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Soft Banach Algebras represent a fascinating extension of traditional Banach
Algebras, providing a versatile mathematical framework for studying algebraic
properties in various applied contexts. This paper offers an overview of key
concepts in Soft Banach Algebra theory and explores their fundamental
applications.

The exposition begins by introducing the definition and general characteristics of
Soft Banach Algebras, highlighting the principal distinctions from conventional
Banach Algebras. The paper proceeds to delve into the essential properties of Soft
Banach Algebras and demonstrates their applicability in differential and integral
calculus.

Furthermore, the paper showcases practical examples and applications of Soft
Banach Algebras in fields such as number theory and mathematical physics. This
section emphasizes how Soft Banach Algebras can be leveraged to solve practical
problems across diverse domains

1. Introduction

In topology, compact spaces and KC-spaces are of great importance in mathematics and applied
sciences. Understanding the properties of these spaces provides a strong foundation for developing
theories and solving problems in a wide range of fields, from pure mathematical analysis to practical
applications in engineering and sciences .The definition of K¢ — space (which every compact subset is
closed)was presented by [1] and new concepts were introduced through the definition of the following
topological spaces K (gc) — spaces (which every compact subset is g — closed), g (gc) — spaces
(which every g — compact subset is g — closed) by S. K. Jassim and H. G. Ali[2]. In this research

work, the aim was to introduce new concepts of spaces, which is named g( K'¢) —spaces

. New

definitions were also introduced, which are On Weaker Forms of g( K'¢) —spaces and Co—g — compact

topologies.

A soft Banach algebra is a mathematical structure that combines elements of both Banach algebras and
fuzzy sets. In a traditional Banach algebra, operations like addition and multiplication are defined in a
precise, deterministic manner. Soft Banach algebras, on the other hand, introduce a degree of fuzziness or

uncertainty in these operations.

In a soft Banach algebra, elements are associated with fuzzy sets, which assign degrees of membership to
points in a given set. The operations of addition and multiplication are then extended to operate on these

fuzzy sets in a way that respects the underlying algebraic structure.

Department of Mathematic, Collage of Science, University of Al-Qadisiyah, Iraq, Email nfam60@Yahoo.com



mailto:nfam60@Yahoo.com

Journal of Iraqi Al-Khwarizmi (JIKh) Volume:8 Issue:2 Year: 2024 pages: 44-68

This concept finds applications in areas where uncertainty or imprecision play a significant role, such as
in fuzzy mathematics, decision making, and optimization problems. Soft Banach algebras provide a
framework to model and analyze situations where exact values are not always available or applicable.

2. Soft Algebras

The concept of soft set theory has been initiated by Molodtsov in 1999 as a general mathematical tool
for modeling uncertainties. He also pointed out several application of this theory solving many practical
problems in economics, engineering, social sciences, medical sciences etc.

Throughout the lecture, let X be an initial universe set and E be the set of parameters. P(X) denote
the power setof X and AcE.

Definition (2.1)

A pair (F,A) denoted by F, is called a soft set over X , where F is a function givenby F: A— P(X). In

other words the soft set over X is a parameterized family of subsets of the universal set X . For a particular
ee A, F(e) may be considered the set of e - approximate elements of the soft set (F,A)and if e A, then

Fe)=¢,ie F,=(F,A)={F(e)eP(X):ec A}

The set of all soft sets over X is denoted by S(X), and called soft Power Set.
Definition (2.2)

A soft set F, over X is said to be

1. Null soft set, denoted by ¢ if F(e)=¢ forany ec A.
2. Absolute soft set, denoted by X if F(e)= X forany e A.
3. Non null soft set if there is at least € € A such that ~(€) # 4
Definition (2.3)
Let F,,G; € S(X) . we say that
1. F,and G; are soft equal (or F, soft equals G ),which we writeas F, =G;,if A=B
and F(e)=G(e) forallee A .
2. F, isa soft subset of G;, and denoted by F, c G, if AcBand F(e)cG(e) forall ec A.
Hence F, =G;iff F, =G, and G, c F,
3. F, isa soft proper subset of G;, and denoted by F, cG;if AcB and F(e) cG(e) for

all ec A.
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Definition (2.4)

A soft set F, over X is called

1.A soft point and its denoted by p. ={€.FEN} jf exactly one € €A | F(€)={x}

for some X€ X and F(Y) =0 goran ¥ €A [{e},

2. A singleton soft set if there is X € X suchthat T €)={X} foral e €A |
Definition (2.5)

Let F, € S(X). Anelement x € X is said to be belongs to the soft set F, over X , denoted by xeF, if
x e F(e)forall e e A. In other words , we say that xeF, read as X belongs to the soft set F,

whenever X€F(€) foralj e A

Note that for any x e X , xgF,, if X F(®) forsome €€ A,
Definition (2.6)
Let X be a nonempty set and A be a nonempty parameter set.

1. The function ¢: A— X is said to be a soft element of X .

2. A soft element ¢ of is said to belongs to a soft set B of X , which is denoted by seB | if
g(e) e B(e) forall ecBif .

Definition (2.7)

Let [J be the set of real numbers and B([] ) be the collection of all nonempty bounded subsets of and A
taken as a set of parameters. The function F : A— B((]) is called a soft real set. It is denoted by (F, A) or
I:A

1. A soft real set F, is said to be nonnegative soft real set if F(e) is a subset of the set of
nonnegative real numbers for each e E .
2. Let [1 (E) denotes the set of all soft real sets .Also [1 (E)" denote the set of all nonnegative

soft real sets.

