eM
=1 d;(d;(a,b),my)ad;(m, my)pd;(g;(b,c),m;) =0 (5)
Replace d;(a, b) by g;(b,c) in (5) we get
=1 d;(gi(b, c),my)ad;(m,my)pd;(g;(b,c),m;) =0
Since M is semiprime, then Y7, d;(g;(b,c),m;) =0

Thus d,g, =0 (6)
From (1), (4) and (6) we get D, (a,b)aG,(b,c) = (0) and d,G, = d,g, =0
Conversely, suppose that D,,(a, b)aG,(b,c) =0 (7)
And d,G, =0

(d,Gy)(baa,c) =0
n . d;(Gi(baa,c),m) = 0 forall meM

D di(Gi(a, )agi(h,),m) = 0

D di(gi(b,c), m)ad;(Gy(a,c),m) = 0 (8)

Replace d;(g;(b,c),m) by d;(a, b) and d;(G;(a, c), m) by G;(b, c) in (8) we get

n
Z d;(a, b)aG;(h,c) = 0
i=1

Hence d,,(a, b)aG,(b,c) =0 9
From (7) and (9) we get D,,(a, b)aG,(b,c) = d,(a,b)aG,(b,c) =0
By lemma(2.9) we get D,, and G,, orthogonal.

Theorem(3.4):
Let D, be a (ghsrb-d)associated with (hsrb-d) d,, of a 2-tfsp I'-ring M for all neN. If
D,(a,b)aD, (b,c) =0 then D,, = d, = 0 forall a,b,c EM and a,Bel".
Proof:
By assumption D, (a, b)aD,(b,c) = Y=, D;(a,b)aD;(b,c) =0 (D
Right multiplication (1) by 6D;(a, b) we get

n
z Dy(a, b)aD;(b,c)8D;(a,b) = 0
i=1
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Since M is semiprime we get ».i~, D;(a,b) =0

Then D, =0 (2)
Replace a by tpa in (1) for every teM, then

* . Di(tBa,b)aD;(b,c) =0 = Y, D;(a,b)Bd;(t,b)aD;(b,c) =0 3)
Replace d;(t, b)aD;(b, c) by D;(b, c)ad;(t, b) in (3) we get

Z D;(a, b)BD; (b, )ad;(t, b) = 0
i=1

By Lemma (2.3) we get .7, D;(a,b)Bd;(t,b) =0 (4)
Left multiplication (4) by d;(t, b)d for all el we get

Z d;(t, b)8D;(a, b)Bd;(t,b) = 0
i=1

Since M is semiprime, then Y7, d;(t,b) =0
Thus d,, =0 (5)
From (2) and (5) weget D, =d, =0

Theorem(3.5)
If M be a 2-tfsp I'- ring. Let D,, and G,, are two(ghsrb-d) associated with two (hsrb-d) d,, and g,

respectively for all neN. Then D,, and g,, as well as G,, and d,, orthogonal iff D,, =d, =0 or G, =
gn =0 forall a,b,ceM and «a, Bel.

Proof:

Suppose that D,, and g,, aswell as G, and d,, are orthogonal

By theorem (3.1)(iii) we have got D, (a, b)ag,(b,c) =0

Yi=1Di(a,b)ag;(b,c) =0 ¢y

Right multiplication (1) by 8D;(a, b) for all Bel" we get

Yi=1 Di(a,b)ag;(b,c)BD;(a,b) =0

Since M is semiprime we get )i, D;(a,b) =0

Hence D, =0 (2)
And by theorem (3.1) (ii) we get d,,(a, b)aG,(b,c) =0
?=1 di(a' b)aGi (br C) =0 (3)

Right multiplication (3) by fd;(a, b) we get
?=1 di(aJ b)aGi(b! C)ﬁdi(aﬂ b) =0
Since M is semiprime we get Y1~ d;(a,b) =0

Thus d,, =0 4)
Now, also by theorem (3.1) (iii) we get g,,(b,c)aD,,(a,b) =0
2i=19i(b,c)aDi(a,b) = 0 ()

Right multiplication (5) by Bg;(b, c) we get

?=1 gi(b, C)aDi(a! b)ﬁgl(bt C) =0
Since M is semiprime, then i~ g;(b,c) =0

Hence g,=0 (6)
And by theorem(3.1)(ii) we have got G,,(b,c)ad,(a,b) =0
?=1 Gi(bJ C)adi(a, b) =0 (7)

Right multiplication (7) by BG;(b, c) we get
?=1 Gi(bJ C)adi(a, b) IBGl (br C) =0
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Since M is semiprime, then -, G;(b,c) =0
Hence G, =0 (8)
From (2), (4), (6) and (8) we get D,, =d,, = 0or G, = g, =0
Conversely, assume that D,, = d,=0 or G, = g,=0
D, (caa,b) = 0 forall ael’
In(Dp(caa,b),m) =0 for all meM

i=19i(Di(caa, b),m) = 0

" gi(Dia bady(c,b),m) =0

D gi(di(e, b m)agy(Di(a,b),m) = 0 ©
i=1

Replace g;(d;(c,b), m) by D;(a,b) and g;(D;(a, b), m) by g;(b,c) in (9) we get

n
Z Di(a,b)agi(b,c) =0
i=1

D,(a,b)ag,(b,c) =0
By theorem(3.1) (iii) we get D,, and g, are orthogonal
Similarly, if G, = g, = 0 we get G, and d,, are orthogonal.
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