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Development of Riemann Functional in a Banach Space
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1.Introduction

The Riemann integral consider the first integral To provide an accurate definition to a function over
an interval, this is what some consider to be a major weakness of this integral because it is limited to the
field of the function being a closed interval, and this is what necessitated the need for the emergence of
other integrals such as the Lebesgue integral and others. Riemann integration has been applied to many
applications such as calculus, as it is a specific integration to calculate such applications and
mathematical operations.

In [3] He introduced a detailed definition to what mean that the bounded function on a closed interval
to be Riemann integral, in [7] dealt with the same definition but extensively. In [2] We note that the
researcher put another definition for functions whose range is a Banach space and this new concept still
maintains the properties of the classical Riemann integral.

In this paper, | show that it is possible to apply the Riemann integral to any other integral with the
same properties without the need to define the measure in a single case when the function is bounded,
meaning its domain is a closed interval.

2.Fundamental Concepts

In this section the important and basic concepts are given to expression all the results that need it
later on.

Definition 2.1,[2]:

(1) When the norm of x in a Banach space %8B is ||x||,The cloed unit ball of B over a field L. =
R or C will denoted by Cy = {x € B: ||x]| < 1}.
(2) The dual of B which denoted by B*: 8 — L be a continuous and Banach space and the norm of

any element x*in 8* defined by ||x*||g- = sup | x*(3)].
[lxll=1
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Remark 2.2 [1]:

(1) Re (x,x") < ¢ < d < Re(x,¢"), where x be an elemen on a convex closed set in B, ¢ ina
convex compact set 7° in B and real number ¢ < 4.
(2) For any element 4" belong to &* where & be a closed in B there exist x* in 8" such that x*|¢ =
»* and ||="|||[¢"|| then for any x in B we get ||x||g = ||51ﬁp | " ().
¥|=1

Definition 2.3 [7]:

The Riemann integral on the continuous then bounded function g on [¢,d] is a real number under the
area of graph 4 = g(n) for ¢ < n < d, when we integration g on [¢,n] where n be an endpoint we will
get a function on n

Definition 2.4, [3]:

The upper and lower Riemann integral on bounded function g: [c,d] = B which is continuous on
I= [c, d] with supremum and infimum of g are well defned and exist then we will defined the upper
and lower Riemann integral on g by U(g) = i]pr?:l S;l-plﬂil’ where I; be the endpoints of the

interval [c,d], L(g) = sup Y=, inf|I;].
I, I;
We will denoted to the upper Riemann integral by U(g) = R_ﬁ(g) and the Tower Riemann integral
ong as RE(g).

Remarks 2.5, [5]:

If g: [c,d] = B bea bounded function on a compact interval [c, d] be a Riemann integrable if
RE(g) = RE(9).
Theorem 2.6,[7]:

Let g: [c,d] — B be a Riemann integrable, then we have the following properties,

(1) R&(ig) = iR%(g), where i € B.
(2) If g < hthen R%(g) < R4(h)

Theorem 2.7,[4]:

Let g:[c,d] = B be a Riemann integrable and < € B then ig be a Riemann integrable and
RE(ig) = 1RE(9).
Theorem 2.8,[1]:

If g, h: [c,d] -» B are Riemann integrable then g + h be a Riemann integrable, and R%(g + h) =
RE(g) + RE(R).

Theorem 2.9,[2]:
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Let g: [c,d] — B be a Riemann integrable, then |g| be a Riemann integrable and |R%(g)| <
RE(gD-

Theorem 2.10,[1]:

Let g: [c,d] = B be a continuous function on [c, d], and ¢ < 4 < d then g be a Riemann integrable
if and only if its Riemann integrable on [c, ][4, d] then R%(g) = RE(g) + R%(g) R4(g).

Remark 2.11,[6,5]:

(1) The symbol €. 4y denotes the indicator or characteristic function of [c, d] such that
(1, ve€Elcd]
C[C,d] (1)) - {0' ) ¢ [C, d]
(2) If g:[c,d] =B be a Riemann integrable. We will denoted to the quivalence class of
g by [g] such that [g] = {h: RZ(]g — h]) = 0}, where g be a continuous function.
(3) We will denoted to the norm on g by [Igll such that [lgll = RZ(|Cie,a1])-

3. Main results
Definition 3.1:

A function g: [c,d] - B is a Riemann integrable on [c, d] if there is a sequence of bounded
functions g,,: [c,d] —» B such that lim R%(|lg, — gll) = 0 ifand only if limg, = g a.e.
n—-oo n—-oo

Remark 3.2:
(1) From the above definition, If g is Riemann integrable and g = YL, €y », then RZ (g) =
Y1 RE(CL) #,. And the limit RZ (g) = lim RZ (gy,).
n—-oo
(2) If o :[c,d] — B be a Riemann integrable on[c, d], then for all x* in B* we conclude
(RE(0), ") = R0, n").
Theorem 3.3:

A bounded function g: [c, d] — B is Riemann integrable if and only if R4(||g||) < o then we have
IRE (DI < REUIGID-

Proof:

Assume that g is a Riemann integrable then for n > o0 we have R2(llgl) < R%(llg — g.l) +
RE(|lgl) < oo. In the other side let g be a continuous function such that R¢(|lgll) < oo, let h, be a
continuous function such that lim h,, = g a.e. and define g, = 1y, <2lgl1/tn, SINCE gy, is cONtinuous

n—>0o

then we have lim g, = g a.e. then || g, |l < 2|lgl pointwise, then lim R4(|lg,, — gl) = 0,
n—-oo n—-oo
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Remark 3.4:

(1) If g: [c,d] — B be a Riemann integrable then for every partition 9t of [c,d] and for all 3 € 9t
the truncation 1,g: [c, d] — B is a Riemann integrable, and g|,: 9t - B is Riemann integrable

and we have R?(lag) = R,(gl), all inegrals denoted by R.(g).
(2) If B c B denoted conv (V) to the convex hull of B such that conv (V) = X1, ;9 x; €
51}; g)i 2 0! Z?=1 5i = 1}

Theorem 3.5:
If g: [c,d] — B be a Riemann integrable and R?(la) = 1,then R,(g) € conv{g(y):y S £}.
Proof :

Let w € B be a strictly separated from BCB, w* € B* if there is any element £>0 so
|Re(w, w*) — Re{u, w*)| =, weB where BV is a strictly separated from B

If B is convex and we B then there is w* € B* be a strictly separates w from B.

For w* € B*, suppose U(w*) = inf{Re(g(n), w*):y C #} = —o0, L(w*) = sup{Re(g(n), w*):y S
£} = oo, since RZ(1,) = 1, Re(R4(g), w*) = Re(g, w*) € [U(w*), L(w")]>

Theorem 3.6:

Let g,.: [c,d] — B be a sequences of bounded functions, each of them is a Riemann integral. Suppose
that there is a functon g: [c, d] —» B and a Riemann integral function h: [c, d] — R such that:

(1) lim g, = g ae.

) llgnll < 1gl ae.
then g is a Riemann integrable and we have lim RE(lgn — gll) = 0 then we get lim R4(g,) =
RE(9)-
Proof:

We have ||g, — gll < 2]g| a.e. by scalar dominated convergence theorem and by the definition of
Riemann integral let K: B — 9t be a bounded linear operator and 9t be a banach space which is distinct
from B, then kg: [a, b] - B is bounded linear operator Riemann integrable and KR%(g) = RZ(Kg).

Define a linear operator K on a linear subspace NV'(K) of 8 which have a valued in a nother banach
space O, if its have the graph ®(K)= {(v, Kv): v € V' (K)} then we said to be closed since &(K) be a
closed subspace of BxDO, if D is closed then JV'(K)be a banach space with respect to ||o|[»-x) = [loll +

||[Kv|| and K be a bounded operator and K:%(K)—3.

Finally we conclude that if K: 8 — O is closed operator with domain V' (K) = B, then K is bounded.
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Theorem 3.7:

Let g: [a, b] = B be a Riemann interable and K be a closed linear operator have a domain V' (K) in
B with values in a banach space O. If the values of g in V' (K) a.e. and a.e. defined function
Kg: [a,b] - D is Riemann interable. Then R%(g) € N(K).

Proof:

Let B, B, are banach space and g;: [a, b] = B, g,: [a, b] — B, are Riemann interable , g =
(91, 92): [a, b]—B; x B, is Riemann interable and RZ(g) = (R%(g1),R%(g,)). By the previous
note the function h: [a, b] » B X O, h(w) = (g(w), Kg(w)), is Riemann interable, h has a values in

G(K), we have R¢ (h(w)dw) = (R¢(g(w)dmw), RE (K g(w)dw) ).
Theorem 3.8:

If1<p <oo, pisfixedand g: [c,d] » B satisfies (g,s*) € L#([a, b]) for all s* € B*, there exist a
unigue s, € B* such that (s, s*) = RZ((g,5")).

Proof:
Let the linear mapping M: 8* - L#([a, b]), M's* = (g, s*) which is bounded graph since its closed.
PutI,, = {llx;|l <n,i=0,1,2,..,n} then by 3.3, Ry (g) exists as a Riemann interable in B.

For any s € 8" and n > I we have,

g y g
s(%?(cu% )) (REUg,s)19) ) ”’s(ae?(cun/]l)) Il

\By taking the supremum over all s* € 8* and since |[s*|| < 1 we get

‘(Rnn A (g(s),8")

1

g

lim sup < lim <R§ <C’Hn >> IV || = 0, the limit of s, = lim (R, (g)) exist
n,Mmn—0 ),Mn—00 /Ht) n—oo n

R
I (9)
in B, and (s,,5") = lim (R, ({g,5")) = RZ((g,s*)) forall s* € B*.
n—00

Definition (The Riemann space £?([c,d]; B)), 3.9:

(1) For 1 < p < oo we define L#([c, d]; B) as a linear space of equivalence classes of a bounded
function g:[c,d] » B such that R4(||g|[?) < oo having the norm [lgll o (c,a) 8) =

d P 1/77
(RagI®)) ™.
(2) The space L= ([c, d]; B) of all equivalence class of a continuous functions g: [c,d] —» B such
that there is an element o > 0 such that R%(C4>,) = 0 with the norm | g|l zo((c.a1, ) =

inf{RE(Cygi>o) = 0}
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Remark 3.10:

(1) The space L#([c,d]; B) , L*([c,d]; B) be a Banach spaces.
(2) The elements of £1([c, d]; B) be an equivalence classes of Riemann integrable functions.

4. Conclusion

The result of this paper initiated was the definition of the Riemann integral when its values in a Banach
space, our results show us that the previously known Riemann properties have not changed also show
that it is possible to apply the Riemann integral to any other integral defined in a Banach space with the
same properties in a single case when the domain of our function is a closed interval.
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