If specifically F, is a singleton soft set, then identifying F, with the corresponding soft element, it will be

called a soft real number and denoted r, s, t etc. hence [J (E) denote the set of all sort real numbers.

0,1 are the soft real numbers where 0(e) =0,1(e) =1for all e € E, respectively.
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Definition (2.8)

Let F,,G, € S(X)

1. The union of Fy and Gs over X , denoted by Fy U Gs is the soft set He where C=AUB and
forall €€C |
F(e), ecA|B
H(e)=5 G(e), eeB|A

F(e)uG(e), ecAnB _

and is written as 72 Ge =Hc

F,.nG

2. The intersection of Fy and Gy over X, denoted by Bis the soft set He where C=ANB

and forall €€C  H®=FENGE®) anq is written as T " Ce =He.
Definition (2.9)

Let X bea linear space over a field F and let A be a parameter set. Let F, and G, be two soft set over
X and A eF. Define

1L.(F+G)(e)={x+y:xeF(e),yeG(e)} forall ec A
2. (AF)(e)={Ax:xeF(e)} forall ec A

If F,F,,---,F, are n soft sets over (X, A), then
(FR+F+- F)E)={x+X++x,:x €F(e), i=2,3,---,n} forall ee A

Example (2.10)

Consider the Euclidian n-dimensional space [] "over [1 . Let A={L,2,3,---,n} be the set of
parameters. Let F: A— P(U ") be defined as follows :

F(@)={tel": i-thco—ordinate of t is 0}, i=12,---,n.
Then F is a soft linear space or soft linear space of [J "over [J .

Theorem (2.11)

A(F,+Gy) =AF, + AG, forall softsets F, and G, over X and A€F.

Proof :

A(F+G))(e)={1z:ze (F+G))(e)}={A(x+Yy):xeF(e), yeG(e)}={Ax+Ay:xe F(e), yeG(e)}
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(AF+2G))(e) ={X"+ Yy : X' € (AF)(e),y € (AG)(e)}={AX"+ Ay": X" € F(e), y" € G(e)}

Hence the result follows.

Theorem (2.12)

Let F, be a soft set over X

1. If xe X, then x+F, is asoftset over X defined as follows :
(x+F)e)={x+y:yeF(e)} forall ec A

2.1f M c X, then M +F, isasoft set over X defined as follows :

M+F,=J(x+F,),ie (x+F)e)={x+y:yeF(e)} forall ec A

xeM
Definition (2.13)

Let X be a linear space over a field F and let A be the parameter set . A soft set F, over X is said to be a
soft linear space or soft vector space of X over F if F(e)is asubspace of X forall ec A.

Definition (2.14)

Let X bea linear space over afield F. Let xe X and F, be a

Asoftset G, over X issaid to be a soft subspace of a soft linear space F,of X over F if
1. G,cF, ie G,(e)cF,(e) forall ec A.

2. G, isasoft linear space of X over F,i.e. G(e)isasubspace of X forall ec A.

Theorem (2.15)

A soft subset G, of a soft linear space F,of X over F is a soft subspace of F, iff G, + G, =G,
forall a,peF.

Proof :

Let F, be a soft linear space of X over F
Suppose that G, is a soft subspace of F,, then G(e)is a subspace of X forall e A.
Let e A, then (aG+ BG)(e) ={X"+Y : X' e aG(e), Yy € AG(e)}={ax+ By: X,y eG(e)}
Since x,yeG(e)and «, B €F,then ax+ fyeG(e),so (aG+ pG)(e) cG(e)

Hence oG, + G, <G, forall o,f€F.
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Conversely, let the given condition hold.

Foree A let x,yeG(e)and «,p €F ,then (aG+ SG)(e) ={ax+ BYy: X,y eG(e)}

Since aG, + G, =G, forall a,feF,ie.(aG+ pG)e)cG(e),so {ax+py: X yeG(e)}cG(e)
Hence ax+ By eG(e) forall x,yeG(e)and «, € F ,i.e. G(e)is asubspace of X forall ec A.
Since G, is a soft subset F,,i.e. G,(e) c F,(e) forall ec A.

Therefore G, is a soft subspace of F,.

Corollary (2.16)

If G, and H, are soft subspaces of F, of X over F,then G,+H, and AF, are soft subspaces of
F, of X over F.

Corollary (2.17)

If {G,} baa family of soft subspace of F, of X over F, then ﬂGi is a soft subspace of F, of X over F.

ied
Definition (2.18)

Let X be an algebra over a field F and let A be the parameter set. A soft set F, over X is said to be
a soft algebra of X over F if F(e)is asubalgebraof X forall ec A.

It is very easy to see that in a soft algebra the soft elements satisfy the properties :

1. (xy)z=x(yz)

2. X(y+2)=xy+xz and (x+ y)E =XZ+Yz

3. A(xy) = (AX)y = x(1y) where forall x,y,ze F, and for any soft scalar A4 ,
(xy)(e) =x(e)y(e) and (Ax)(e) = A(e)x(e) forall ec A

Definition (2.19)

Let F, be asoftalgebraof X over F
1. F, is called a commutative soft algebra if xy =yx forall x,yeF,

2. A soft element ecF, is called the soft identity of F, if xe=ex=x forall xeF,
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3. Asoft element xeF, is said to be invertible if it has inverse in F,, i.e. if there exists a

soft element yeF, such that xy = yx =e and the y is called the inverse of X, denoted by

x ' . Otherwise x - is said to be non-invertible soft element of F,.

