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1.Introduction

Most of the practical problems in economics, engineering. environmental sci ence, social science,
medical science and so forth cannot be dealt with classical methods because of various types of
uncertainties present in these problems. Several theories, for example. probability theory. fuzzy set
theory, rough set theory, interval analysis etc. are evolved to address the different kinds of uncertainty
problems. But each of these theories has their own difficulties and limitations, perhaps, due to the lack
of the parametrization tools of the theory as it was indicated by Molodtsov in [5 ]. Molodtsov initiated
a new mathematical tool, namely, soft set as a generaliza tion of fuzzy set, for dealing with
uncertainties and applied it in many different fields such as smoothness of functions, game theory,
Ricmann integration, Perron integra tion, probability theory etc. Maji et al. [20,21] dealt with the
algebraic operations over soft sets. Recently investigations are going on in developing different mathe
matical structures such as algebraic, topological, algebraico-topological ete. over soft sets. To mention
some of them, Aktas and Cagman [8] have introduced soft groups: Jun [35 , 36 ] applied soft sets to
the theory of BCK/BCI algebras and intrduced the concept of soft BCK/BCl-algebras; Feng et al. [7]
defined soft semi-rings: Shabir and Ali [ 14] studied soft semi-groups and soft ideals; Babitha and
Sunil [10] studied soft set relations and functions; Kharal and Ahmed [2]as well as Majumdar and
Samanta [21] studied soft mappings. Shabir and Naz [15] came up with an idea of opological spaces.
Afterwords Zorlutuna et al. [15], Cagman et al. [16], Hussain ed [|10], Hazra et al. [9]. Georgiou et
al.[6]. Aygunoglu et al. [3 ], Babitha et al. [11], Mondal et al. [31 ] M Chinev et al. [17] and many
other authors studied topological spaces. Recently metric space, linear space, topological group,
Banach algebra, topological vector space structures in soft setting are also studied [16, 25, 26, 28, 29,
23].

In this paper, we introduce a notion of fuzzy soft topological vector space. For doing this we consider
the vector space to be a fuzzy soft vector space and the underlying topology is taken to be a new type
of fuzzy soft topology which is defined and developed by using the concepts of clementary union,
intersection and complement of fuzzy soft sets although, interestingly, with respect to these operations
the relevant distributive properties and the law of excluded middle do not hold. Also in this paper, we
study some basic properties of this space and finally the problem of fuzzy soft normability of fuzzy
soft topological vector space is addressed to follows: In Section 2, we briefly review some basic
notions. This paper is organized as and facts on fuzzy soft sets which are used to prove or illustrate
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results in subsequence sections. Section 3 is devoted to study some properties of balanced, convex and
Labsorbing fuzzy soft sets. The concept of a fuzzy soft topological vector space is introduced in
section 4 along with some basic properties of such spaces. Finally, in Section 5, we present the
conclusion.

2.Preliminaries

Let U, V are a universal set and E be a set of parameters . Let P(U) denote the power set of U and
A be a subset of E .and | = [0,1] .

Definition 2.1: [6]: The s. set is FA over U, where F is a mapping given be FA : A— P(U).

Definition 2.2: [38]: A F. set fover U is defined by the mapping f:U — I. The set of all F.setin U
is 1Y,

Example 2.3: Every ordinary set is F.set . In other words if B is a subset of U (ordinary set) , then
the membership in B is often viewed as characteristic function Ugfrom U to {0,1} such that

1 , ae U

Ug(a) =
0 ,a¢U

Definition 2.4: [38]: Let f;and f, be F. setsover U.
(i) f; € f,.If f;(u) < f,(u)foranyu € U.
(i) f, = f, iff f;, Sf,andf, C f, .
(iii) f; Uf, is (f; Ufy)(u) = max {f;(u),f,(u) }forallu € U.
(iv) f;n fyis (f; N £,)(u) = min {f;(u),f,(u)}forallu € U.
Definition 2.5: [19]: (i) The F. set f is called absolute F. set, denoted by 1, if f(u) =1V u € U.
(i)A F. pointu, in U is special F. set with membership function defined by
t ,0<t<lu=u
u (u%) =
0 , u=u’
And denoted u.
Definition 2.6: [1] Let f;and f, be F.set in U,V respectively . Denote by f; x f,the F.set inU XV
For which (f; X f,)(u,v) = min {f;(v) ,f,(v)} ,(UV)EU XV .
Definition 2.7: [1] Let f;and f, be F.set in alinear space Uover IF , letA € F then

() (f1F £5) (uz) =sup {min{ f;(u;), f(uz) }ruz =u; +u, ,uz,u;,u, € U},
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fiGu , A#0
(i) (Af) (=< 0 A=0, u#0
( sup{fi(u);u € U },A=0, u#0
(i) fu) < (Af)(u)forallue U .
(iv) f; ¥ f, and Af; are F.setsin U .
Definition 2.8: [1] let f is F. set in a vector space U .
(i) fis F.sub space if f(bju; + byu, ) = min{ f(u,), f(u,) } forallb; ,b, € Fandu; ,u, € U.
(ii) fis F.convex if f(Au; + (1 —A)u, ) = min{ f(u,), f(u,) }forallu; ,u, € Uand0 <A <1 .
(iii) fis F. balaced if f(Au; ) = f(uy)allu; ,u, € Uand |1 |< 1.
(iv) fis F. bsorbingif sub;sof(Au )=1.
Definition 2.9: [1] Let f; and f, be F.set in alinear space Uover F , letA € F then
(i) If f;, f, are F.subspaceinU , then f; N f,, Bf; are F.sub space in U .
(i) If f;, f, are F.convexinU , then f; N f,, Bf; are F.convexin U .
(iii) If f,, f, are F.balaced inU,then f; N f, Bf; are F.balaced in U .
(iv) If f;, f, are F.bsorbingin U, then f; N f,, Bf; are F.bsorbing in U.

Definition 2.10:[14]: Let U be a universal set , E be a set of parameter and AC E. A F.s. set 'y over
U, is a mapping T : A— 1Y, which is defined as I, (e) = ff, € 1.

