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In the present paper a notion of fuzzy soft topological vector spaces has been 

presented and some basic properties of such spaces studied. Fuzzy soft norm on 

a fuzzy soft linear space defined and the problem of fuzzy soft norm ability of 

fuzzy soft topological vector spaces has been addressed. 

 

 

1.Introduction  

      Most of the practical problems in economics, engineering. environmental sci ence, social science, 

medical science and so forth cannot be dealt with classical methods because of various types of 

uncertainties present in these problems. Several theories, for example. probability theory. fuzzy set 

theory, rough set theory, interval analysis etc. are evolved to address the different kinds of uncertainty 

problems. But each of these theories has their own difficulties and limitations, perhaps, due to the lack 

of the parametrization tools of the theory as it was indicated by Molodtsov in [5 ]. Molodtsov initiated 

a new mathematical tool, namely, soft set as a generaliza tion of fuzzy set, for dealing with 

uncertainties and applied it in many different fields such as smoothness of functions, game theory, 

Ricmann integration, Perron integra tion, probability theory etc. Maji et al. [20,21] dealt with the 

algebraic operations over soft sets. Recently investigations are going on in developing different mathe 

matical structures such as algebraic, topological, algebraico-topological ete. over soft sets. To mention 

some of them, Aktas and Cagman [8] have introduced soft groups: Jun [35 , 36 ] applied soft sets to 

the theory of BCK/BCI algebras and intrduced the concept of soft BCK/BCI-algebras; Feng et al. [7] 

defined soft semi-rings: Shabir and Ali [ 14] studied soft semi-groups and soft ideals; Babitha and 

Sunil [10] studied soft set relations and functions; Kharal and Ahmed [2]as well as Majumdar and 

Samanta [21] studied soft mappings. Shabir and Naz [15] came up with an idea of opological spaces. 

Afterwords Zorlutuna et al. [15], Cagman et al. [16], Hussain ed [|10], Hazra et al. [9]. Georgiou et 

al.[6]. Áygunoglu et al. [3 ], Babitha et al. [11], Mondal et al. [31 ] M Chinev et al. [17] and many 

other authors studied topological spaces. Recently metric space, linear space, topological group, 

Banach algebra, topological vector space structures in soft setting are also studied [16, 25, 26, 28, 29, 

23]. 

In this paper, we introduce a notion of fuzzy soft topological vector space. For doing this we consider 

the vector space to be a fuzzy soft vector space and the underlying topology is taken to be a new type 

of fuzzy soft topology which is defined and developed by using the concepts of clementary union, 

intersection and complement of fuzzy soft sets although, interestingly, with respect to these operations 

the relevant distributive properties and the law of excluded middle do not hold. Also in this paper, we 

study some basic properties of this space and finally the problem of fuzzy soft normability of fuzzy 

soft topological vector space is addressed to follows: In Section 2, we briefly review some basic 

notions. This paper is organized as and facts on fuzzy soft sets which are used to prove or illustrate 
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results in subsequence sections. Section 3 is devoted to study some properties of balanced, convex and 

Labsorbing fuzzy soft sets. The concept of a fuzzy soft topological vector space is introduced in 

section 4 along with some basic properties of such spaces. Finally, in Section 5, we present the 

conclusion.  

2.Preliminaries 

    Let U , V  are a universal set and E be a set of parameters . Let P(U) denote the power set of U and 

A be a subset of E .and I = [0,1] .  

Definition 2.1: [6]: The 𝓈. set is FA over U, where F is a mapping given be FA : A→ P(U).     

Definition 2.2: [38]: A ℱ. set  f over U is defined by the mapping  f : U ⟶ I. The set of all ℱ. set in U 

is  IU.  

Example 2.3:  Every ordinary set is  ℱ. set  . In other words if  B is a subset of U (ordinary set) , then 

the membership in B is often viewed as characteristic function UBfrom U to {0,1} such that  

UB(a) = {

1    ,   a ∈  U
 
 

0     ,   a ∉  U

 

Definition 2.4: [38]: Let f1and   f2 be ℱ.  sets over U .        

(i)  f1 ⊆̆  f2 . If  f1(u)  ≤  f2(u) for any u ∈  U. 

(ii)  f1 =̆  f2   iff  f1  ⊆̆ f2 and f2 ⊆̆  f1 . 

(iii)  f1 ∪̆ f2   is  (f1 ∪ f2)(u) = max {f1(u) , f2(u) } for all u ∈ U.   

(iv)   f1 ∩̆  f2 is  (f1  ∩  f2)(u) =  min { f1(u), f2(u)}for all u ∈  U. 

Definition 2.5: [19]: (i) The ℱ. set f is called absolute ℱ. set , denoted by 1̅, if f(u)  = 1 ∀ u ∈  U. 

(ii)A  ℱ.  point ut  in U is special ℱ. set  with membership function defined by 

u (u0) = {

t    , 0 <  t ≤  1.  u = u0

 
 

0     ,                          u ≠ u0

 

And denoted ut. 

Definition 2.6: [1] Let f1and   f2 be ℱ. set  in U , V respectively . Denote by f1 × f2the ℱ. set  in U × V 

For which (f1 × ̆f2)(u,v) = min {f1(u)  , f2(v)}  , (u,v) ∈ U × V  . 

Definition 2.7: [1] Let f1and   f2 be ℱ. set  in a linear space U over 𝔽  ,  let λ ∈ 𝔽  then  

(i)(f1+̆ f2) (u3) = sup {min{  f1(u1) , f2(u2) }: u3 = u1 + u2  , u3 , u1 , u2 ∈  U } .  
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(ii) (λf1) (u) = 

{
 
 

 
 

    0 

f1(
1

λ
u)      ,   λ ≠ 0

 , λ = 0 ,   u ≠ 0
 

sup{f1(u): u ∈  U    } ,  λ = 0 ,   u ≠ 0

 

(iii) f (u) < ( λ f) (u) for all u ∈  U  .  

(iv) f1+̆ f2  and  λf1 are ℱ. sets in U .  

Definition 2.8: [1]  let f  is ℱ. set in a vector space U . 

 (i)  f is ℱ. sub space if  f (b1u1 + b2u2 ) ≥ min { f(u1) , f(u2) } for all b1 , b2 ∈  𝔽 and u1 , u2 ∈  U. 

(ii) f is ℱ. convex  if   f (λ u1 + (1 − λ)u2 ) ≥ min{ f(u1) , f(u2) } for all u1 , u2 ∈  U and 0 ≤ λ ≤ 1  . 

    (iii) f is ℱ.   balaced   if  f (λ u1  ) ≥  f(u1) all u1 , u2 ∈  U and ⎹ λ ⎹ ≤ 1.  

(iv) f is ℱ.  bsorbing if  subλ>0 f (λ u  ) = 1 . 

Definition 2.9: [1] Let f1 and   f2 be ℱ. set  in a linear space U over 𝔽  ,  let λ ∈ 𝔽  then  

(i) If  f1 , f2 are ℱ. sub space in U , then  f1  ∩̆  f2 ,  βf1 are ℱ. sub space in U . 

(ii) If  f1 , f2 are ℱ. convex in U , then  f1  ∩̆  f2 ,  βf1 are ℱ. convex in U . 

(iii) If  f1 , f2 are ℱ. balaced   in U , then  f1  ∩̆  f ,  βf1 are ℱ. balaced in U . 

(iv) If  f1 , f2 are ℱ. bsorbing in U , then  f1  ∩̆  f2 ,  βf1 are ℱ. bsorbing in U. 

Definition 2.10:[14]: Let U be a universal set , E be a set of parameter and A⊆ E. A ℱ. 𝓈. set ΓA over 

U, is a mapping ΓA ∶ A⟶ IU, which is defined as ΓA(e) =̆ f ΓA
e ∈̆  IU.  

Example 2.11 : Let U = {u1, u2, u3  } and  A ={ε , α , γ } and B = {u1, u2} ⊆U .clear  UB is ℱ. set , 

define UB  by  UB ∶  U ⟶ I , UB (u) = {0    ,   u ∉B
1  ,   u∈B

   then ΓA =̂{ (ε , UB) , (α , UB) , ( γ, UB)} , is ℱ. 𝓈. set .  

Definition 2.12: [14]   

(1) The ℱ. 𝓈. set ΓA is called null ℱ. 𝓈. set and is denoted by Γϕ. Here ΓA(e) =̆ 0̅   for all e ∈ A 

where 0̅(u) = 0 for each u  ∈ U . 

(2) The ℱ. 𝓈. set ΓA is called absolute ℱ. 𝓈. set and is donated by ΓU . Here ΓA(e) =̆ 1̅ for all e ∈ A , 

where 1̅(u) = 1 for each u ∈ U . 