3. Soft Normed Spaces

Let X bealinear space overafield F, X isalso ourinitial universe setand A be a nonempty set of parameters.
Let X be the absolute soft linear space, i.e., X (e)= X , forall e € A. We use the notation X, y, z to denote soft

vectors of a soft linear space and r,s,t to denote soft real numbers whereas r,s,t will denote a particular type
of soft real numbers such that r(e)=r, for all e A etc. For example 0 is the soft real number such that
0(e) =0, for all e A. Note that, in general, ris not related to r .

Definition (3.1)

Let X be the absolute soft linear space . The function ||-||: SE(X) — [ (A)" is said to be a soft norm on the

soft linear space X , if ||-| satisfies the following conditions :

1.”x”26 for all xeX
2. xH:f) iff x=0

3. F-XH=‘FH‘XH for all xe X and for every soft scalar r,

4. |x+ yH s”x”+”y” for all x,ye X

The soft linear space X with a soft norm | -|on X is said to be a soft normed linear space and is
denoted by (X, |-[, A) or (X.|-|)-.

Example (3.2)

Let [ (A) be the set of all soft real numbers. Then the function | -|:0 (A) -1 (A)" which is defined by
HXHZ‘X‘, for all xell (A) , where ‘x‘ denotes the modulus of soft real numbers, is a soft norm on [ (A) and
since SS(U (A)) =0, thus (U, -], A) or (U, -|) is a soft normed space. With the same argument

SS(J (A)) =01 is also a soft normed space.

Example (3.3)

Let X be a normed space. In this case, for every x.eSV (X),

Xe

=|e|+||x|| is a soft norm.
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Proof :
1 Let xeSV (X), then |xe|=e[+[x| >0
2. Let x.eSV(X), then |xe| =0 iff |e[+|x| = 0, iff e=0and x=0 iff x. =0
3. Let xeeSV (X) and for every soft scalar r, then
[Foxal= o] = el x| =Ie e+ I = |
4. Let Xe,y,eSV(X), then
[e 4 Y |= |0t V)| = le+ ] Iyl <[el +le]+ e+ vl = Qe+ b+ e+ [y = x| + |

Theorem (3.4)

Every parametrized family of crisp norms{| - | :e € A}on a crisp linear space X can be considered as a soft

norm on the soft linear space X .

Proof :

Let X be the absolute soft linear space over a field F, A be a nonempty set of parameters. Let{] - || :e € A}
be a family of crisp norms on the linear space X . Let xeX , then x(e) € X , for every e € A. Let us define a
function |- |: X = (A)" by Hx” (€) :Hx(e)H forall xeX , forallee A.

Then |-||is a soft normon X .
To verify it we now verify the conditions 1,2,3 and 4 for soft norm.

1. We have Hx”(e) :Hx(e)He >0 forall ee A, forall xeX , then Hx”zf) for all xeX
2.Let xeX , then HXH=6 iff Hx”(e) =0 forall ec A iff Hx(e)”eze forall e e A iff x(e) =6 forall

ecAiff x=0

3. Let xeX and r soft scalar, then HF-xH(e):H(F-x)(e)He :\F\Hx(e)”e:(\F\Hx”)(e) forall ec A, so
HF-XH:‘FH‘XH for all xe X and for every soft scalar r,

4. Let x, ye X , then (Hx” + Hy”)(e) = Hx” () +Hy” (e) = Hx(e)”e + Hy(e)”e > Hx(e) + y(e)”e = Hx + yH(e) for all
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ee A, so Hx+ yHSHXH+HyH for all x,ye X

||| is a soft norm on X and consequently (X, |-[) is a soft normed space.

Theorem (3.5)

Every crisp norm || . ||X on a crisp linear space X can be extended to a soft norm on the soft linear space X .
Proof :

First we construct the absolute soft vector space X using a nonempty set of parameters A.

Let us define a function |- ||: SE(X) -0 (A)" by HXH (e) = Hx(e)”x forall xeX , forallee A.

Then using the same procedure as theorem (5.3), it can be easily proved that |- | is a soft normon X .

This soft norm is generated using the crisp norm |- |, and it is said to be the soft norm generated by
[l -
Theorem (3.6)

Let (X,||-|, A) is a soft normed space , then

1. forany xe X and ee A, then Hx”(e):o iff x(e)=6,forany xeX and ec A.
2. {ﬂx” (e): x(e) = x} is asingleton set , for each xe X and e A
3. foreach ee A, define || : X — 0 " be the function such that for each x e X , |x|. = Hx” (e),

where xe X such that x(e) = x. Then foreach ec A, |-|_ isanormon X .
Proof :

1. Let us consider a soft scalar Asuchthat A(e")=1,if e'=e, A(e")=0 if e'=e.

Then (Ax)(e) =6 for ' #e, (Ax)(e)=x(e") for e=¢". We have Hﬁx” :‘/I“‘X“
This shows that Hx” (e)=0 iff Ax=0 , iff x(e)=6 .

2 Let x,yex wehave [x|=[x—y+y|<f-yl+|y] = [-]y|<]x-y].
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Similarly Hy”—”x”gux— yH . So H‘x”—”ymﬁux— yH Now if x,ye X such that x(e) = y(e) then
mxu ©-y| (e)‘s”x ~y|(e)=0(by 1) since (x-y)(e) = x(e)- y(e) =0 i.e. [x| (@ =]y (@),
which proves (2).