Example 2.11 : Let U = {u},u?,u® }and A ={e,a,y } and B = {u!,u?} cU .clear Ug is F. set,
define Ug by Ug: U—1,Ug () = {5’ “Sop thenTx ={ (¢, Up), (a,Ug), (v, Ug)},is F.s. set.

Definition 2.12: [14]

(1) The F. 5. setT, is called null . 5. set and is denoted by I'y. Here I'y(e) = 0 forallee A
where 0(u) =0 foreachu € U.

(2) The F. 5. set Ty is called absolute F..s. set and is donated by I, . Here T, (e) = 1 foralle € A,
where 1(u) = 1 foreachu € U .

(3) For two F..s. sets I, Iz, Overa universe U. We say that Iy, is F.s.subset of I24, i.e

Iy, c Lp,, if T1, (€ c I,,,(e) foralle € Ay and A; € A .
(4) For two F. s. sets EPRR Y’ over a universe U . i, s T2y, are F.s. equal if [ia, c 24,
and L, € T1,, -

(5) The union of two F. 8. sets FlAland Iy, 0ver the universe U is the F. 5. set

Ay A

I3,, = Ty, 0] I,,, »Where A;=A; U A;andforalle e Aj
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L, (e, if e €A —A,
F3A3 (e) = FZAZ (e) ) if e € A2 - A1
F1A1 (e) V) FZAZ (e) ) lf e € A1 N AZ

(6) The intersection of I, and FzAzisaT.zs. set I3, =T N 2, where

Aq

A=A N Azand I3, (e) = Ty, (e) N Iy, (€), V e €A;.
Inparticular if A; N A, =9 or I, (e)n [z, (e) = O forevery e € A; n A, , Then I3,,(e)
=0.

Definition 2.13: [14] The complement of a F. s. set I is defined by I'5 , where I's:A— 1V is a
mapping given by T5(e) =1 /Ta(e),forallee A .

Definition 2.14:[39 ]: Let I, I, are F.s.set in U,V respectively . then their product denoted is
defiend by (I}, X I, ,)=(Ty XT,,A),where (I, X I,)() =Ty, (e)X I, (e) , e€A.ltis
clearthat (I} XTI, ,A)isF.s.setoverU x V.

Definition 2.15: [35] : (i) The F..s. set Iy is called a F..s. point over U, denoted by ﬁfeFA

t ,ifu=u,ande=¢e, €A

0, ifueU—{uglore €A—{e,}
Where t € (0,1] .
(i) The F.s. point ﬁfeFA is said to be in the F. 8. set Iy, (belongs to it), donated by ﬁferA € [y, if for

the element e € A, we have Ty(e) € I, (e).

Definition 2.16: [23] Let R be the set of all real numbers, E be a set of parameters, ACE and B be the
collection of all non null . bounded subsets of R . A R, is called a F. s. real set over R and is defined
as a set of ordered pairs Ra={(e, Ra(e)) :e € A, Ra(e) € B}, Where R is mapping given by R,:A
— B , Ais called the support of R, .

Definition 2.17: [23]: The F..s. real set R, is called a F. s. real number in R, denoted by t, ifitisa
singleton F. s. real set . R(A) denotes the set of all F..s. real numbers and R* (A) denotes the set of all
non-negative F. s. real numbers.

Definition 2.18:[25]: A F.s. topology Tr, on (U, E) is a family of F. s. sets over (U, E) .Satisfying
the following properties

()T Ty .
(ii)if T, €T, thennZ,T;, ETr, .

(iii) if I;, € Tr, foralli €1, an index set, then U I3, € Ty, .

212



Journal of Iraqi Al-Khwarizmi (JIKh) Volume: 8 Issue: 2 Year: 2024  pages: 209-230

Definition 2.19 :[25]: If Ty, isa F. . topology on (U, E) , the apire (I, ,Tr, ) is said to be F. s.
topological space. Each member of Tr, is called F..s. opensetin ( I, Tr, ) .

Definition 2.20:[35] Let (T, Tr, )be a F. 5. topological space. A F. s. set is called F. 8. closed if its
complement isa number of Tr.

Proposition 2.21:[ 35]: Let ( Ty, Tr, ) be a F. 5. topological space and let T*, be the collection of all
F.s. closed sets. Then

(i) Toa Ty .
(ii) if I, € Ty then 0%, Ty, ETr, .
(iii) if I;, € Ty foralli €1, an index set, then Ny¢; Tj, € T'r,

Definition 2.22:[35]: Let ( I's, Tr, ) be a . 5. topological space and I, is F.s.set over U . then the

collection 'T‘FlAl ={ Iy, N Foa,t T2y, € Ty Yisa F.s. topology space on the F. 8. subset Iy, relative

to parameter set A . And TrlA is called F. 8. subspace topology and ( Iy, 'THA )iscalleda F.s.
1 1
topological subspace of ( Ty, Tr, ).

Definition 2.23:[28]: Let ( T, Tr, ), be a F..s. topological space. Then the Iy, issaidtobeaf.s.
neighborhood (for short F. s . nbhd ) of F. 5. point u3 £,°3 if there exists a F. 5. open set I;,_such

T34,

that u3 6% € Iy, € I1,,- The setof all F.s. nbhd of u? 6% is denoted by V
Az Az 3 1"3A3
Definition 2.24:[ 35]: (i)Let (( Ta, Tr, ) be a F. s. topological space. Let Iy, be a F. s. set over (U,
E). Then the F. s. closure of Iy, ,denoted by Ly, is defined as the intersection of all F..s. closed sets

which contain Ty, .Thatis T,, = ﬁ{F2A2 S isa F.s. closed and Iy, c FZAZ}.

1A, A

Clearly, Iy, is the smallest F. s. closed set over (U, E) which contain [y, s also clear that L, is
F.s.closedand I, c I, -

(i) Let ( T, Tr, ) be a F..s. topological space. Let Lo, be a F. s. set over (U,E). Then the F. s.
interior of [y, ,denoted by (F1A1)°, is defined as the union of all F..s. open sets contained in
(F1A1)°.That is (F1A1)° =0{l,,, Ty, isa¥.s openandly, c T,

A

Clearly, (F1A1)° is the largest 7. 5. open set over (U, E) which contained inT;, . Itis also clear that

Iy, is F.s. closed and (F1A1)° CTy,,.