(3) For two ℱ. 𝓈. sets  Γ1A1 ,  Γ2A2  over a universe U. We say that Γ1A1   is  ℱ. 𝓈. subset of  Γ2A2  i.e 

 Γ1A1  ⊆̂  Γ2A2  if  Γ1A1(e)  ⊆̆  Γ2A2(e) for all e ∈ A1 and  A1 ⊆ A2 . 

(4) For two ℱ. 𝓈. sets  Γ1A1  ,  Γ2A2    over a universe U .  Γ1A1  ,  Γ2A2  are ℱ. 𝓈. equal if  Γ1A1  ⊆̂  Γ2A2  

and  Γ2A2  ⊆̂  Γ1A1  . 

(5) The union of two ℱ. 𝓈. sets  Γ1A1and Γ2A2over the universe U is the ℱ. 𝓈. set  

              Γ3A3 =  Γ1A1 ∪̂  Γ2A2   , where  A3= A1  ∪  A2 and for all e ∈  A3 
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               Γ3A3
(e) =̆ {

Γ1A1
(e)   ,                       if   e  ∈ A1 − A2

Γ2A2
(e)   ,                         if   e  ∈ A2 − A1

  Γ1A1
(e) ∪  Γ2A2

(e) , if   e ∈ A1 ∩ A2

 

     (6) The intersection of  Γ1A1  and Γ2A2 is a ℱ. 𝓈. set  Γ3A3 =  Γ1A1  ∩̂  Γ2A2 , where    

       A3= A1 ∩  A2 and  Γ3A3(e) =̆  Γ1A1(e) ∩̆   Γ2A2(e) ,  ∀  e ∈ A3. 

      In particular if  A1 ∩  A2 = ∅  or  Γ1A1
(e) ∩̆   Γ2A2

(e) =̆  0̅ for every  e ∈ A1 ∩  A2 , Then  Γ3A3(e)      

= ̆0̅ . 

Definition 2.13: [14]  The complement of a ℱ. 𝓈. set ΓA is defined by ΓA
c , where ΓA

c:A⟶ IU is a 

mapping given by  ΓA
c(e) =̆ 1̅  ∕ ΓA(e) , for all e ∈ A  . 

Definition 2.14:[39 ]: Let Γ1A ,  Γ2A  are  ℱ. 𝓈. set  in  U , V respectively . then their product denoted is 

defiend by  (Γ1A ×̂  Γ2 A) = ( Γ1  ×̂ Γ2 , A ) , where ( Γ1A ×̂  Γ2A)(e) =  Γ1A(e) ×̆  Γ2A(e)   ,  e ∈ A . It is 

clear that ( Γ1  ×̂ Γ2 , A ) is ℱ. 𝓈 .set over U × V . 

Definition 2.15: [35] : (i) The ℱ. 𝓈. set ΓA is called a ℱ. 𝓈.  point over U , denoted by ûf ΓA
e  

f ΓA
e (u)  = {

t    , if u = uο and e = eο ∈ A 
 
  

0   ,   if u ∈ U − {u0} or e ∈ A − {eo}

 

Where t ∈ (0,1] . 

(ii)The ℱ. 𝓈. point ûf ΓA
e  is said to be in the ℱ. 𝓈. set Γ1A1  (belongs to it), donated by  ûf ΓA

e  ∈̂ Γ1A1  if for 

the element e ∈ A , we have  ΓA(e) ⊆̆ Γ1A1
(e) . 

Definition 2.16: [23] Let ℝ be the set of all real numbers, E be a set of parameters, A⊆E and ℬ be the 

collection of all non null ℱ. bounded subsets of ℝ . A ℜA is called a ℱ. 𝓈. real set over ℝ and is defined 

as a set of ordered pairs ℜA={(e,  ℜA(e)) :e ∈ A , ℜA(e) ∈ ℬ }, Where ℜ is mapping given by ℜA:A 

⟶  ℬ  , A is  called the support of ℜA . 

Definition 2.17: [23]:  The ℱ. 𝓈. real set ℜA is called a ℱ. 𝓈. real number in ℝ, denoted by r̂,  if it is a 

singleton ℱ. 𝓈. real set . ℝ(A) denotes the set of all ℱ. 𝓈. real numbers and ℝ+(A) denotes the set of all 

non-negative ℱ. 𝓈. real numbers.  

Definition 2.18:[25]: A ℱ. 𝓈. topology ΤΓA on (U, E) is a family of ℱ. 𝓈. sets over (U, E) .Satisfying 

the following properties  

(i) ΓA   , Γϕ  . 

(ii) if ΓiAi
∈̂ ΤΓA  then ∩i=1

2 ΓiAi
∈̂ ΤΓA  . 

(iii) if ΓiAi
∈̂ ΤΓA for all i ∈ I, an index set, then ∪i∈I ΓiAi

∈̂ ΤΓA . 
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Definition 2.19 :[25]: If ΤΓA  is a ℱ. 𝓈. topology on (U, E) , the apire (ΓA   , ΤΓA )  is said to be ℱ. 𝓈. 

topological space. Each member of ΤΓA is called ℱ. 𝓈. open set in (  ΓA, ΤΓA )  .  

Definition 2.20:[35] Let ( ΓA, ΤΓA )be a ℱ. 𝓈. topological space. A ℱ. 𝓈. set is called ℱ. 𝓈. closed if its 

complement isa number of ΤΓ. 

Proposition 2.21:[ 35]: Let (  ΓA, ΤΓA ) be a ℱ. 𝓈. topological space and let Τ∗ΓA  be the collection of all 

ℱ. 𝓈. closed sets. Then  

(i)  ΓA   , Γϕ  . 

(ii)  if ΓiAi
∈̂ ΤΓ  then ∪̂i=1

2 ΓiAi
∈̂ Τ∗ΓA  . 

(iii) if ΓiAi
∈̂ ΤΓ for all i ∈ I, an index set, then ∩̂i∈I ΓiAi

∈̂ Τ∗ΓA  

Definition 2.22:[35]: Let (  ΓA, ΤΓA ) be a ℱ. 𝓈. topological space and  Γ1A1 is  ℱ. 𝓈.set over U . then the 

collection T̂ Γ1A1
={ Γ1A1 ∩̂  Γ2A2 :  Γ2A2 ∈̂ ΤΓ }is a  ℱ. 𝓈. topology space on the ℱ. 𝓈. subset Γ1A1relative 

to parameter set A . And T̂ Γ1A1
 is called ℱ. 𝓈. subspace topology  and ( Γ1A1  , T̂ Γ1A1

 ) is called a  ℱ. 𝓈. 

topological subspace of  (  ΓA, ΤΓA ) .  

Definition 2.23:[28]: Let (  ΓA, ΤΓA  ),  be a ℱ. 𝓈.  topological space. Then the Γ1A1   is said to be a ℱ. 𝓈.  

neighborhood (for short ℱ. 𝓈 . nbhd ) of ℱ. 𝓈. point u3̂ f3 Γ3A3
e3  if there exists a ℱ. 𝓈. open set Γ2A2such 

that  u3̂ f3 Γ3A3
e3 ∈̂    Γ2A2  ⊆̂ Γ1A1 . The set of all ℱ. 𝓈.  nbhd of u3̂ f3 Γ3A3

e3 is denoted by 𝒩u3̂ 
f3 Γ3A3

e3
. 

Definition 2.24:[ 35]: (i)Let ((  ΓA, ΤΓA  ),  be a ℱ. 𝓈. topological space. Let Γ1A1  be a ℱ. 𝓈. set over (U, 

E). Then the ℱ. 𝓈. closure of Γ1A1  ,denoted by ΓiAi  
̅̅ ̅̅ ̅̅ , is defined as the intersection of all ℱ. 𝓈. closed sets 

which contain ΓA1 .That is  ΓiAi   
̅̅ ̅̅ ̅̅ = ∩ ̂{Γ2A2  : Γ2A2  is a ℱ. 𝓈. closed and Γ1A1 ⊆̂ Γ2A2}. 

Clearly, Γ1A1  is the smallest ℱ. 𝓈. closed set over (U, E) which contain Γ1A1  .is also clear that Γ1A1   
̅̅ ̅̅ ̅̅ ̅, is 

ℱ. 𝓈. closed and Γ1A1   ⊆̂ Γ1A1  
̅̅ ̅̅ ̅̅  . 

(ii) Let (  ΓA, ΤΓA  ) be a ℱ. 𝓈.  topological space. Let Γ1A1 , be a ℱ. 𝓈. set over (U, E). Then the ℱ. 𝓈. 

interior of Γ1A1   ,denoted by (Γ1A1)
°, is defined as the union of all ℱ. 𝓈. open sets contained in 

(Γ1A1)
°.That is (Γ1A1)

° =∪̂ {Γ2A2    : Γ2A2  is a ℱ. 𝓈. open and Γ2A2 ⊆̂ Γ1A1}   

Clearly, (Γ1A1)
°   is the largest ℱ. 𝓈. open set over (U, E) which contained in Γ1A1   . It is also clear that 

Γ1A1 is ℱ. 𝓈. closed and (Γ1A1)
° ⊆̂ Γ1A1 . 