3. Since for e A, {ﬂx” (e):x(e) =x} is asingleton set, the function | -] : X — 0" is well defined. Hence

from soft norm axioms, it follows that |- ||e isanormon X ..
Theorem (3.7) Decomposition Theorem

Let (X,||-[) is a soft normed space satisfies the following condition

N, : For xe X and e A, the set {HXH (e):x(e) = x} is asingleton set and if foreach ec A, |-| : X »D0*

be a function such that for each xe X , |x|, = Hx” (e), where xe X such that x(e) = x. Then foreach ec A ,

||||e isanormon X .

Proof :

Clearly ||| : X -0 " isarule that assign a vector of X to a nonnegative crisp real number for
all e A. Now the well defined property of |-|_, forall e e A is follows from the condition N, and
the soft norm axioms gives the norm conditions of |-|_, forall e A. Thus the soft norm satisfying
N, gives a parameterized family of crisp norms.

Theorem (3.8)

Let (X,||-|. A) beasoftnormed space. Let us define d : X x X —L1 (A)" by d(x,y) :Hx—yH, for all

X,ye X . Then d isasoft metricon X .

Proof :

1. Let x,ye X , then d(x, y)=Hx—yH26

2. Let x,ye X, then d(x,y)=0 < Hx—y”:é & x-y=0 o x=y

3. Let x,yeX , then d(x,y) =[x~y =y —x|=d(y.)

4. Let X,y,ze X , then Hx-i”:”(x—y)+(y-2)”s”x—yMy—EH,so d(x,z) <d(x,y)+d(y,2)

d isasoft metricon X, d is said to be the soft metric induced by the soft norm ||-||. From the above
theorem it also follows that every soft normed space is also a soft metric space.
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Theorem (3.9) Translation invariance

A soft metric d induced by a soft norm ||-|| on a normed linear space (X, |-[) satisfies
1.d(x+2z,y+2z)=d(x,y), forall x,y,zeX
2. d(F-x,F~y):Md(x, y) , forall x,ye X and for every soft scalar r.

Proof :

We have,
d(x+£,y+2):H(x+2)-(y+2)”:”x-y”:d(x,y) and
A xr-y) = [Fx=r-y <[ =) = x| = ] d x.y)
Theorem (3.10)

Let d: X x X — [ (A)" be asoft metric. X is a soft normed space iff the following conditions :
1.d(x+z,y+2)=d(xy), forall x,y,zeX
2. d(F-x,F-y):Md(x, y) , forall x,ye X and for every soft scalar r .

satisfied.

Proof :

If d(x,y) :Hx— yH from theorem(3.9) , we have then

d(x+2,y+2)=d(xy) and d(r-x,1-y) =|r|d(x,y)
Suppose that the conditions of the theorem are satisfied .

Taking HxH:d(x,f)) for every xe X we have

1.Let xe X, then Hx”:d(x,())zﬁ

2. Let xEx,theonH:() o d(x0=0 < x=0

3. Let xe X and for every soft scalar r, then
o0 =01 9)=[a0x )=

4. Let x,ye X , then
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Hx+ yH: d(x+vy,0)=d(x,—y)<d(x,0)+d(0,~y) = HXH+|—1| Hy” = HXH+HyH

Definition (3.11)

Let(X,||-[) be asoft normed space and (Y, A) be a non-null member of S(X). Then the function

|1, : SE(Y) >0 (A)" given by HXHY :HXH for all xeY isasoftnormon Y .

This norm |- |, is known as the relative norm induced on Y by ||-||. The soft normed space (Y, |-, ,A)is
called a normed subspace or simply a subspace of the soft normed space (X, |-, A) .
Definition (3.12)

Let (X,]-], A) be asoft normed space and r>0 be a soft real number. We define the followings ;

Ba,r) ={x: Hx—aH<F}c SE(X), B(a,r)={x: Hx—aHsF}c SE(X) and
S(a,r) :{x:”x-a”:?}c SE(X)
B(a,r), /_3(a, r) and S(a,r) are respectively called an open ball, a closed ball and a sphere with centre at a

and radius r. SS(B(a,r)), SS(B(a,r)) and SS(S(a,r)) are respectively called a soft open ball, a soft closed
ball and a soft sphere with centre at x and radius r .

Definition (3.13)

A sequence of soft elements {x.}in a soft normed space (X, |, A) is said to be convergent in (X, |- |, A) if

there is a soft element xe X such that

Xn — XH — 0 as n— oo. This means for every &>0, chosen arbitrarily,

there exists a natural number k =k(g), such that 0<|x, — XH<8 , Wwhenever n>k.i.e, n>k xef(xe¢).

We denote thisby x,» — x as n— oo or by

limx, =x, x issaid to be the limit of the sequence x,as n — .

nN—oo

Example (3.14)

Let us consider the set of all real numbers endowed with the usual norm ||-|. Let (C,[-[) or (U.||-|, A)be
the soft norm generated by the crisp norm ||- ||, where A is the nonempty set of parameters. Let Y, such

that Y (e) = (0,1] in the real line, for all e e A. Let us choose a sequence {x.} of soft elements of Y, where

“Xn(€) :1 forall nell , forall e A. Then there is x€Y, such that x, — X in (Y,||-||Y , A) . However the
n
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sequence {y,} of soft elements of ¥, where y, (€) =% forall nell , forall e A. is convergent in
1
(.||, A) and converges to >

Theorem (3.15)
Limit of a sequence in a soft normed space, if exists is unique.

Proof :

If possible let there exists a sequence {x.} of soft elements in a soft normed space (X, |-|, A) such

that limx, =x, limx, =y, where x=y. Then there is at least one e € A such that Hx— yH (e)=0.We
nN—o0

nN—oo

consider a positive real number g, satisfying 0 < ¢, < %Hx - yH(e) .