Definition 2.25:[ 35]: Let ( Ty, Tr, )be a fuzzy soft topological space . and Iy, €T, ut ger €T

F1A1

,ulfel EFlAl iff FZAanlAl;tF@,VFZAZENL’Ii ’U1f161 EFA

ir r
1A1 f1 FlAl 1A1

Definition 2.26: Let I, Iz, are F.s.setsover U, then F..s. arelation from i, to Iy, isa
F.s.subset of I, x I3, .Inotherwords,a¥.s. relation from I3, to I3, isof the form I3,
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where A; € A; X A, and I3, (e3 ,e"3) = Tay, (e; ,e"3),V (e3 ,€e”3) € A; where L, =0
Any subset Ty ay X T1a,
Is called a F. 8. relation on Ii,,-Inan equivalent way,can define the relation R on the fuzzy soft set

Iy in the parameterized form as follows: If [, = {F(e) , F(®0), .....} , then F(e) R F(a) iff F(e) x
F(a) ER .
Definition 2.27: Let Ty, Ygare F. s.sets over U, then F. 5. arelation § € T, X Yg is a F. s.subset of

[y X Yg is called a F..s . mapping from Iy to Yg[denoted by
3 : Iy = Yg] if the following conditions as satisfied : For each F. .s. point u1 e € T,, there
1aq
exists only one F..s .point wl , «; € Ygsuch that ul e wl_ «;  which will be noted as
81 le F1A1 81 YlBl
SWger ) = wh,w . foreachnull F.s. pointfﬁflerl €l , It ger ) isnull F.s. point of

81
F1A1 YlBl 1A1 1A

AL X I“ZA2

Definition 2.28: Let 'y, Yg are F.s.setsover U.and let 3: Iy, — Yg bea F..s. mapping .

The F..s.set imag of Iy, € T, under F..s.mapping S is F..s. set denoted by 5( ,) of the form
3T, ) =0{3( U ),V u? £, € I, I (Tp) =Ty foreach fuzzy soft mapping 3 } .

2a,
Definition 2.29: Let Ty, Yg are F.s.setsover U.and let 3: Iy, — Yg bea F..s. mapping .

The F.s. inverse imag of Yy, € Y under F.s.mapping  is F.s. set denoted by I7H(Yy,) of
the form

I (Yag,) =0{u? flerllAl ul eF11A €T, , 3@ fleFllAl) €Yy, }

Definition 2.30: Let T, Yg are F. s8.setsover U.and let §: I'y = Yg bea F..s. mapping.

Is said to be (F..s.injective ) if each F..s. point in Iy is related to a different in Yz .More formally

J(ul e1 ) /—\S(Wl 5,4 ) ImplleS wl 8,4 = ll1 £e1 .
1A1 Yl Y1B1 1 l-‘1A1

Definition 2.31: Let Ty, Yg are F.s.setsover U.and let 3: Iy, — Yg bea F..s. mapping .

Is said to be (F. s.injective ) if fory every F.s. pointin Yg , there is a F. s. point in ul fe in
1A1

Tathere is F. 8. point inl such that S (u? ; N ER A glo;11B1

Definition 2.32: Let T, Yg are F. s8.setsover U. and let §: I'y = Yg bea F..s. mapping.

Is said to be (F. s.bijective ) if it is F..s.injective and F. s.injective .

Proposition 2.33 : Let J :I'y, = Yg a F..s.mapping

@M If I, F.sset in U, then T4, c 33 (FlAl)). In particular if § is F. s. injective then
M, & 37H(3(M,))

(i) IfygisF.s.setinV , then 3 (3 _1(y131))§ Y1, In particular if 3 is F. s.surjective
theny;, = I (3 _1(Y151))
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Proof : Obviously

Definition 2.34: Let ( Ts, Tr, ), ( Yg, Zy, ) be two F..s. topological spaces and § :( Ty, Tr, ) —
( YBa ZYB )

Be a F..8. mapping . then J is said to be

(i) AnF.s. open mapping iff 3 (T, ) € Xy forall I, €T, .

(ii) A F. 8. closed mapping iff (FlAl) € Zygissoftclosed in Xy, forevery F.s. closed set Iy, in
Tr

(iii)A F. s. continuous mapping iff ‘1(Y1B1) € Tr,forall Yip, €Ty,

Definition 2.35: Let ( Ta, Tr, ), ( Y, Zy, ) be two F..s. topological spaces and § :( Ta, Tr, ) = (
Ya, Zyy)

Be a F..s. mapping . then § is said to be fuzzy soft homeomorphism if § is F. s. bijective, F.s.
open, F..s.continuous mapping .

Theorem 2.36: Let § :I'y, = Yg be a F. s.bijective and F. s.continuous mapping . Then the following
statements are equivalent

()3 ~lis F. s.continuous

(i) 3 isF.s.open

(iii)3 is F..s.closed

Proof :

()=(ii) Let YlBlbe F.s.0pensetin ( Yg, Ty, ) since J 1 is F. s.continuous mapping then(J ~1)~*(

Y1, ) is F.s. opensetin :( I, Tr, ) since J is . s.bijective then (3 ‘1)‘1(Y131) =Yy, . IS

F..8.0pen mapping.
(i)=(iii) Let l“lAlbe F.s.0pensetin ( Ty, Tr, )then (FlAl) ‘is F.8.0pen setin( Ty, Tr, ),hence

3((T1,,) ©)is F.s.open setin ( Y, Iy )

3 ((FlAl) =3 (Ta \FlAl): I [T\ (FlAl) =Yg\3 (FlAl) is F..s.0pen, 3 (l“lAl) is F. s.closed set, 3
is F. s.closed mapping.

(iii)—(i) Let FlAlbe F.s.0pensetin ( Ty, Tr, )then (l“lAl)C is F.s.closed setin ( Ty, Tr, ) since J is

F.s.closed then 3(Ty,,) is F. 8.closed setin ( Yg, Xy, ) then 3 ((l“lAl)C) =3 (Ta\ FlAl) =3 (TA)\S(
I1,,) =Y \3(TI1, ) is F.s.closed setin( Yg, Zy, ) hence J(I1, ) = (3 I I1,,)) is F..5.0pen set
in ( Yg, Iy, ).