Definition 2.25:[ 35]: Let (  ΓA, ΤΓA  )be a fuzzy soft topological space . and Γ1A1  ⊆̂ ΓA , u1̂ f1 Γ1A1
e1 ∈̂ ΓA  

, u1̂ f1 Γ1A1
e1 ∈̂ Γ1A1  

̅̅ ̅̅ ̅̅   iff  Γ2A2 ∩̂ Γ1A1 ≠̂ Γ∅ , ∀ Γ2A2 ∈̂ 𝒩u1̂ 
f1 Γ1A1

e1
 , u1̂ f1 Γ1A1

e1 ∈̂ ΓA . 

Definition 2.26: Let  Γ1A1 ,  Γ2A2are ℱ. 𝓈.sets over U , then ℱ. 𝓈. arelation from Γ1A1  to   Γ2A2  is a 

ℱ. 𝓈.subset  of  Γ1A1 ×  Γ2A2 . In other words , a ℱ. 𝓈. relation from  Γ1A1to  Γ2A2 is of the form  Γ3A3  
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where A3 ⊆ A1 × A2 and Γ3A3
(e3  , e”3) = Γ4A4

(e3  , e”3), ∀ (e3  , e”3) ∈ A3 where  Γ4A4= Γ1A1 ×  Γ2A2  

.Any subset  Γ1A1 ×  Γ1A1  

Is called a ℱ. 𝓈.  relation on  Γ1A1 . In an equivalent way,can define the relation ℛ on the fuzzy soft set 

ΓA in the parameterized form as follows: If ΓA = {F(e) , F(α) , …..} , then F(e) ℛ F(α) iff F(e) × 

F(α)  ∈ ℛ  . 

Definition 2.27: Let ΓA, ΥBare ℱ. 𝓈.sets over U , then ℱ. 𝓈. arelation 𝔍 ⊆̂ ΓA ×̂ ΥB is a ℱ. 𝓈.subset  of 

ΓA ×̂ ΥB is called a ℱ. 𝓈 . mapping from ΓAto ΥB[denoted by  

𝔍 :  ΓA  ⟶̂  ΥB] if the following conditions as satisfied : For each ℱ. 𝓈. point u1̂ f1 Γ1A1
e1   ∈̂  ΓA, there 

exists only one ℱ. 𝓈 .point w1̂ ĝ1 Υ1B1
α1 ∈̂  ΥBsuch that u1̂ f Γ1A1

e1  𝔍 w1̂ ĝ1 Υ1B1
α1  which will be noted as 

𝔍(u1̂ f1 Γ1A1
e1 )  =̂  w1̂ ĝ1 Υ1B1

α1 . for each null ℱ. 𝓈. point u1̂ f1 Γ1A1
e1 ∈̂ ΓA  , 𝔍(u1̂ f1 Γ1A1

e1 ) is null ℱ. 𝓈. point of 

ΥB.  

Definition 2.28: Let ΓA , ΥB are ℱ. 𝓈.sets over U. and let  𝔍 :  ΓA  ⟶̂  ΥB be a ℱ. 𝓈 . mapping .  

The ℱ. 𝓈.set imag of  Γ1A1 ⊆̂ ΓA under  ℱ. 𝓈 . mapping 𝔍  is ℱ. 𝓈. set denoted by 𝔍( Γ1A1) of the form 

 𝔍( Γ1A1) =∪̂{ 𝔍( ûfΓA
e ), ∀  u2̂ f2 Γ2A2

e2 ∈̂   Γ1A1    , 𝔍 (Γ∅ ) =̂ Γ∅  for each fuzzy soft mapping 𝔍 } . 

Definition 2.29: Let ΓA , ΥB are ℱ. 𝓈.sets over U. and let  𝔍 :  ΓA  ⟶̂  ΥB be a ℱ. 𝓈 . mapping .  

The ℱ. 𝓈.  inverse imag of  Υ1B1 ⊆̂ ΥB under  ℱ. 𝓈 . mapping 𝔍  is ℱ. 𝓈. set denoted by 𝔍−1( Υ1B1) of 

the form 

 𝔍−1( Υ1B1) =∪̂{u1̂ f1 Γ1A1
e1 : u1̂ f1 Γ1A1

e1  ∈̂ ΓA    , 𝔍 (u1̂ f1 Γ1A1
e1 ) ∈̂  Υ1B1   } 

Definition 2.30: Let ΓA , ΥB are ℱ. 𝓈.sets over U. and let  𝔍 :  ΓA  ⟶̂  ΥB be a ℱ. 𝓈 . mapping .  

Is said to be (ℱ. 𝓈.injective ) if each ℱ. 𝓈. point in ΓA is related to a different in ΥB .More formally 

𝔍(u1̂ f1 Γ1A1
e1 )  = ̂𝔍(w1̂ ĝ1 Υ1B1

α1 ) implies w1̂ ĝ1 Υ1B1
α1  =̂ u1̂ f1 Γ1A1

e1 . 

Definition 2.31: Let ΓA , ΥB are ℱ. 𝓈.sets over U. and let  𝔍 :  ΓA  ⟶̂  ΥB be a ℱ. 𝓈 . mapping .  

Is said to be (ℱ. 𝓈.injective ) if fory every  ℱ. 𝓈. point in ΥB , there is a ℱ. 𝓈. point in u1̂ f1 Γ1A1
e1  in  

ΓAthere is ℱ. 𝓈. point inΓA  such that  𝔍 (u1̂ f1 Γ1A1
e1 ) =̂  w1̂ g1 Υ1B1

α1 . 

Definition 2.32: Let ΓA , ΥB are ℱ. 𝓈.sets over U. and let  𝔍 :  ΓA  ⟶̂  ΥB be a ℱ. 𝓈 . mapping .  

Is said to be (ℱ. 𝓈.bijective ) if it is ℱ. 𝓈.injective and ℱ. 𝓈.injective . 

Proposition 2.33 : Let    𝔍  :ΓA  ⟶̂ ΥB a ℱ. 𝓈.mapping  

(i) If Γ1A1  ℱ. 𝓈.set in U , then  Γ1A1  ⊆̂   𝔍 −1(  𝔍 (Γ1A1)). In particular if 𝔍   is ℱ. 𝓈. injective then 

Γ1A1 =̂   𝔍 
−1(  𝔍 (Γ1A1))  

(ii) If γΒ is ℱ. 𝓈.set in V , then   𝔍  (  𝔍 −1(γ1B1))⊆̂ γ1B1 . In particular if 𝔍   is ℱ. 𝓈.surjective 

then γ1B1 =̂   𝔍  (  𝔍 −1(γ1B1))  
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Proof :  Obviously 

Definition 2.34: Let (  ΓA, ΤΓA  ) ,  (  ΥB, ΣΥB ) be two  ℱ. 𝓈. topological spaces and 𝔍  :(  ΓA, ΤΓA  )   ⟶  

(  ΥB, ΣΥB ) 

Be a ℱ. 𝓈. mapping . then 𝔍 is said to be  

(i) An ℱ. 𝓈. open mapping iff 𝔍 (Γ1A1) ∈̂  ΣΥ for all Γ1A1 ∈̂  ΤΓA  . 

(ii) A ℱ. 𝓈. closed mapping  iff 𝔍 (Γ1A1) ∈̂  ΣΥBis soft closed in   ΣΥB for every ℱ. 𝓈. closed set Γ1A1   in  

ΤΓ 

(iii)A ℱ. 𝓈. continuous mapping iff  𝔍 −1(Υ1B1) ∈̂  ΤΓAfor all Υ1B1 ∈̂ ΣΥB. 

Definition 2.35: Let (  ΓA, ΤΓA  ) ,  (  ΥB, ΣΥB ) be two  ℱ. 𝓈. topological spaces and 𝔍  :(  ΓA, ΤΓA  )  ⟶̂ (  

ΥB, ΣΥB) 

Be a ℱ. 𝓈. mapping . then 𝔍 is said to be  fuzzy soft homeomorphism if  𝔍   is ℱ. 𝓈. bijective ,  ℱ. 𝓈. 

open ,  ℱ. 𝓈. continuous mapping  . 

Theorem 2.36: Let 𝔍 :ΓA  ⟶̂ ΥB be a ℱ. 𝓈.bijective and ℱ. 𝓈.continuous mapping . Then the following 

statements are equivalent  

(i)𝔍 −1 is ℱ. 𝓈.continuous 

(ii) 𝔍    is ℱ. 𝓈.open 

(iii)𝔍  is ℱ. 𝓈.closed 

Proof :   

(i)⇒(ii) Let Υ1B1be ℱ. 𝓈.open set in (  ΥB, ΣΥB  ) since 𝔍 −1 is ℱ. 𝓈.continuous mapping then(𝔍 −1)−1( 

Υ1B1) is ℱ. 𝓈. open set in :(  ΓA,  ΤΓA  )  since 𝔍 is ℱ. 𝓈.bijective then (𝔍 −1)−1(Υ1B1) = Υ1B1 , is 

ℱ. 𝓈.open mapping. 