Let £>0 with s(e) =¢,. Since Xn = X, Xn —> Yy

Corresponding to £>0, there exist natural numbers k, =k, (¢), k, =k, (&) such that n>k,

= Xnefxe) =

Xn —XH<€ =

Xn — XH (e)<eg, ,in particular.

Also, n>k, = xnep(y,e) =

Xn —yH<g =

Xn — yH (e) <e&,, in particular.

Hence for all n>k =max{k,,k,}, = Hx— y”<g = Hx— yH (e)<

Xn — XH (e)+

Xn — yH (e) < 2¢,

So, &, > %Hx— yH (e) . This contradicts our hypothesis. Hence the result follows.

Definition (3.16)

A sequence {xn}of soft elements in (X, |- ||, A) is said to be bounded if the set {|x» — Xn||:n,m € } of soft real

numbers is bounded, i.e., the there exist k >0 such that [[x» — xm||<k forall n,mel]

Definition (3.17)

A sequence {xn}of soft elements in a soft normed space (X, || . || A) is said to be a Cauchy sequence in

X if corresponding to every & >0, there exist k e[J such that |[x, — xm[<k , forall n,m>k, i.e.,

Xn—Xm[|—0 as n,m — oo

Theorem (3.18)

Every convergent sequence in a soft normed linear space is Cauchy and every Cauchy sequence is
bounded.
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Proof :

Let {xa}be a convergent sequence of soft elements with limit x (say) in (X,]|-)

Then corresponding to each >0, there exists k e[ such that x, e ,B(x,%) ie., [Xn— xusg for all

E &

< <—+—=¢.Hence {x,} is
25 {xn}

n>k.Then for nm>Kk, Xn_XH-‘rHX—Xm

Xn — Xm

a Cauchy sequence.

Next let {x.} be a Cauchy sequence of soft elements in (X, -[). Then there existsk el such that

(e):1<n,m<k} forall ec A.

<1, forall n,m>k.Take M with M (e) = max{

Xn =Y,

<M +1 .

Xn — Xm

<

Then for 1<n<k and m>Kk, xn—ka+ka—ym

Xn—=Yn

Thus, |Xn =Y, [<M +1 forall n,me and consequently the sequence is bounded.

Definition (3.19)

A soft subset Y, with Y (e) = ¢ forall e A, in a soft normed space (X, |- |, A) is said to be bounded

if there exists a soft real number k such that Hx”s k forall xeY,.

Definition (3.20)

A soft normed space (X || . || A) is said to be complete if every Cauchy sequence in X converges to a

soft element of X i.e., every complete soft normed space is called a soft Banach’s Space.

Theorem (3.21)

Let (X,||-|. A) be asoft normed space. Then

1LIf xo >xand y, >y then xa+y, > X+Y.

2. 1f xo > x and An —> A then An-Xn — A-X., where {4,}is a sequence of soft scalars.

3. If {xn} and {y, }are Cauchy sequences in X and {4.}is a Cauchy sequence of soft scalars,
then {x» +y,} and {4. - xn}are also Cauchy sequences in X .

Proof ;
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1. Since x» > x and y, >y , for £>0 , there exist a positive integers k,, K, such that

Hxn - xH<§ forall n>k; and Hyn - yH<§ forall n>k, . Let k =max{k,,k,}, then both the above

relations hold for n>k . Then
H(x +Y,)— (x+y)H H(x -X)+ (Y, —y)” Hx —XH Hy —yH< +—_g for n>k.

= Xnt+Y, >X+Y.

2. Since x» — x and A, — 4 we get, for £>0, , there exist a positive integers k such that

Hxn—xH<g forall n>k
Now, Han=Hxn—x+ stHxn—xH+HxH<g+HxH,for aln>k = Han<g+HxH forall n>k

Thus the sequence q‘xn ‘[} is bounded.

Now,
Hﬂn - Xn —/1-xH:H/1n “Xn—A-Xn+ A4 Xn —l-xH:H(/In —A) Xn+A-(Xn —X)HSH(M —/1)-an+H/1-(xn —X)H

=|2n =2 xa] +]] 0x0 =

= 030 =2l - Al +|2fJ(xa -

Since x» — x and 1, — 4 we get, \ﬁn—ﬁ\—ﬁ) and Hxn—xH—>6 as N — .
Now using above we get, H/I Xn —/1-xH—>6 _Hence An-Xn — A-X.

3. Let If {xn} and {y,}be Cauchy sequences in X ,then for £>0, , there exist a positive integers

k., K, such that Hxn — Xm

<§ for all n>k, and Hyn_ym

<% forall n> k,
2

Let k = max{k;,k,}, then both the above relations hold for n,m >k.

Now, H(xn +Y,)—(Xm+Y,,)

+[ya-va

< +§—g fornm>k.

= {Xxn+Yy,} isa Cauchy sequencesin X .

Since {x.}is a Cauchy sequences in X , for £>0 , there exist a positive integers k such that

Hxn—xm <g forall nnm>k.
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Taking in particular n=m+1, |Xma

<g forall nm=>k ,so{j

Xn

'} is bounded.

Now {4} is bounded too.