Theorem 2.37: Let 3:( Iy, Tr, ) = ( Y, Zy, )be a F.s.continuous mapping . Then the following
statements are equivalent

()3 is F. s.continuous

()3 ‘1(Y131) € T*forall Yig, EZy.
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Proof : Obviously

Theorem 2.38: Let § :I'y, = Yg be a F..s.mapping . Then J is F..s.continuous iff for each F1A10f Ta
, 3 is F. s.continuous iff foreach I, of [, I (T, ) €3 (T1,)-

Proof :
(=)LetJ Iy = Yg be F..s.continuous mapping 3T, €S (I‘lAl) ,

Iy, c IS ") €3S (T1,,))- since 3 (I, Dis F. s.closed, 3 is fuzzy soft continuous
then 3 ~1( 3 (FlAl) )is F. s.closed but Iy, is the smallest F. s.closed set containing I, s0T,, c
c

I 3 7'(J (Ty,,) and therefore 3 (Ty, ) € 3 (T, )

Aq
(=) LetJ (FlAl): YlB1 to prove for each YlB1 F.s.closed then ‘1(Y1B1) F..s.closed, to prove [y,
F.s.closed .we need to prove Iy, €Ty, since 3 (Ty, ) € I (Ty,,) thenJ(Ty, ) E Yy, = Yp, SO
T € 370,21, -

Theorem 2.39: Let § I, = Yg be a F..8.mapping . then
3 is F. s.continuos if and if for each F. s.set Iy, of [y then I (I, ) € ((J(T1, D)
Proof : Obviously

Theorem 2.40: Let § I, = Yg be a F..s.mapping . then

(1) 3 is F..s.open if and if for each F. s.set F1A10f [, thenJ (l“lAl) €S (l“1A1 )
(i) 3 is F. s.closed if and if for each F. s.set Iy, of [, then (3 (I, ))° €3I (Iy, )’
Proof : Obviousl

Throughout this work , Let U ,V are a vector space over a field F (F =R) and the parameter set A=R .

Definition 2.41:[5] Let I'ybe a mapping given be T, : A— 1Y then T, is called F. 5. vector space
over U if [y (e) = ft, is a F.vector sub space of U .

Definition 2.42. [34] : The F. s. set Iy is called F..s. vector over U , denoted
by(OfﬁA) ,if there is exactly one e € A such that ff, (v)=t € (0,1] for some v € U and f¢, (v) = 0 for

all a« eA/{e}.

The set of all F..s .vectors of a F..s. vector I’y denoted by FsV (T4 ) Is said to be a F..s .vector
space according to The following two operation.

@) vien Fviie =T+ v2)eer , e forall vipes ,£,52 € FSV(I,).
flrlA1 fZFzAZ ( )f1r1A1+ f2rzA2 f1F1A1 T2, (Ta)
() fvige = (rv1), re,  forall vige € FSV(Ty)and € R(A).
1A1 1F1A1 1A1

Definition 2.43 :Let U = ¢P is a vector space over a field [F (F =R) and A =R . Then
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FSVIY)={01:ve P ; v=(vi,v?, v3, .. );ViER; T2, VP <w,1<p<ow}
is fuzzy soft vector over R(A) is according to The following two operation

(i) vizFv?; 2 (vI+ v¥)g, 1 forall vig,v2s EFS V(Iy).

(i) £.v1 = ()7 forall ¥1 € FSV(Iy) and T € R(A).

forall vige; ,vZ e
11"1A1 21"A

EFSV(Iy)
2
Definition 2.44.[34]: Let FSV(T,) be a fuzzy soft vector space. Then, a mapping

I lzs : FSV(Ty) — R*(A) is said to be a fuzzy soft norm on Ty if ||. Il x5 satisfies the following

conditions:

) ||$f1§1 llzs S 0 forall ﬁflgi € FSV(I,) and ||ﬁf1§1 lgs =0 < ﬁflgi =¥
Aq Aq A1 A1

(ii) ||f.$f1§1A1 les =| 717 ||$f1§1A1 ll£s ’ﬁﬁ?iAl € FSV([L) and & € R(A)

(iif) ||$f1§1A1¢x77f2§§A2 ||T5§||ﬁf1§1h lzs J?||xﬁf2§;A2 llgs , for auﬁfllgih,ﬁfzgh e

FSV(T)
Apair (FSV(Ty) , |- llzs) is called a fuzzy soft normed spac

Remark 2.45: Every F. s.subvector space( FSV( FlAl), |- l7s) of F..s .normed space(
FSV (T ), |l lors) is F..8. normed space .

Theorem 2.46:[4]: Every F..s.normed linear space is a F..8 metric space with the soft metric

d (Vlf €1 ) sz €2 ) = ” Vlf €1 + sz €2 "TS for a“ Vlf €1 ) sz €2 /E\ T(SV(FA ) .
ir 2r ir 2r ir 2r
1A1 2A2 1A1 2A2 1A1 2A2

Definition 2.47: [4]: (FSV(Ta), || llzs) @ F..s.normed space . let {v"} be a sequence in U where
n=1,2,3,.... Foreachn, let (Gﬁfnﬁn ) F.s.point in U such that vV e€ E and V ue U
nAn

t €(0,1] ,ifv=vyande=¢e, EA

fr,(v") =

0, ifveU—{vy}ore € A—{e,}

Definition 2.48:[4] : A sequence of F. s.vectors {angn } ina F..s.normed space (FSV (L), |- lls)
nAn

is said to be F. s.convergent to \//Bf e if lim || VP,
or, n—-oo

én  — Vof €0 ”TS =0
0Ag nFnA or

OAO
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le,v&8 S 0,3n, € Nsuchthat || VP en —vo e || <&,Vn > n,. Itis denoted by
nr‘nAn OFOAO

lim vi en =% e ,0Or briefly vi en = v e

n-oo l’lr‘nAn OFOAO nrnAn nooo OFOAO

Thatis tosay that || vien —V% e llgs nooo — 0.
nr‘nAn OFOAO

Definition 2.49:[4] : A sequence of F. s.vectors {v®; ex }ina F.s.normed space
farh,

(FSV(T) , || llzs) is Said to be F. s.Cauchy sequence . l,e., V&S 0, 3n, € N such that

| VP en —VD em ||<EVn,m=n,, n>m. Thatis
nrnAn mrmAm
” v fnl(EEAn v fml(zrmnA ” n,m—oo — 0