(ii)⟹(iii) Let Γ1A1be ℱ. 𝓈.open set in (  ΓA,  ΤΓA  )then (Γ1A1) 
cis ℱ. 𝓈.open set in(  ΓA,  ΤΓA  ),hence 

𝔍((Γ1A1) 
c) is ℱ. 𝓈.open set in (  ΥB, ΣΥB )  

 𝔍 ((Γ1A1) 
c) = 𝔍 (ΓA \Γ1A1)= 𝔍 (ΓA) \ 𝔍 (Γ1A1) = ΥB\ 𝔍 (Γ1A1) is ℱ. 𝓈.open, 𝔍 (Γ1A1) is ℱ. 𝓈.closed set, 𝔍 

is ℱ. 𝓈.closed mapping. 

(iii)→(i) Let Γ1A1be ℱ. 𝓈.open set in (  ΓA,  ΤΓA  )then (Γ1A1)
c is ℱ. 𝓈.closed set in (  ΓA,  ΤΓA  ) since 𝔍 is 

ℱ. 𝓈.closed then 𝔍(Γ1A1) is ℱ. 𝓈.closed set in (  ΥB, ΣΥB ) then  𝔍 ((Γ1A1)
c) = 𝔍 (ΓA\ Γ1A1) = 𝔍 (ΓA)\𝔍( 

Γ1A1) =ΥB \ 𝔍( Γ1A1)  is ℱ. 𝓈.closed set in(  ΥB, ΣΥB ) hence 𝔍(Γ1A1) = (𝔍 −1)−1( Γ1A1)) is ℱ. 𝓈.open set 

in (  ΥB, ΣΥB ) . 

 

Theorem 2.37: Let 𝔍 :(  ΓA,  ΤΓA  )  ⟶̂  (  ΥB, ΣΥB  )be a  ℱ. 𝓈.continuous mapping . Then the following 

statements are equivalent  

(i)𝔍 is ℱ. 𝓈.continuous 

(ii)𝔍 −1(Υ1B1) ∈̂  Τ
∗
Γfor all Υ1B1 ∈̂ ΣΥ . 
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Proof :  Obviously 

Theorem 2.38: Let 𝔍  :ΓA  ⟶̂ ΥB be a ℱ. 𝓈.mapping . Then 𝔍 is ℱ. 𝓈.continuous iff  for each Γ1A1of ΓA 

, 𝔍 is ℱ. 𝓈.continuous iff  for each Γ1A1of ΓA , 𝔍 (Γ1A1  
̅̅ ̅̅ ̅̅ ) ⊆̂ 𝔍 (Γ1A1)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .  

Proof :   

(⇒)Let 𝔍  :ΓA  ⟶̂ ΥB be ℱ. 𝓈.continuous mapping 𝔍(Γ1A1) ⊆̂ 𝔍 (Γ1A1)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅  , 

Γ1A1  ⊆̂   𝔍 −1(  𝔍 (Γ1A1)) ⊆̂  𝔍 −1( 𝔍 (Γ1A1)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ). since 𝔍 (Γ1A1)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ is ℱ. 𝓈.closed, 𝔍 is fuzzy soft continuous 

then 𝔍 −1( 𝔍 (Γ1A1)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅  )is ℱ. 𝓈.closed but Γ1A1  

̅̅ ̅̅ ̅̅  is the smallest ℱ. 𝓈.closed set containing Γ1A1  so Γ1A1  ⊆̂ 

Γ1A1  
̅̅ ̅̅ ̅̅  ⊆̂ 𝔍 −1( 𝔍 (Γ1A1)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and therefore 𝔍 (Γ1A1  
̅̅ ̅̅ ̅̅ ) ⊆̂ 𝔍 (Γ1A1)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .   

(⟸) Let 𝔍 (Γ1A1)= Υ1B1  to prove for each Υ1B1  ℱ. 𝓈.closed then   𝔍 −1( Υ1B1) ℱ. 𝓈.closed, to prove Γ1A1  

ℱ. 𝓈.closed .we need to prove Γ1A1  
̅̅ ̅̅ ̅̅  ⊆̂ Γ1A1  since 𝔍 (Γ1A1  

̅̅ ̅̅ ̅̅ ) ⊆̂ 𝔍 (Γ1A1)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .  then 𝔍 (Γ1A1  

̅̅ ̅̅ ̅̅ ) ⊆̂ Υ1B1
̅̅ ̅̅ ̅̅  =̂  Υ1B1so 

Γ1A1  
̅̅ ̅̅ ̅̅  ⊆̂  𝔍 −1(Υ1B1) =̂ Γ1A1  . 

Theorem 2.39: Let 𝔍  :ΓA  ⟶̂ ΥB be a ℱ. 𝓈.mapping . then  

 𝔍 is ℱ. 𝓈.continuos if and if for each ℱ. 𝓈.set Γ1A1of ΓA  then  𝔍 (Γ1A1)
∘ ⊆̂ ((𝔍( Γ1A1))

∘ 

Proof :  Obviously 

Theorem 2.40: Let 𝔍  :ΓA  ⟶̂ ΥB be a ℱ. 𝓈.mapping . then  

(i) 𝔍  is ℱ. 𝓈.open if and if for each ℱ. 𝓈.set Γ1A1of ΓA  then 𝔍 (Γ1A1)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ⊆̂ 𝔍 (Γ1A1  

̅̅ ̅̅ ̅̅ )  

(ii) 𝔍 is ℱ. 𝓈.closed if and if for each ℱ. 𝓈.set Γ1A1of ΓA  then  (𝔍 (Γ1A1))
∘  ⊆̂ 𝔍 (Γ1A1)

∘ 

Proof :  Obviousl 

Throughout this work , Let U ,V are a vector space over a field 𝔽 (𝔽 =ℝ) and the parameter set A = ℝ . 

Definition 2.41:[5] Let ΓAbe a mapping  given be  ΓA  : A⟶ IU then ΓA is called ℱ. 𝓈. vector space 

over U if ΓA(e) =̆ f ΓA
e   is a ℱ.vector sub space of U . 

Definition 2.42. [34] : The ℱ. 𝓈. set ΓA is called ℱ. 𝓈. vector over U , denoted 

by(v̂fΓA
e ) , if there is exactly  one e ∈  A such that fΓA

e (v)= t ∈ (0,1] for some v ∈ U and fΓA
α (v) = 0 for 

all α ∈A/{e}.  

The set of all ℱ. 𝓈 .vectors of  a  ℱ. 𝓈. vector  ΓA denoted by ℱ𝓈𝒱(ΓA ) Is said to be a ℱ. 𝓈 .vector 

space according to  The following two operation. 

(i)  v1̂f1Γ1A1
e1 +̂v2̂f2Γ2A2

e2  = (v1 + v2̂ )f1Γ1A1
e1 +  f2Γ2A2

e2     for all  v1̂f1Γ1A1
e1 , f2Γ2A2

e2 ∈  ℱ𝒮 𝒱(ΓA ).  

(ii) r̂. v1̂f1Γ1A1
e1  = (rv1̂)

f1Γ1A1

re1    for all  v1̂f1Γ1A1
e1 ∈  ℱ𝒮 𝒱(ΓA ) and   r̂ ∈  ℝ(A). 

Definition 2.43 :Let U = ℓp is a vector space over a field 𝔽 (𝔽 =ℝ) and A = ℝ . Then  
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ℱ𝒮 𝒱(ΓU)={ v̂1̅: v ∈ ℓp ;  v =(v1 , v2  , v3 , ….. ) ; vi ∈  ℝ ; ∑ ⎹vi⎹p∞
i=1    < ∞ , 1 ≤ p < ∞  } 

  is fuzzy soft vector over ℝ(A) is  according to  The following two operation 

(i)  v1̂1̅+̂v2̂1̅ =̂ (v1 + v2̂ )1̅+  1̅  for all  v1̂1̅, v2̂1̅ ∈ ̂ℱ𝒮 𝒱(ΓU). 

(ii) r̂. v ̂1̅  =̂ (rv̂)1̅   for all  v ̂1̅  ∈̂  ℱ𝒮 𝒱(ΓU) and  r̂ ∈ ̂ ℝ(A). 

for all v1̂f1Γ1A1
e1 , v2̂f2ΓA2

e2  ∈̂ ℱ𝒮 𝒱(ΓU )    . 