Then, //Ln'Xn—/Im‘Xm /In'Xn—ln'Xm'F/ln'Xm—/lm‘Xm

//Ln (Xn —Xm)+(/1n —ﬂm)'Xm

ﬁn'Xn_/lm'Xm ﬂ,n —)6&3 n— oo

<

Xn — Xm

+‘(/1n —Am)

Xm

= {An-Xxn} are also Cauchy sequences in X .
Theorem (3.22)

If M, is a soft subspace in a soft normed space (X, -|, A), then the closure of M,, M, is also a soft
subspace.

Proof :

Let X, yeM_A , we must show that any linear combination of x, y belongs to M_A .

Since x,yeM, , corresponding to & >0, there exists soft elements xi,y ,eM, such that
[=x<e. Jy-yi<e

For soft scalars «, #>0),

[t x+B-y)=(a-xu+ Boy)|=[a- (x=x0)+ 8-y = y) | <[er| Jx = o] +[ 8]y - | <& le| + | 8] = & (say).

The above inequality shows that ax:+ Ay, belongs to the open ball g(ax+ gy, e’) .AS axi+ By,

and & >0 are arbitrary, it follows that ax+,8yeM_A. Hence M_A is a soft subspace of X .
Definition (3.23)

A soft linear space X is said to be of finite dimensional if there is a finite set of linearly independent
soft vectors in X which also generates X .

Theorem(3.24)

Let xi,X2,--+, Xn be a linearly independent set of soft vectors in a soft linear space X . Then there is a soft
real number ¢>0 such that for every set of soft scalars A1, 42,---, An We have

Anl)

Hil~x1+/12~x2 oo+ An - Xn

26(‘/11‘+‘/12‘+---+
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Proof :

The theorem will be proved if we can prove

(€)2C( |+ 22|+ +[An)(e) Torall e A

Hﬂl-X1+ﬂ,2-Xz +-o 4+ An - Xn

i, [41(6): x:(€) + A2(€) - Xa(€) +++++ An(€) - Xn(€)] 2 (C(e)(Aa(e)] +|A2(e)|+---+

/‘Ln(e)‘)) forall ec A.

NOW, X1, X2,:-+, Xn being soft vectors in “ X , Xi(€), X2(€),---, Xn(€) are vectorsin X and Ai,A2, -+, An
being soft scalars Ai(e), A2(e),---, An(e) are scalars.

Then using the property of normed linear space (X || . ||e) we get a real number c,, such that the above

relation holds for c(e) = c,, forall ec A.

Theorem (3.25)

Every Cauchy sequence in [J (A) with finite parameter set A is convergent, i.e., the set of all soft real

numbers with its usual modulus soft norm as defined in Example (5.2) with finite parameter set A, is a
soft Banach space.

Proof :

Let{x.} be any arbitrary Cauchy sequence in [J (A). Then corresponding to every &>0, there exist

k el suchthat (X, —xm|<&]|forall nm>k,i.e., |Xo—Xn|(e)<e(e)]|forall n,m=>k, i.e.

Xn(€) — xm(e)‘<g(e) | for all n,m>k. Then {x.(e)}is a Cauchy sequence of ordinary real numbers [J

for each e € A. By the Completeness of [1 and finiteness of A, it follows that {x.(e)} is convergent
foreach e A. Let xn(e) > X, foreach ee A.

Consider the soft element x defined by x(e) =x,, for each e e A. Then x is a soft real number and it
follows that the sequence {x.} of soft real numbers is convergent and it converges to the soft real
number x. Hence [J (A)is a soft Banach space.

Theorem (3.26)
Every finite dimensional soft normed linear space over a finite parameter set A is complete.

Proof :

Let X be a finite dimensional soft normed linear space over a finite parameter set A. Let {y,_} be any
arbitrary Cauchy sequence in X . We show that {y,_} converges to some soft element ye X . Suppose
that the dimension of X is n, and let {xs, X2,---, Xn}be a basis for X . Then eachy, hasa unique

. (m) (m) (m)
representation y =41 " -Xa+A2 Xe+-o+An - Xn.
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Because {y,,}is a Cauchy sequence, for & >0 arbitrary there exist a positive integer k such that

Yy, —V,|<& for m,r >k . From theorem(4.5.23), it follows that there exists ¢>0 such that
>y, —y.|= Z(}L(m)—ﬂ,, i=c> A7 a8 ‘ for m,r>k .
-1
Consequently, A0 <c Zﬂ(,m)—i(,r) £
-1
EENCINE)

shows that each of the n sequences /1(,- ={1;" A An ,--},J=12,---,n is Cauchy in [J (A) and A
is finite, convergesto 4, (say), j=1,2,---,n

We now define the soft element y = A1+ X1 + A2 - X2 +---+ An - Xa Which is clearly a soft element of X .

. (m) .
Moreover, since A; — Aj asm—owand j=12,---,n; we have

CZ‘A 4|

‘x,‘—>0as m-—>o.ie. y, —>Yyas m—o.

5 (m)
—VH=HZ%’ - 2)%;
j=1
4. Soft Banach Algebras
Definition (4.1)

A soft algebra F, of X over F is called a soft Banach algebra if F, is a soft Banach space with

respect to a soft norm that satisfies the inequality ny”s”x””y” and if F, contains an identity & such
that xe =ex = x with Hé” =
Theorem (4.2)

F, is a soft Banach algebra iff F(e) is a Banach algebra for all e A.

Proof :

follows from the definition of soft algebra and the following theorem .

soft normed space (X,||- |) is soft complete iff (X,|-|.) is complete forall e A where || defined

as x| :HxH(e) for each x e X , where xe X such that x(e) = x

Theorem (4.3)
In a soft Banach algebra F,, if X, = x and y, — y thenx,y, — Xy

i.e., multiplication in a soft Banach algebra is continuous.
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Proof :
Since x, »x and y, -y in F, . So xa(e) —> x(e) and y,(e) > y(e) forall ec A in (F(e).|-|.)