Definition 2.50:[4] Let U and V be universal sets and E;, E,are the parameter sets . .Let
(FSVITA), |- l1gs) is F..8 normed spaces on (U,E;)and ( FSV(Yg) ,||-ll2rs) F.s. normed spaces
on (V,E,) .Then the F. s .mapping

T (FSVT), |- Nlixs) S(FSV(Y) Ll llozs) s called a F. s .operator .
Definition 2.51.[4]: Let T :(FSV(Ty) |l llizs) =(FSV(Yg) || llxs) be a F. s .linear operator

Then T fuzzy soft continuous at a F..s .vector x//af e €T, .If forevery viien = \/zﬁf eo  WE
0FOAo LV OFOAO
T(on —~ F(50
have T(v fnggAn) = T(v foﬁng) :

3. Balanced Convex and Absorbing F. s.setes

Definition 3.1: let T is F..s. set in a vector space U
(i) Ty is F. 8. sub space if T'(e) is F.sub space in U .
(ii) [ is F.s. convex if T'(e) is F.convex in U.

(iii)Ty is F. 8. balanced if I'(e) is F.balanced in U.
(iv) Iy is F. 8. absorbing if T'(e) is F.bsorbing in U.

Theorem 3.2: Let [, I
sub space in U

A, Are F.8.subspaceinU, letf € R(A)then I, AT, , £T;, are F.s.

Proof ;

(i) = Let Ty, , T, are F.s.subspacein U . then I;, (e) = flﬁiAl, I, (e) = fZEAZ are F. sub space
inU.

f1§1 n le'iz (b131 + bzaz ) = min {fll'il (b1a1 + bzaz ) B fZ?Z (b131 + bzaz ) }
1A1 2A2 1A1 ZAZ

> min {min (! (@), 67 @)} min{B @) 6 @)h
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= min { min {f1§1A1 (a1), f2§2A2 (a;) }, min {f116i1A1 (a2)}, leeéAZ (az)}}
. e = e H e = e
> min {leiAl N fZFzAZ (a; ), min {fll,iA1 N sziAz (az)}
then Ty, n I,,, is F.s.sub spacein U
*x Let I}, is F..s.subspaceinU.then I, (e) = f1§1 is F. sub space in U .
1 1 1A1

~ -~ €1
Pl,, (e) = rf1r1A1 and

€1 1
flr ((=)(bja; + byaz)) , r#0
1A1 r
rfl?iAl(blal + bya,) = 0 ,r=0, bja; + bya, #0

t Sup{flle—‘iA (blal + bzaz):blal + bzaz € U }, r= 0, blal + bzaz * 0
1
Ifr+0

1 . 1 1
P, G+ baag) ZhE ()i + baa) =min{ed (Far), 6 (5 a)]

> min {r flle“iAl (ap), r fll?iAl (az)}
Ifr=0

rflleiiA (blal + bzaz) = sup {fll?iA (b1a1 + bzaz ):blal + bzaz (S U} .
1 1

since fl?iA (@) < (rflﬁiA )(@) forallae U
1 1

<sup {rfy} (bia; + byay)}
Aq
_ 1 1 . 1 1
=sup {1, (br (a) + baGaz))yzmin (A7 (by (fan) + byGaz))}
. 1 1
zmin {f, (Fa) Gf Ga:)}
= min {rf1§1A1(a1) ) rf1le~1A1(az )}
then 7Ty, isF.s.subspaceinU

Theorem 3.3: Let FlAl, I,
convex inU

A, Are F.s.convexinU, let? € R(A).then iy, N Tp,, FT1,, are F.s.

Proof :

« Let Ty, , T, are F.s.subspacein U . then T;, (e) = flgAl, I, () = fZ?iAz are F. sub space in
U.
f¢, Nf¥ (a;+ (1 —Vay)=min{fii} Aa;+ 1 —-NDay),f,12 (Aa;+ (1 —MNay)}

Aq 2A, l—‘1A1 FZA2
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foralla; ,a, € Uand0 <A <1

. . e 1 H e e
= min { min{ f11~1A1 (a1), ferlAl (az)}, min {fZFZAZ (a1), fzrzAZ (az)}}
= min {min {f1§1A1 (@), fz?éAz (a1) }, min {f11(iiA1 (@)}, fz?iAz (a2)}
: e = e H e = e
> min {flriA1 n fZF";Az (a; ), min {flriA1 n fZF";AZ (az)}
then Ty, n [,,, is F.s.convexin U

«xLet Iy, is F.s.convexinU.then I}, (e) = ferllAliS F.convex in U.

~ -~ €1
HE (e) = rfll,1A1 and

€1

1
|( fir ((Oray + bea)) L 10
1
rff,, (bia; + byay) = { 0 ;v =0, bja; + bya, #0
1
|

k Sup{f]_leﬂiA (blal + bzaz ):blal + bzaz eu }, r= 0, blal + bzaz *0
1

foralla; ,a, € Uand0 <A <1

fr+0
1 . 1 1
rhif (ay+ (L=Day) =hp (()Ray+ (1= Nay) = min {flﬁiAl (a), g (2 az)}

> min {r fll‘iiA (ap), r fll‘iiA (az)}
1 1

Ifr=20
r feFllA ()\ al + (1 - 7\)32 ) = Sup {f1§-1 ()\ al + (1 - }\)az ): (}\ a1 + (1 - 7\)32 ) E U} .
1 1A1

since fii! (8 < (rf;* )()forallae U
1A1 1A1
<sup {rfy% (hay + (1-Na)}=sup{ i (by (Fay) +
1A1 1A1 r
b,(:a;))
>min {2 (b (3ap) + bCay))}
=2 11~1A1 171 272z
. 1 1
> min { flfr’iAl (;al) , ferllA1 (-az)
= min {rf1§1A1(31) , rferllAl(az )}

> min {rf1§1A1(a1) : rf11e~iA1 (az)}

then 7 Iy,, isis F.s. convex inU

Theorem 3.4: Let L, 2
balaced inU .