Definition 2.44.[34]: Let ℱ𝒮𝒱(ΓA)  be a fuzzy soft vector space. Then, a mapping  

‖. ∥ℱ𝒮 :  ℱ𝒮𝒱(ΓA) → ℝ+(A) is said to be a fuzzy soft norm on ΓA if ‖. ∥ℱ𝒮  satisfies the following 

conditions: 

(i) ‖v1̂f1Γ1A1
e1  ∥ℱ𝒮   ≥̂ 0̂ ,for all  v1̂f1Γ1A1

e1 ∈̂ ℱ𝒮𝒱(ΓA) and ‖v1̂f1Γ1A1
e1  ∥ℱ𝒮   =̂ 0̂ ⇔    v1̂f1Γ1A1

e1 =̂ 0̂  

(ii) ‖r̂. v1̂f1Γ1A1
e1  ∥ℱ𝒮    =| r̂| . ̂ ‖v1̂f1Γ1A1

e1  ∥ℱ𝒮   , v1̂f1Γ1A1
e1 ∈̂ ℱ𝒮𝒱(ΓA) and r̂  ∈ ̂ ℝ(A)   

(iii) ‖v1̂f1Γ1A1
e1 +̂v2̂f2Γ2A2

e2   ∥ℱ𝒮 ≤̂ ‖v1̂f1Γ1A1
e1  ∥ℱ𝒮  +̂ ‖v2̂f2Γ2A2

e2   ∥ℱ𝒮 , for all v1̂f1Γ1A1
e1 , v2̂f2Γ2A2

e2   ∈̂ 

ℱ𝒮𝒱(ΓA)    

Apair (ℱ𝒮𝒱(ΓA)  , ‖. ∥ℱ𝒮)   is called a fuzzy soft  normed spac 

Remark 2.45: Every ℱ. 𝓈.subvector space( ℱ𝒮𝒱( Γ1A1), ‖. ∥1ℱ𝒮) of ℱ. 𝓈 .normed space( 

ℱ𝒮𝒱(ΓA ), ‖. ∥2ℱ𝒮)  is ℱ. 𝓈. normed space . 

Theorem 2.46:[4]: Every ℱ. 𝓈.normed linear space is a ℱ. 𝓈 metric space with the soft metric 

d̂ (v1̂f1Γ1A1
e1 , v2̂f2Γ2A2

e2  )    =̃ ‖ v1̂f1Γ1A1
e1 + v2̂f2Γ2A2

e2  ∥ℱ𝒮
̃  for all      v1̂f1Γ1A1

e1 , v2̂f2Γ2A2
e2  ∈̂ ℱ𝒮𝒱(ΓA )  . 

Definition 2.47: [4]: (ℱ𝒮𝒱(ΓA) , ‖. ∥ℱ𝒮) a ℱ. 𝓈.normed space . let {vn} be a sequence in U where 

n=1,2,3 ,…. For each n , let  (vn̂fnΓnAn
en ) ℱ. 𝓈.point in U such that ∀ e∈ E and  ∀ u∈ U 

fΓA
e (vn)  = {

t  ∈ (0 , 1]  , if v = vο and e = eο ∈ A 
 
  

0   ,   if v ∈ U − {v0} or e ∈ A − {eo}

 

Definition  2.48:[4] : A sequence of ℱ. 𝓈.vectors {vn̂fnΓnAn
en } in a ℱ. 𝓈.normed space (ℱ𝒮𝒱(ΓA), ‖. ∥ℱ𝒮) 

is said to be ℱ. 𝓈.convergent to v0̂f0Γ0A0
e0 , if lim

n→∞
  ‖  vn̂fnΓnAn

en − v0̂f0Γ0A0
e0  ∥ℱ𝒮

̃
 =̂ 0̂ 
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I.e, ∀ε̂ >̂ 0̂, ∃n0  ∈ ℕ such that ‖ vn̂fnΓnAn
en − v0̂f0Γ0A0

e0   ‖̃
  <̂ ε̂ ,∀n ≥ n0. It is denoted by 

lim
n→∞

vn̂fnΓnAn
en =̂ v0̂f0Γ0A0

e0  , or  briefly  vn̂fnΓnAn
en

n→∞

⟶̂  v0̂f0Γ0A0
e0  . 

That is to say that ‖ vn̂fnΓnAn
en − v0̂f0Γ0A0

e0  ∥ℱ𝒮
̃   n⟶∞ ⟶̂ 0 ̂. 

Definition 2.49:[4] : A sequence of ℱ. 𝓈.vectors {vn̂fnΓnAn
en } in a ℱ. 𝓈.normed space  

(ℱ𝒮𝒱(ΓA)  , ‖. ∥ℱ𝒮) is Said to be ℱ. 𝓈.Cauchy sequence  . I,e., ∀ ε̂ >̂ 0̂, ∃n0  ∈ ℕ such that 

‖ vn̂fnΓnAn
en − vm̂fmΓmAm

em  ‖̃  <̂ ε̂,∀n,m ≥ n0 ,  n ≥ m. That is 

‖ vn̂fnΓnAn
en − vm̂fmΓmAm

em  ‖̃   n,m⟶∞ ⟶̂ 0 ̂. 

Definition 2.50:[4] Let U and V be universal sets and E1, E2are the parameter sets . .Let 

(ℱ𝒮𝒱(ΓA), ‖. ∥1ℱ𝒮) is  ℱ. 𝓈 normed spaces on (U , E1)and  ( ℱ𝒮𝒱(ΥB)  ,‖. ∥2ℱ𝒮)  ℱ. 𝓈. normed spaces 

on (V , E2)  .Then the ℱ. 𝓈 .mapping 

T̃ :( ℱ𝒮𝒱(ΓA),‖. ∥1ℱ𝒮) ⟶̂( ℱ𝒮𝒱(ΥB)  ,‖. ∥2ℱ𝒮) Is called a ℱ. 𝓈 .operator . 

Definition 2.51.[4]: Let  T̃ :( ℱ𝒮𝒱(ΓA) ,‖. ∥1ℱ𝒮) ⟶̂( ℱ𝒮𝒱(ΥB)  ,‖. ∥2ℱ𝒮) be a ℱ. 𝓈 .linear operator 

Then T̃ fuzzy soft continuous at a ℱ. 𝓈 .vector v0̂f0Γ0A0
e0  ∈̂ ΓA  .If  for every vn̂fnΓnAn

en ⟶̂ v0̂f0Γ0A0
e0  we 

have T̃(vn̂fnΓnAn
en ) ⟶̂ T̃(v0̂f0Γ0A0

e0 ) .   

3. Balanced  Convex and Absorbing 𝓕. 𝓼.setes 

 

Definition 3.1: let ΓA is ℱ. 𝓈. set in a vector space U  

 (i) ΓA is ℱ. 𝓈. sub space if  Γ(e) is ℱ.sub space in U . 

(ii) ΓA  is ℱ. 𝓈. convex if  Γ(e) is ℱ. convex in U.  

    (iii)ΓA is ℱ. 𝓈. balanced if  Γ(e) is ℱ. balanced in U.  
(iv) ΓA is ℱ. 𝓈. absorbing if  Γ(e) is ℱ. bsorbing in U. 

Theorem 3.2∶ Let Γ1A1 ,  Γ2A2  are ℱ. 𝓈. sub space in U,  let r̂ ∈̂ ℝ(A) then  Γ1A1 ∩̂  Γ2A2 ,  r̂ Γ1A1are ℱ. 𝓈. 

sub space in U  

Proof :  

(i) ∗ Let  Γ1A1 ,  Γ2A2are ℱ. 𝓈. sub space in U . then  Γ1A1
(e) =̆ f1Γ1A1

e1 ,  Γ2A2
(e) =̆ f2Γ2A2

e2  are ℱ. sub space 

in U .   

f1Γ1A1

e1 ∩̅ f2Γ2A2

e2  (b1a1 + b2a2 ) = min  { f1Γ1A1

e1 (b1a1  +  b2a2 ) , f2Γ2A2

e2 (b1a1  + b2a2 ) } 

≥  min  { min {f1Γ1A1

e1 (a1) , f1Γ1A1

e1 (a2)} , min {f2Γ2A2

e2 (a1) , f2Γ2A2

e2 (a2)}} 
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≥  min  { min {f1Γ1A1

e1 (a1) , f2Γ2A2

e2 (a1) } , min {f1Γ1A1

e1 (a2)} , f2Γ2A2

e2 (a2)}} 

 ≥  min  { f1Γ1A1

e1 ∩̅ f2Γ2A2

e2  (a1 ) , min {f1Γ1A1

e1 ∩̅ f2Γ2A2

e2  (a2 ) } 

then   Γ1A1 ∩̂  Γ2A2   is ℱ. 𝓈. sub space in U 

 

∗∗ Let  Γ1A1 is ℱ. 𝓈. sub space in U . then  Γ1A1
(e) =̆ f1Γ1A1

e1 is ℱ. sub space in U . 