Now since F(e) is Banach algebra for all e A (by theorem 6.2) and in Banach algebra
multiplication is continuous so, Xa(e)y,(e) = x(e)y(e) forall e A, which proves that x,y, — Xy.

Theorem (4.4)

Every parameterized family of crisp Banach algebras on a crisp linear space X can be considered as a soft
Banach algebra on the soft vector space X .

Proof :

Let {-||. : e € A} be a family of crisp norms on the linear space X such that (X,|-||.)

are Banach algebra for e A. Now let us define a function ||-|: X — 1 (A)" by HXH (e) = Hx(e)” forall xeX ,

forallee A. Then ||-|is a softnormon X .

Now to show that (X, ||-[) is a soft Banach algebra we have to show that ny”s”x””y” forall x,yeX and

(X,|-[) is complete.

‘x(e)

Now ny” (e)= Hx(e)y(e) y(e) . < HXH (e) Hy” (e) for all e € A, which shows that ny”s”x””y”

<
e e

Now let {x.}be a Cauchy sequence in X . Then for any &>0 there exists a soft natural number k such

that

Xn+p — Xn

(e)<§ forall n>k(e) ,forall e A, then xn+p(e)—xn(e)H<§(e) forall ec A, i.e.

{xa(e)} is a Cauchy sequence in (X, -] ) forall e A.
Since (X, -|.) are Banach algebra for all e e A, so there exist x, such that xa(e) — x, algebra for all

e € A. Hence there must exist some k, (> k(e)) such that |[x.(e) — X,

<§(e) forall e A.

Now <

e

Xn — XH (e)=

Xn(€) — X,

Xn(€) = X (e)H+kae - xe(e)He <g(e) forall n>k(e) ,forall ec A,

where x(e) = x, . This shows that (X, -[) is a soft Banach space. Hence (X,|-|) is a soft Banach
algebra.
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Definition (4.5)

Let F, be asoftalgebraof X over F . Asoft element xeF, is said to be invertible if it has inverse

in F,, i.e. if there exists a soft element yeF, such that xy = yx =e and the y is called the inverse

of x, denoted by x . Otherwise x - is said to be non-invertible soft element of F,.
Remark

Clearly e is invertible. If x is invertible, then we can verify that the inverse is unique. because if
yx=e=xz Then y=ye=y(xz)=(yx)z=ez=12.

Further, if x and y are both invertible then xy is invertible and (xy) =y x

For (xy)(y X )=x(yy )x =x@Ex =xx =¢ andsimilarly (y x )(xy)=¢.
Definition (4.6)

Let (G,*) be agroup and F, be a soft set over G. Then F, is said to be a soft group over G if F(e)is
a subgroup of (G,*) forall e A.

Theorem (4.7)

Let (G,*) beagroup and F, be asoftsetover G. If for any x, yeF,
1. x*yeF, 2. x eF,,

where xx*y(e)=x(e)*y(e) and xfl(e) =(x(e))™*. Then F, is a soft group over G .
Proof :
Proof is obvious.

Remark

This shows that in a soft algebra, the soft set generated by the all invertible elements is a soft group
with respect to the composition defined as in theorem.

Definition (4.8)

ES - k
A series z Xn Of soft elements is said to be soft convergent if the partial sum of the series sy = z Xn 1S

n=1 n=1

soft convergent.
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Theorem (4.9)

Let F, be a soft Banach algebra. If xeF, satisfies Hx”si, then (e—x) is invertible and

0
n

e-x)"=e+>x .

n=1

Proof :
Since F, is soft algebra, so we have ijHstHJ for any positive integer |, so that the infinite

0 k
- n - - ~ -
series ZHXH Is soft convergent because. So the sequence of partial sum sx = Z Xn 1S a soft Cauchy
n=1 n=1
k+p

<ZHX
n=k

n

sequence since

k+p n
DX
n=k

Since F, is soft complete so z X' is soft convergent. Now let s =e+ z X .

n=1 n=1
Now it is only we have to show that s = (e —x)™.

We have
a a 2 n ~ 2 n, ~ ~ n+1
e—=x)(e+X+X +---+X)=(e+X+X +---+X )(e—X)=€e—X
. - ~ n+l ~ i . .
Now again since Hx”gl so x —0 as n—oo. Therefore letting n — oo in and remembering that

multiplication in F is continuous we get, (C—X)s=s(C—X)=c
So that s = (e —x)™. This proves the proposition.

Corollary (4.10)

Let F, be a soft Banach algebra. If xeF, and Hé— XH<1, Then x ~ existsand x | =e+y (e-x)".

n=1

Corollary (4.11)

Let F, be a soft Banach algebra. Let xeF, and A be a soft scalar such that W>HXH :

Then (le—x)™ existsand (le—x)*= Z/l_n X (x =e)
=1

Proof :

yeF, be such that y_1 exists in F, and o be a soft scalar such that a(e) =0, forall e A. Then

it is clear that (ay) =a 'y .
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Having noted this we can write 26— x = A(e—A4  x) and now we show that (6— 4 x)'exists.

We have Hé—(é—}tlx)H - H/lle = ‘ﬂlwxud by hypothesis. So, By Corollary(6.10) (-4 x)™ exists and
hence (Aé— x) ™" exists. For the infinite series representation, using the theorem (6.9)

we have
(A6-x) =2 E-2 X =2 G+ Y E- -2 W) =2 @+ ) =3 K

This proves the corollary.
Theorem (4.12)

Let F, be a soft Banach algebra. The soft set S generated by the set of all invertible soft elements of
F, is a soft open subset in F,.