A, are F.s.balancedinU, lett € R(A)then iy, N Tp,,, Bl are F.s.
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. H = e — e
Proof : « Let I, , I, are F.s. balanced in U. then I, (e) = flriAl, I2,, (e) = fZFZAZ are F.
balanced in U

fll‘iiAl ﬁfﬁiAz Aa) = min{flﬁiAl(Aa),le‘izAz()\a)}. a; €EUand |[A | <1.
> min {flﬁiAl @), fz?éAz (@}

> flgAl n lee,zAz (a)

then Ty, n I,,, is F.s.balanced in U

+x Let Ty, is F.s. balanced inU.then Ty, (e) =f;* isF.balancedinU .
1 1 1A1

~ - e

rh, (e) =rfy FiAl and

1
( iy, (Ga) , r#0

6 (a)={ 0 r=0,2a =0

1A1 I
L sup{flle;i (Aa):ra €U },r=0,2a,ra #0
A1
foralla, € Uand |A | <1.
If r<0

1 1
rhl Qa)=he )Ga)zhpl Ga) zrh (@

Ifr=0

rfipt (Aap))=sup{fi; (Aay)}. since f;ir (@) < (rfyr )(a)forallae U ,then
1A1 1A1 1A1 1A1

e —_ e 1 e 1
<sup {fyf (g y=sup L A (Fan)y 2 {67 A(Gan)

1
= f1le~iA1(;a1): rfl?iAl(al)

then t Iy, isF.s. balaced inU

Theorem 3.5: Let F1A1’ FZAZ are F.8.absorbinginU, let € R(A) then, then T
rr, are F.s. bsorbing in U .

a N FZAZ’

Proof :« Let I, , I, are F.s.absorbingin U.then Iy, (e) = fll?iAl’ Iy, (e) = leeszz F.

a bsorbingin U.
subysofipt  (Aa)=1 and subysofor2 (Aa)=1
1A 2Az

Subyso (fipr N2 Y(Aa ) = Subpso {min{f;i* (Aa),f,;2 Aa)}} a€U
1A1 2A2 1A1 ZAZ
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= min { Subysofii! (Aa ), Subyso frp2 (Aa)}=1
1A1 ZAZ
then T, n I;,, is F.s.absorbingin U.

*x Let I}, is F..s8.absorbingin U.then I, (e) = fll‘il is F.a bsorbing in U.
1 1 1A1

= = €1
Pl,, (e) = rflrlA1 and

1
( fir,, ()Aa) ), r=0
rfll(il (}\a): 0 ,r=0, }\a *0
1A1
sup{flle,i (Aa):(Aa) €U },r=0,2a ,xa =#0
Aq
If r<0

1
subjsor fll‘iiAl (Aa) =subysg flle"iAl M)(a)=1

Ifr=0
subyso Tfifl (Aa))= subysosup {fif (Aa)}=supsubrso {fif! (Aa)}=1
1 1 1

then t I, isF.sa bsorbing in U.
Remark 3.6: let I’y is F. 8. set in a vector space U .

(i) Ty is F.s.subspace if &L+ Ply, @,p € R(A) .

(ii) T is F.s. convex if @TxF (1 — @)l and 0<a <1

(iii)Ty is F. 8. balanced if @, and f@ | <1.

4 . F.s.topological vector space

Definition 4.1 : A F..s.topology on a F. s.vector space FSV(I'y)over R(A) is called
A linear F. s.topology if

Addition F: FSV(Ty) X FSV(T,) — FSV(T,)defined

- -~

+(v1f1§1 Viper ) 2 (vlfllgl + Ve ) =(vi4 Vi)per ype
1"2A2 1A, F2A2 1A, l"zA2

Multiplication 7: R(A) X FSV(Iy) — FSV(Iy)defined
~F vl :AA/T e = (v re vi v2 e = T E
(Y flgiAl) tlv i, (rv)flrll1 , Where for all v fllgiAl,v o, € FSV(a), T € R(A) are

F..s.continuous .A F. .s.vector space FSV(I'y)endowed with a L FS T is called F..s.topological
vector space( for short FSTVS)

Theorem 4.2:

FSV(Ty)be a FSTVS over R(A) . for v0 feo € FSV(Ty)and 0 # k€ R(A). then
To

Ao

222



Journal of Iraqi Al-Khwarizmi (JIKh) Volume: 8 Issue: 2 Year: 2024  pages: 209-230

(1) the F. s. translation, T co :FSV(Iy) » FSV(IL)  Ts

; (e )2 Vpen

ro 1A, Top

+ Vlf e
OFOAO OFOAO 0

1F1A1

(2) the F. 8. multiplication , M : FSV(Tx) = FSV([n), My (ﬁflel Y2 k. \ﬁf e

F1A1 1F1A1

Are F..8. homeomorphism for all ﬁflgl € FSV(T).
1A1

Proof :

Toproof T . :FSV(Ta) » FSV(Ta T, (\’ﬁfl? )2 Ve F viper forall

fOr‘Ao OFOAO 1A, FOAO F1A1
viger € FSV(IL).is
iry
Aq
F.8. homeomorphism
(i)let v er ,vZ.es € FSV(IL) 3T (Vie )2 T (VZ ez )
flr ’ fzr A VOf eg fll" vO0 (=) sz
14 2A; OToa, 14 OTo, 2A;
vOee F vifes, 2 V0 e F Ve =
for le for le—-
OAO 1A1 OAO 2A2
) - 32 . : o
Viger = Vie =2T5  isF.s. injective
irq 21, 0
Aq Az OFOAO

let vy ez € TéV(FA):(VOf()?ZO)_l:I\- Vi ez € FSV(T,) and :T;ﬁf o ((v°f0§0 ) ¥

2Az 2A; orp, 0Ap

V2 V) )
Az
— y0_ T (V0 -1 2 =92 . : oot
VO3 o +(v £,¢0 )Y+ v ez =Vipe =T 0 18 F.s. surjective
fo Top T2p T2p 0
FOA 0 FOAO

= T% o IS F.s. bijective

fOFOAO

. € FSV(TY) K FSV(TL)

(ii)let viier EFSV(IH) = v e F vi e
Ty, OToa, 1T,
Since T (Vier )=v9 e F viies =% (V0 e , vl es )and ¥ is F.s.continuous
v £ =) f1F1 foF fll—-l fOF fll‘l
OToq, A1 040 Ay 040 Aq
= T co is F.s.continuous
OFOAO

(iii)let viees € FSV(Ia) = (V0ieo )IF viier € FSV(In) R FSV(H)
1F1A1 OFOAO 1F1A1
(T5

vi =(v0 -13 31
N )—1(V flltiiA )=(v £y 0 )Y+ v £,e1

-1 _
e ) - T(;b e ) (‘76 e
0 for fop2 0Aq T1p,

FOAO FOAO FOAO 1

T f"?ng) Y fl?im)
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and + is F.s.continuous = (%, )7'is F.s.continuous
OFOAO

T% is F..8.homeomorphism
€0

OFOAO
(2) To proof Mg: FSV(T)) 3 FSV(ILL) , Mg (Vi o ):12.