r̂ Γ1A1(e) =̆  rf1Γ1A1

e1  and  

 

r f1Γ1A1

e1 (b1a1  +  b2a2) =    

{
 
 

 
 

    0 

f1Γ1A1

e1 ((
1

r
 )(b1a1  +  b2a2))   ,   r ≠ 0

 , r = 0 ,   b1a1  +  b2a2  ≠ 0
 

sup{f1Γ1A1

e1 (b1a1  +  b2a2 ): b1a1  +  b2a2  ∈  U    } ,  r = 0 ,   b1a1  +  b2a2  ≠ 0

 

 

If  r ≠ 0 

 

r f1Γ1A1

e1 (b1a1 + b2a2) =f1Γ1A1

e1 ((
1

r
 )(b1a1  +  b2a2)) ≥ min {f1Γ1A1

e1 (
1

r
 a1) , f1Γ1A1

e1 (
1

r
 a2)} 

 

                                                                                    ≥ min {r f1Γ1A1

e1 (a1), r f1Γ1A1

e1 (a2)} 

 

If  r = 0 

 

  r f1Γ1A1

e1 (b1a1 + b2a2) =  sup {f1Γ1A1

e1 (b1a1  +  b2a2 ): b1a1  +  b2a2  ∈  U} .  

since  f1Γ1A1

e1  (a) < ( r f1Γ1A1

e1 ) (a) for all a ∈  U   

 

     < sup  {rf1Γ1A1

e1 (b1a1  + b2a2 )} 

                          = sup { f  Γ1A1
e1 (b1 ( 

1

r
a1)  +  b2(

1

r
a2 ))}≥ min { f1Γ1A1

e1 (b1 ( 
1

r
a1)  +  b2(

1

r
a2 ))} 

                           ≥ min  { f1Γ1A1

e1 ( 
1

r
a1) , f1Γ1A1

e1 (
1

r
a2 )} 

                            ≥   min {rf1Γ1A1

e1 (a1)  ,  rf1Γ1A1

e1 (a2 )} 

 

then  r̂ Γ1A1   is ℱ. 𝓈. sub space in U 

Theorem 3.3∶ Let Γ1A1 ,  Γ2A2   are ℱ. 𝓈. convex in U ,   let r̂ ∈̂ ℝ(A). then  Γ1A1 ∩̂  Γ2A2 , r̂ Γ1A1  are ℱ. 𝓈. 

convex  in U  

Proof : 

∗ Let  Γ1A1 ,  Γ2A2are ℱ. 𝓈. sub space in U . then  Γ1A1
(e) =̆ f1Γ1A1

e1 ,  Γ2A2
(e) =̆ f2Γ2A2

e2  are ℱ. sub space in 

U .  

f  Γ1A1
e1 ∩̅ f  Γ2A2

e2  (λ a1 + (1 − λ)a2 ) = min  { f1Γ1A1

e1 (λ a1 + (1 − λ)a2 ) , f2Γ2A2

e2 (λ a1 + (1 − λ)a2 ) } 
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for all a1 , a2 ∈  U and 0 ≤ λ ≤ 1 

≥  min  { min { f1Γ1A1

e1 (a1) , f  Γ1A1
e1 (a2)} , min {f2Γ2A2

e2 (a1) , f2Γ2A2

e2 (a2)}} 

 ≥  min  { min {f1Γ1A1

e1 (a1) , f2Γ2A2

e2 (a1) } , min {f1Γ1A1

e1 (a2)} , f2Γ2A2

e2 (a2)} 

 ≥  min  { f1Γ1A1

e1 ∩̅ f2Γ2A2

e2  (a1 ) , min {f1Γ1A1

e1 ∩̅ f2Γ2A2

e2  (a2 ) } 

then   Γ1A1 ∩̂  Γ2A2   is ℱ. 𝓈. convex in U 

 

∗∗Let  Γ1A1 is ℱ. 𝓈. convex in U. then  Γ1A1
(e) =̆ f  Γ1A1

e1 is ℱ.convex in U. 

 

 r̂Γ1A1(e) =̆ rf1Γ1A1

e1  and  

r f  Γ1A1
e1 (b1a1  +  b2a2) =    

{
 
 

 
 

    0 

f1Γ1A1

e1 ((
1

r
 )(b1a1  +  b2a2))   ,   r ≠ 0

 , r = 0 ,   b1a1  +  b2a2  ≠ 0
 

sup{f1Γ1A1

e1 (b1a1  +  b2a2 ): b1a1  +  b2a2  ∈  U    } ,  r = 0 ,   b1a1  +  b2a2  ≠ 0

 

for all a1 , a2 ∈  Uand 0 ≤ λ ≤ 1 

If  r ≠ 0 

r f1Γ1A1

e1 (λ a1 + (1 − λ)a2 ) =f1Γ1A1

e1 ((
1

r
 )(λ a1 + (1 − λ)a2 ) ≥ min {f1Γ1A1

e1 (
1

r
 a1) , f1Γ1A1

e1 (
1

r
 a2)} 

 

                                                                                               ≥ min {r f1Γ1A1

e1 (a1), r f1Γ1A1

e1 (a2)} 

If  r =  0 

r f  Γ1A1
e1 (λ a1 + (1 − λ)a2 ) =  sup {f1Γ1A1

e1 (λ a1  +  (1 − λ)a2 ): (λ a1  +  (1 − λ)a2 )  ∈  U} .  

since  f1Γ1A1

e1  (a) < ( r f1Γ1A1

e1 ) (a) for all a ∈  U   

                  < sup  {rf1Γ1A1

e1 (λ a1  +  (1 − λ)a2 )}= sup { f1Γ1A1

e1 (b1 ( 
1

r
a1)  +

 b2(
1

r
a2 )) 

                                             ≥ min { f1Γ1A1

e1 (b1 ( 
1

r
a1)  +  b2(

1

r
a2 ))} 

                                              ≥ min { f1Γ1A1

e1 ( 
1

r
a1) , f  Γ1A1

e1 (
1

r
a2 ) 

                                              ≥   min {rf1Γ1A1

e1 (a1)  ,  rf  Γ1A1
e1 (a2 )} 

                  ≥   min {rf1Γ1A1

e1 (a1)  ,  rf1Γ1A1

e1 (a2 )} 

 

then  r̂ Γ1A1   is is ℱ. 𝓈. convex in U 

Theorem 3.4∶ Let Γ1A1 ,  Γ2A2   are ℱ. 𝓈. balanced in U ,  let r̂ ∈̂ ℝ(A)then Γ1A1 ∩̂  Γ2A2 ,  r̂ Γ1A1are ℱ. 𝓈. 

balaced in U . 
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Proof : ∗ Let  Γ1A1 ,  Γ2A2are ℱ. 𝓈. balanced in U. then  Γ1A1
(e) =̆ f1Γ1A1

e1 ,  Γ2A2
(e) =̆ f2Γ2A2

e2 are ℱ. 

balanced in U  

f1Γ1A1

e1 ∩̅ f2Γ2A2

e2  (λ a  ) =  min  { f1Γ1A1

e1 (λ a ) , f2Γ2A2

e2 (λ a ) } .  a1  ∈ U and⎹ λ ⎹ ≤ 1 . 

≥  min  { f1Γ1A1

e1 (a) ,  f2Γ2A2

e2 (a)} 

≥  f1Γ1A1

e1 ∩̅ f2Γ2A2

e2  (a )  

then   Γ1A1 ∩̂  Γ2A2   is ℱ. 𝓈. balanced in U   

 

∗∗ Let  Γ1A1 is ℱ. 𝓈. balanced in U. then  Γ1A1
(e) = f1Γ1A1

e1 is ℱ. balanced in U  . 

 

r̂ Γ1A1(e) =̆ rf1Γ1A1

e1  and  

r f1Γ1A1

e1 (λ a) = 

{
 
 

 
 

    0 

f1Γ1A1

e1 ((
1

r
 )λ a  )   ,   r ≠ 0

 , r = 0 ,   λ a   ≠ 0
 

sup{f1Γ1A1

e1 ( λ a  ): λ a   ∈  U    } ,  r = 0 , λ a  , λ a   ≠ 0

 

for all a1  ∈  U and ⎹ λ ⎹ ≤ 1 . 