Proof :

Xo €S . We have to show that xo is a soft interior point of F,. Consider the open sphere S(XO,%)
Xo

with centre at xo and radius .—— . Every soft element x of this sphere satisfies the mequalltnyO - XH<

1
-1
Xo

<

-1 ~ o~ ~ ~ -1 -1 -1
Let y=Xo x and z=e—y then we haveHzH:Hy—eH: Xo X—Xo Xo[<|[Xo

HX—XOH<1.

So by theorem(6.9), e—z is invertible i.e. y is invertible. Hence yeS.. Now X, €S, yeS and so by

Remark , xoyeS . But Xoy=Xo xBlyz X. Soany x satisfying the inequality HXO —xH< 11 belongsto S.

Xo

This shows that S is a soft open subset of F,.

Corollary (4.13)

The soft set P =(S%) of F, is soft closed subset of F,.
Definition (4.14)

A function T from a soft normed space F, onto F, is said to be continuous If for any sequence {x»}, Xn — X

implies T (xa) > T(X) .
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Theorem (4.15)
In a soft Banach algebra F, , the function x — x " of S onto S is continuous.
Proof :

Let xo €S and let {x»} be a sequence of soft elements in S such that x, — Xo .

-1 . . A -1 -1
To prove x — x is continuous, it is enough to show that X, — Xo

-1 -1
Now : = <|[Xn Xo

-1 -1
Xn (Xo — Xn)Xo

-1 -1
Xn - XO

HXO — Xn

Since X, — Xo , for any given &>0; there exists N such that for all n> N(e),

Xn —XOH (e) < 171 (e) where we have taken ¢= 171
2 Xo 2 Xo
~ -1 -1 -1 ~ -1 1 1
Now He—xO Xn[=[Xo (Xo—Xn)||<|[Xo HX—Xn , We get He—xO Xn =SE(G)=§ forall n>N(e).

So by Corollary(4.10) , lexn is invertible and its inverse is given by

-1 -1 ~ &~ -1
Xn Xo=(Xo Xa) " =€+ (€=Xo Xn)"
=1

-1 R ] = 1 — -1
Thus ||Xa Xo £1+Z e—Xo Xn| £—————-—7<2 Thisgives |Xn Xo[< 2 so that we have
n=1 1-|e—Xo Xn
-1 -1 -1 -1 -1 -1
Xn [[=[Xn XoXo ||<[Xn Xolf|[Xo [<2Xo
-1 -1 -1
we get: [Xn —Xo |[(€) £ 2|Xo (e)HXO_Xn (e)>0as n—w.

This proves that Xn_l - Xo_l. So the function x — x  of S onto S is continuous.

Corollary (4.16)

In a soft Banach algebra F,, the function x — x " of S onto S is continuous.
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Definition (4.17)

Let F, be a soft Banach algebra. A soft element xeF, is called a soft topological divisor of zero if

there exists a sequence {x»}in F, , =1 for n=1,2,3,---and such that either xx, —0 or

Xn

XanX —0.
Theorem (4.18)
The soft set Z is a soft subset of P, where Z denotes the set of all soft topological divisors of zero.

Proof :

Let ze Z . The there exists a sequence {z,}such that Za|=1for n=1,2,3,--- and either

22, >0 or z,z—>0 as n— . Suppose that zzn — 0.

If possible, let ze P. Then z(e)™ exists for some e. Now as multiplication is continuous operation, we
should have zx(e) = z(e)*(zzn) —> z(e)*0(e) =0 as n —> .

This contradicts the fact that |za|=1for n=1,2,3,--- . Hence Z is a soft subset of P .

Definition (4.19)

Let (X,||-[) be a soft normed space and Y € S(X). A soft element xe X is called a soft boundary elements of
Y if there exist two sequence {x»}and {y } of soft elementsin Y and Y respectively such that x, — x and
y, = X.

Theorem (4.20)

The boundary of P is a soft subset of Z.

Proof :

Let z be a boundary point of P . So there exist two sequences of soft elements r. in S and s, in P
such that r» —z and s, — z.

Since P is soft closed so ze P Now let us write fn Z—&=ra (Z—F») . The sequence {rx (e)}
given above is unbounded for all e € A. If not, then there exists some e € A and n(e) such that

o'z _éH (e) <L forall n>n(e), forall e< A. So that by Corollary(6.11), {r» z(€)} is regular and hence

2(e) = Fn(e)(Fn 2)(e) is regular, contradicting ze P . Hence {r~ (€)} is unbounded for all e e A. so that

~a
In

—> 00,
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~-1

U —_ ~ ~ =
Now let us define zn = ~”4 . From the definition of z., we have |[za|=1.
I
~~l ~ ~~l o~ o~ ~ o~ o~
~~ Ifn  €e+1Ify —e e+(Z—rn)rh
Further zzn = —=——7—= —
In In In
e+(z-To)rn _ @ e
e+(z—rn)rn e ~ - ~~ e ~ -
But — =+ (Z2=Tn)Zn, Weget 2zn = —=+(Z—rn)zn
In In In

we see that zz, — 0 as n — 0. Hence z is a topological divisor of zero.

5. Conclusion

In this paper underscores the significance of soft Banach Algebras as a powerful mathematical tool for
investigating algebraic phenomena within diverse applied contexts.
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