;Tflel for all V1f1e1 € FSV(T,),0 Zk€ R(A) .is T.é. homeomorphism

F1A1 F1A1

let vfrl Vi e € FSV(I4) 3 My (vl o )—Mk(v o2 )=k viger =k.vZ e

2
Aq FA 1 A2 F1A1 FZAZ

= k.vlier =k.v% e ::>vf =vi e
11"1A1 ZFA 11"1A1 21"2A2

My is F. 8. injective

ol =y 1
viger € FsV(In) =3 z v1f &1 € FSV([L) = Mip(z.vier )=vi e
11"1A 1A k 11"1Al 11"1A1

Mt is F. 8. surjective
My is F. 8. bijective

(i) et $f1§1 € ?w(rA):E.ﬁﬁ? € R(A) R FSV(T). My (V1 o ) k. vTg e

1A, 1a, T1ip 1"1A1

=2(k, vl e ) and’is F..s.continuous
Tia,

= My is F.s.continuous

(iii) let 0 Z k€ R(A) = =€ R(A)

=)

W')I H)
|
>
)
|
<
pN
—
iy
(¢
iy
N
QD
>
o

(Mg)'=M3 = (ME)_l({’Tf er )= M3 (;Tf e1 )—
R IT1p I3 IT1p
1
F..s.continuous
= (M) tis F.s.continuous
& ISF.s. homeomorphism

~

Corollary 4.3: Let T, be aF.s. set of a FSTVS (FSV(Iy))over R(A) .For 0 Z k€ R(A), we have

(i)  k(Iy,) = &I
(i) K(T,)2 k()
Proof

(i) since M is F. 8. homeomorphism.then M is F. 8. continuous and F. 8. closed
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by using 2.39 and 2.40 ii
My (I1,,)" € (Mg (T3, ))"and (M (T, )" € Mg (I3,)° - thus K (T, )° € R(T)°
k(Ca) € k(Ty,,)" . wehavek (T, )* = (k(T))’

(if) since M is F. 8. homeomorphism.then My is F. 8. continuous and F. 8. open

by using 2.40 (i) and 2.38

M (T, ) € My (Ty, Jand My (Tp, ) € My (T, ) - thusk (T, ) €k (Ty, )and

k (T1,,) € k (Ty,,) - we have k (T1,,) = k (T1,,)-
Corollary 4.4: Let Iy, be F.s.setof a FsTLs FSV(I,) over R(A) . we have

: ’E T o — /i T o
Hv f2§§A2+ (I, )= f2§§A2+ )

(i)  vZe F(Tp, )= (VZee FIy,)
FZAZ FZAZ

Proof :

(i)since T . is . 8.homeomorphism.then 7 o is F. 8. continuous and F. s. closed
fZFZ 2r
Ay 2A2

by using 2.39 and 2.40 ii

T ., @) €@, (T,))yand (@, (0,0 €T ([,) ths

f
2F2A2 2F2A2 ZFZAZ ZFZAZ

sz.;z (I, ) € (Ve FTa)
2A2 FZAZ

(Vi ez FTp)° € vZeo F(Ty, ) .wehaveviee. F(Ty, ) = (v e FIn))sinceR, is
FZA 21"2A 1 21"2A 1 2[‘2A fFA
2 2 i ) 2 2
(i)F. 8.homeomorphism.then 7 ., IsF.s. continuous and F. s. closed

f F2A2

by using 2.40 (i) and 2.38

j-éif ez ( FlAl) c jbif ey (FlAl) al’ld j-éif ep ( FlAl) c %Ef ey (FlAl) . thus
ZFZAZ 2F2A2 21~2A2 2F2A2
V2f2§§ :l: ( l—‘lAl) g szzez :i: ( F1A1) and

A FZAZ

i)V, FE) Ev0a 3 7. 3T e G 3
(iii) v fz?‘;Az-i- (FlAl) cv f2§§A2+ (FlAl) . we have v f2§§A2+(F1A1) (v fz?‘iAz + FlAl) .

Proposition 4.5: Let I, T2, area¥.s. set of a FSTVS (I'y) over R(A) . we have

I, +0, c 0, ¥5,, .
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Proof :
let u3, e €T, ¥Tr = u3, e =2yl e, FuZ, e, where ul, e ET ,@e €
f3 F33A3 1a, 7724, f3 F33A3 fy F11A1 f2r, A fy F11A1 1a; f, FZZA 2a,
and let I';, be a fuzzy soft neighborhood of u'; e, F u?g ez
F1A1 FZAZ

since A fuzzy soft mapping ¥ : FSV(Tx)X FSV(T4))= FSV(I,) is fuzzy soft continuous , there
are fuzzy soft neighborhood T, of ulflerl1A1 and T, of quZeFZZAZ such that Iy, +Ts Ac CT, A+ SiNCe
U1f1?"11A € F1A1 — F4’A4_ N F1A1 * FQ) — Husfs‘;SSA (S F4A4 ’usfS(:"SSA (S F1A1