If  r ≠ 0 

r f1Γ1A1

e1 (λ a ) =f1Γ1A1

e1 (λ )(
1

r
 a )) ≥ f1Γ1A1

e1 (
1

r
 a)  ≥ r f1Γ1A1

e1 (a) 

                                                       

If  r = 0 

 

r f1Γ1A1

e1 (λ a1 ) ) =  sup {f1Γ1A1

e1 ( λ a1 )} .  since  f1Γ1A1

e1  (a) < ( r f1Γ1A1

e1 ) (a) for all a ∈  U  , then  

 

 

                                          < sup  {rf1Γ1A1

e1 (λ a1 )}= sup { f1Γ1A1

e1 λ ( 
1

r
a1)} ≥ { f1Γ1A1

e1 λ ( 
1

r
a1)                                                                                                                                   

                                                 ≥   f1Γ1A1

e1 ( 
1

r
a1)=  r f1Γ1A1

e1 (a1)                                                                                            

                                         

then  r̂ Γ1A1   is ℱ. 𝓈. balaced in U  

Theorem 3.5∶ Let Γ1A1 ,  Γ2A2  are ℱ. 𝓈. absorbing in U ,  let r̂ ∈̂ ℝ(A)  then, then   Γ1A1 ∩̂  Γ2A2 , 

r̃ Γ1A1are ℱ. 𝓈. bsorbing in U .  

Proof :∗ Let  Γ1A1 ,  Γ2A2are ℱ. 𝓈.a bsorbing in U.then  Γ1A1
(e) =̆ f1Γ1A1

e1 ,  Γ2A2
(e) =̆ f2Γ2A2

e2 ℱ. 

a bsorbingin U. 

  subλ>0f1Γ1A1

e1  (λ a  ) = 1   and   subλ>0 f2Γ2A2

e2  (λ a  ) = 1 

 Subλ>0 (f1Γ1A1

e1 ∩̅ f2Γ2A2

e2 ) (λ a  ) =  Subλ>0 { min  { f1Γ1A1

e1 (λ a  ) , f2Γ2A2

e2 (λ a  ) } }.  a ∈ U  
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=  min  {  Subλ>0f1Γ1A1

e1 (λ a  ) ,  Subλ>0  f2Γ2A2

e2 (λ a )}=1 

then   Γ1A1 ∩̂  Γ2A2   is ℱ. 𝓈.a bsorbing in U.  

 

∗∗ Let  Γ1A1 is ℱ. 𝓈.a bsorbing in U. then  Γ1A1
(e) = f1Γ1A1

e1 is ℱ. a bsorbing in U. 

 

r̂ Γ1A1(e) =̆ rf1Γ1A1

e1  and  

r f1Γ1A1

e1 (λ a  ) = 

{
 
 

 
 

    0 

f1Γ1A1

e1 ((
1

r
 )(λ a  )   )   ,   r ≠ 0

 , r = 0 ,   λ a     ≠ 0
 

sup{f1Γ1A1

e1 ( λ a  ): (λ a  )     ∈  U    } ,  r = 0 , λ a     , λ a     ≠ 0

 

 

If  r ≠ 0 

 

 subλ>0r f1Γ1A1

e1 (λ a ) = subλ>0 f1Γ1A1

e1 (λ )(
1

r
 a )) = 1                                            

If  r = 0 

 subλ>0   r f1Γ1A1

e1 (λ a ) ) =  subλ>0 sup {f1Γ1A1

e1 ( λ a )} = sup subλ>0  {f1Γ1A1

e1 ( λ a )} =1                                         

then  r̂ Γ1A1   is ℱ. 𝓈.a bsorbing in U.  

Remark 3.6: let ΓA is ℱ. 𝓈. set in a vector space U .  

(i) ΓA is ℱ. 𝓈. sub space if  α̂ ΓA+̂  β̂ΓA  , α̂  , β̂    ∈ ℝ(A)  . 

(ii) ΓA  is ℱ. 𝓈. convex if  α̂ ΓA+̂ ( 1̂ − α̂)ΓA  and             0̂ ≤ α̂   ≤ 1̂        .  

(iii)ΓA is ℱ. 𝓈. balanced if  α̂ ΓA  and    ⎹α̂⎹ ≤̂ 1̂ . 

4  . 𝓕. 𝓼.topological vector space 

Definition 4.1 :  A ℱ. 𝓈.topology on a ℱ. 𝓈.vector space ℱ𝒮𝒱(ΓA)over ℝ(A) is called  

A linear ℱ. 𝓈.topology if  

Addition +̂: ℱ𝒮𝒱(ΓA) ×̂ ℱ𝒮𝒱(ΓA) ⟶ ℱ𝒮𝒱(ΓA)defined  

+̂(v1̂f1Γ1A1
e1 , v2̂f2Γ2A2

e2 )  =̂  (v1̂f1Γ1A1
e1 +̂   v2̂f2Γ2A2

e2 )  = ̂(v1 + v2̂ )f1Γ1A1
e1 +̆  f2Γ2A2

e2     

Multiplication  . ̂: ℝ(A) ×̂  ℱ𝒮𝒱(ΓA)  → ℱ𝒮𝒱(ΓA)defined   

. ̂(r̂ , v1̂f1Γ1A1
e1 )= r̂ . ̂ v1̂f1Γ1A1

e1  = (rv̂)f1Γ1A1
re1  , where for all  v1̂f1Γ1A1

e1 , v2̂f2Γ2A2
e2 ∈̂  ℱ𝒮𝒱(ΓA), r̂ ∈̂  ℝ(A) are 

ℱ. 𝓈.continuous .A ℱ. 𝓈.vector space ℱ𝒮𝒱(ΓA)endowed with a ℒ ℱ𝒮 𝒯 is called ℱ. 𝓈.topological 

vector space( for short ℱ𝒮𝒯𝒱𝒮) 

Theorem 4.2: 

ℱ𝒮𝒱(ΓA)be a ℱ𝒮𝒯𝒱𝒮 over ℝ(A) . for v0̂f0Γ0A0
e0 ∈̂  ℱ𝒮𝒱(ΓA)and 0̂ ≠̂ k̂ ∈̂  ℝ(A) . then  
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(1) the ℱ. 𝓈. translation ,   𝒯v0̂
f0Γ0A0

e0
: ℱ𝒮𝒱(ΓA) →  ℱ𝒮𝒱(ΓA)  , 𝒯v0̂

f0Γ0A0

e0
(v1̂f1Γ1A1

e1 ) =̂  v0̂f0Γ0A0
e0 +̂ v1̂f1Γ1A1

e1  

(2) the ℱ. 𝓈. multiplication  , ℳk̂ : ℱ𝒮𝒱(ΓA) →  ℱ𝒮𝒱(ΓA),  ℳk̂ (v
1̂
f1Γ1A1

e1 ) =̂ k̂ . v1̂f1Γ1A1
e1  

Are ℱ. 𝓈.  homeomorphism for all v1̂f1Γ1A1
e1 ∈̂  ℱ𝒮𝒱(ΓA). 

Proof : 

To proof   𝒯v0̂
f0ΓA0

e0
 : ℱ𝒮𝒱(ΓA) →  ℱ𝒮𝒱(ΓA,  𝒯v0̂

f0Γ0A0

e0
(v1̂f1Γ1A1

e1 ) =̂  v0̂f0Γ0A0
e0 +̂   v1̂f1Γ1A1

e1  for all 

v1̂f1Γ1A1
e1 ∈̂  ℱ𝒮𝒱(ΓA). is 

ℱ. 𝓈.  homeomorphism 

(i) let  v1̂f1Γ1A1
e1 , v2̂f2Γ2A2

e2 ∈̂  ℱ𝒮𝒱(ΓA) ∋ 𝒯v0̂
f0Γ0A0

e0
(v1̂f1Γ1A1

e1 ) =̂  𝒯v0̂
f0Γ0A0

e0
(v2̂f2Γ2A2

e2 ) 

v0̂f0Γ0A0
e0 +̂   v1̂f1Γ1A1

e1 =̂  v0̂f0Γ0A0
e0 +̂   v2̂f2Γ2A2

e2 ⇒ 

v1̂f1Γ1A1
e1 =    v2̂f2Γ2A2

e2 ⇒ 𝒯v0̂
f0Γ0A0

e0
is ℱ. 𝓈.   injective 

let v2̂f2Γ2A2
e2 ∈̂  ℱ𝓈𝒱(ΓA) ⇒ (v0̂f0ΓA0

e0 )−1+̂   v2̂f2Γ2A2
e2 ∈̂  ℱ𝒮𝒱(ΓA) and  𝒯v0̃

f0ΓA0

e0
 ((v0̂f0Γ0A0

e0 )−1+̂ 

  v2̂f2Γ2A2
e2  ) 

= v0̂v0̂
f0Γ0A0

e0
+̂(v0̂f0Γ0A0

e0 )−1+̂   v2̂f2Γ2A2
e2 = v2̂f2Γ2A2

e2 ⇒ 𝒯v0̂
f0Γ0A0

e0
is ℱ. 𝓈.  surjective 

⇒ 𝒯v0̂
f0Γ0A0

e0
is ℱ. 𝓈.  bijective 

(ii) let  v1̂f1Γ1A1
e1 ∈̂ ℱ𝒮𝒱(ΓA) ⟹ v0̂f0Γ0A0

e0 +̂   v1̂f1Γ1A1
e1 ∈̂  ℱ𝒮𝒱(ΓA) ×̂ ℱ𝒮𝒱(ΓA) 