1 5 5

. - ~ ~ ~ - ~ - ~
SIﬂCe u f2€;"2 (S FZAZ = F5A5 N FZAZ * 1—‘@ = Elll fé(i—? (S F5A5 , U fSPi"S (S FZAZ
v 6A¢ 5As
-z ~ ~ ~ ~ - g ~
Up es +u £s5 € F4A4+F5A5 c F6A6 =u £ +u £ € F6A6
545 A6 5As A6
- ~ g ~ ~ ~ ~ ~ ~
u fses +u fﬁel"66 EF3A3 ﬂ(F1A1+ FZAZ):>F3A3 ﬂ(F1A1+ FZAZ):FFQ)

sag A

For each a fuzzy soft neighborhoodl“3A30f ﬁTflel F ?f ez

5 = F1A1+F2A2 C F1A1+ FZAZ
F1A1 FZAZ

Proposition 4.6: let FSV(I'y) be a FSTVS over R(A) . and i, ETa then

()If E Is F. 8. sub space so is ( FlAl) :

(i) If Iy, is F..s. convex SO is ( FlAl)'

(iii) If Ty, is F.s. balaced so is (Ty, ).
proof :
(iLetTy, isF.s subspacethen@ly, + By, €Ty, ,@,B ER(A) .then
ar, +pBh, ETi,.sincea(l, )= a(ly,)and B(Ty, )= B(Iy,)thus
@(Ty,,) ¥ B(Ty,,). hence (Ty, ) is F.s. subspace.
(iLet Iy, isF.s. convexsetthen@ly, + - @ I, €T, ,0 2a< 1 .then
ar, + A-or, < T,sincea(l,)+a(l,)ad A-a)(T,)=s A-a(ly,)
thus @ (Ty, )+ (1— @ (Ty, )E T, - hence (Ty, ) is F.s. convexset.
(iii) Let Iy, is F.s. balanced setthen@ly, S Ty, .then@l;, & Ty, since@(Ty, )= a(Ty, )
thus @ (T, ) & Ty, . hence m) is F. 8. balanced set .

Proposition 4.7: Let I3, beaF.s.setofa FSTVS (FSV(Iy))over R(A) . we have
nif [, is F. 8. sub space so is( F1A1)° :
(i) If Ty, isF.s. convexsetsois (I3, )°

Proof:
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(i)Let@ ,B € R(A).since I, isF.s subspaceand (I, )° S I, . then
@ (I, )" F B(Ty,) QA ar, + pry,, € Iy, . Since(Ty, ) isF.s.
Open,and @ ( F1A1)°-T— B (F1A1)° is F..s .open subset of [, - Since (I‘1A1)° is the largest F..s .open
subset of Ty, thus @ (Ty, )°F B (T, )" S (Flfl)o .hence (T, )°is Z-".a. sub space .
(if)Let [y, isis F. 8. convex set then ’oZFlAlil\— 1-® N, €Ny, 0 < a< 1.then
@r, )+ (A-®ry,) €(ry, ). sincea(l, ) =@rn,)ad (I-a(h,)
= (1-® Iy,,) thus @ (I, )°F 1- @) (T1,,)" € (Ty, ) hence (Ty, )°isis F.s. convex set
(ijLet@ € R(A).since Iy, isF.s. convexsetand (Iy, )° c Iy,
then @ (Ty, )*+(1- @)(I, ) € ar, + A-®nh, €,
Since (I, )®is F.s.open,and @ (T, )*+ B(Ty, )’
is F..s .open subset of T, - Since ( F1A1)°is the largest F..s .open subset of FlAlthus
a(ly, ) F(A- @ (T, )" € (I, ) - hence (Iy, )°is F.s. sub space

Theorem 4.8: Every F..s. normed space( FSV(T4) ,II71l) is called F. 8. topological vector space

Proof: To proof is

(V f1 ,szzez ) = Vlflel +V2f292 (ll) (’I\'A Vlflel ) — 17 V1f161
rq FlAl r, 2 F1A1 F1A1

where forall vl e: ,vZ e2 € Ty FsV(I), F € R(A) are F..s. continuous .

1F1A1 FZAZ
Proof :
Let (v1)° <0 (v2)0 <0 € T'yand asequence of F..s .vectors (vl)n Jen , (V2T )¢ en in Ta. such
1“0,«.\,0 OTop, "Tnap "Tnay
that (Vl)n en = (v1)% e and (v2)r )" en = (VZ)Ofoeo

nry or r T
NAnpn 0 0A¢ NAn pnseo 0Ap

now Vln AV2n :V10 AVZO
| (D FE e 2@ F G

=1l (D Lo (v, 220 E(CRRH Lo A(VZ)OfOeo I

"Tnap OToa, "Tnap Toa,

< || (D en 20 )0, e0 )II+II((V2)n o = (V)% e |

rll"nAn Toa OTnap, 0A0
since || (WD) en (W% e0 || nooo =0
NTnap OTop,

We have

| ((Vl)“fnn DL e )7 DAY o FOD%e0 )l noeo =0

Tna nAn OA 0Ag

| @ TP s = 1 (@ F @0
FOAO FOAO

nAn
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Hence (viger ,v?
1A1

e2 )— viier FvZ e, isF.s.continuous.
2 f11~1A f;
1

FZAZ FZAZ

Let \’Iﬁfoeo € T,, @ € R(A) and asequence of F. 5. vectors anﬁn in Tysuch that
Toa, nAp

n = 0 a = a
v fash v =3 and &, | o, a
n—»,oo 0
now
| &, . v en =@.V0 e |
or,
0Aq

=) (. VD, e 2as . vO eo ¥ o .vO0 eo ~q.v0 eo
( n fnl"]rnlAn n fOFOAO) ( n fOFOAO fOFOAO )”

—
~

=l &= (un ~ 0 (e 26 v0
Il oy (v fn?EAn Vigpr0 ) (o, =a v o 0 I

OAO OAO
< g on =0 T e 26 0
< G [ fnlfign v fole"vo) tlog=a | v fO(;‘ZO I
Since Vi en =0 e || noo =0 and |8 5@ | poe =0
nr‘nAn OFAO
We have
& . Vi en “@.v0% e | poo =0
OFOAO
@' vie ) — alvl e isF.s. continuous
1 1p 11"1A

5.Conclusion

in this paper we introduce fuzzy soft topological vector space, fuzzy soft norm, and study some basic
properties of those concepts. Also, we study the problem of fuzzy soft normability of fuzzy soft
topological vector spaces. There is an ample scope for further research on many problems such as the
problems of finite dimensionality, metrizability, open mapping theorem, closed graph theorem etc. in
fuzzy soft topological vector spaces.
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