Since 𝒯v0̂
f0Γ0A0

e0
(v1̂f1Γ1A1

e1 ) = v0̂f0Γ0A0
e0 +̂   v1̂f1Γ1A1

e1  = +̂  (v0̂f0Γ0A0
e0 ,   v1̂f1Γ1A1

e1 ) and +̂  is  ℱ. 𝓈.continuous   

⟹ 𝒯v0̂
f0Γ0A0

e0
 is  ℱ. 𝓈. continuous   

(iii)let v1̂f1Γ1A1
e1 ∈̂  ℱ𝒮𝒱(ΓA) ⇒ ( v0̂f0Γ0A0

e0 )−1+̂   v1̂f1Γ1A1
e1 ∈̂  ℱ𝒮𝒱(ΓA) ×̂ ℱ𝒮𝒱(ΓA) 

(𝒯v0̂
f0Γ0A0

e0
)−1 = 𝒯(v0̂

f0Γ0A0

e0 )−1 ⇒  𝒯(v0̂
f0Γ0A0

e0 )−1(v1̂f1Γ1A1
e1 ) = ( v0̂f0Γ0A0

e0 )−1+̂  v1̂f1Γ1A1
e1  

= +̂ ( (v0̂f0Γ0A0
e0 )−1,   v1̂f1Γ1A1

e1 ) 
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 and +̂  is  ℱ. 𝓈.continuous  ⟹ (𝒯v0̂
f0Γ0A0

e0
)−1 is  ℱ. 𝓈. continuous   

𝒯v0̂
f0Γ0A0

e0
is ℱ. 𝓈. homeomorphism 

(2) To proof ℳk̂ : ℱ𝒮𝒱(ΓA)) →̂  ℱ𝒮𝒱(ΓA)  ,  ℳk̂ (v
1̂
f1Γ1A1

e1 ) = k̂ . 

v1̂f1Γ1A1
e1 for all v1̂f1Γ1A1

e1 ∈̂  ℱ𝒮𝒱(ΓA), 0̂ ≠̂ k̂ ∈̂  ℝ(A) . is ℱ. 𝓈.   homeomorphism 

let  v1̂f1Γ1A1
e1 , v2̂f2ΓA2

e2 ∈̂  ℱ𝒮𝒱(ΓA) ∋ ℳk̂ (v
1̂
f1Γ1A1

e1 )  = ℳk̂ (v
2̂
f2ΓA2

e2 ) ⟹ k̂ . v1̂f1Γ1A1
e1 =k̂ . v2̂f2Γ2A2

e2  

⟹ k̂ . v1̂f1Γ1A1
e1 =k̂ . v2̂f2ΓA2

e2 ⟹ v1̂f1Γ1A1
e1 = v2̂f2Γ2A2

e2  

ℳk̂ is ℱ. 𝓈.  injective 

v1̂f1Γ1A1
e1 ∈̂  ℱ𝓈𝒱(ΓA)   ⇒

1̂

k̂
 . v1̂f1Γ1A1

e1 ∈̂  ℱ𝒮𝒱(ΓA)   ⟹ℳk̂ (
1̂

k̂
 . v1̂f1Γ1A1

e1 ) = v1̂f1Γ1A1
e1  

ℳk̂ is ℱ. 𝓈.  surjective 

ℳk̂ is ℱ. 𝓈.  bijective 

(ii) let  v1̂f1Γ1A1
e1 ∈̂  ℱ𝓈𝒱(ΓA) ⇒ k̂ . v1̂f1Γ1A1

e1 ∈  ℝ(A) ×̂ ℱ𝒮𝒱(ΓA).  ℳk̂ (v
1̂
f1Γ1A1

e1 )= k̂ . v1̂f1Γ1A1
e1  

= . ̂( k̂ , v1̂f1Γ1A1
e1 )  and . ̂is  ℱ. 𝓈.continuous   

⟹ℳk̂  is  ℱ. 𝓈. continuous   

(iii) let 0̂ ≠̂ k̂ ∈̂  ℝ(A) ⟹ 
1̂

k̂
 ∈̂  ℝ(A) 

(ℳk̂ )
−1=ℳ1̂

k̂
 
⇒ (ℳk̂ )

−1(v1̂f1Γ1A1
e1 ) = ℳ1̂

k̂
 
(v1̂f1Γ1A1

e1 )= 
1̂

k̂
 . ̂ v1̂f1Γ1A1

e1 = . ̂( 
1̂

k̂
 , v1̂f1Γ1A1

e1 )  and  . ̂is  

ℱ. 𝓈.continuous   

⟹ (ℳk̂ )
−1 is  ℱ. 𝓈. continuous   

ℳk̂  is ℱ. 𝓈.  homeomorphism 

Corollary 4.3: Let  Γ1A1be a ℱ. 𝓈. set of a ℱ𝒮𝒯𝒱𝒮 (ℱ𝒮𝒱(ΓA))over ℝ(A) .For  0̂ ≠̂ k̂ ∈̂  ℝ(A), we have  

(i) k̂ ( Γ1A1)
∘ =̂ (k̂(ΓA))

∘ 

(ii) k ̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) =̂  k ̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) 

Proof : 

(i) since ℳk̂  is ℱ. 𝓈. homeomorphism.then ℳk̂  is ℱ. 𝓈. continuous and ℱ. 𝓈. closed 
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  by using 2.39 and 2.40 ii 

 ℳk̂  (Γ1A1)
∘ ⊆̂ ((ℳk̂ ( Γ1A1))

∘and ((ℳk̂ ( Γ1A1))
∘ ⊆̂ ℳk̂  (Γ1A1)

∘ . thus k̂ ( Γ1A1)
∘ ⊆̂ k̂(ΓA)

∘ 

k̂(ΓA)
∘   ⊆̂    k̂ ( Γ1A1)

∘ . we have k̂ ( Γ1A1)
∘ =̂ (k̂(ΓA))

∘ 

(ii) since ℳk̂  is ℱ. 𝓈. homeomorphism.then ℳk̂  is ℱ. 𝓈. continuous and ℱ. 𝓈. open 

  by using 2.40 (i) and 2.38 

 ℳk̂ ( Γ1A1)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆̂ ℳk̂  ( Γ1A1

̅̅ ̅̅ ̅̅ ̅)and ℳk̂  ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) ⊆̂ ℳk̂ ( Γ1A1)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  . thus k ̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )  ⊆̂ k ̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) and  

k ̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) ⊆̂  k ̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) . we have k ̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) =̂  k ̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) . 

Corollary 4.4: Let  Γ1A1be ℱ. 𝓈. set of a ℱ𝓈𝒯ℒ𝓈  ℱ𝒮𝒱(ΓA)  over ℝ(A) . we have  

(i) v2̂f2Γ2A2
e2 +̂ ( Γ1A1)

∘ = (v2̂f2Γ2A2
e2 +̂ ΓA)

∘ 

(ii) v2̂f2Γ2A2
e2 +̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) =  (v2̂f2Γ2A2
e2 +̂ Γ1A1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
) 

Proof : 

 (i)since 𝒯v2̂
f2Γ2A2

e2
 is ℱ. 𝓈. homeomorphism.then 𝒯v2̂

f2Γ2A2

e2
 is ℱ. 𝓈.  continuous and ℱ. 𝓈. closed 

  by using 2.39 and 2.40 ii 

𝒯v2̂
f2Γ2A2

e2
 (Γ1A1)

∘ ⊆̂ ((𝒯v2̂
f2Γ2A2

e2
( Γ1A1))

∘and ((𝒯v2̂
f2Γ2A2

e2
( Γ1A1))

∘ ⊆̂ 𝒯v2̂
f2Γ2A2

e2
 (Γ1A1)

∘ . thus 

v2̂f2Γ2A2
e2 +̂( Γ1A1)

∘ ⊆̂ (v2̂f2Γ2A2
e2 +̂ ΓA)

∘ 

(v2̂f2Γ2A2
e2 +̂ ΓA)

∘   ⊆̂    v2̂f2Γ2A2
e2 +̂ ( Γ1A1)

∘ . we have v2̂f2Γ2A2
e2 +̂ ( Γ1A1)

∘ =̂ (v2̂f2Γ2A2
e2 +̂ ΓA)

∘)since 𝒯v̂
fΓA
e  is 

(i)ℱ. 𝓈. homeomorphism.then 𝒯v2̂
f2Γ2A2

e2
 is ℱ. 𝓈.  continuous and ℱ. 𝓈.  closed 

  by using  2.40 (i) and 2.38 

  𝒯v2̂
f2Γ2A2

e2
  ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) ⊆̂  𝒯v2̂

f2Γ2A2

e2
 ( Γ1A1)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and   𝒯v2̂
f2Γ2A2

e2
 ( Γ1A1)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ⊆̂ 𝒯v2̂
f2Γ2A2

e2
  ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) . thus 

v2̂f2Γ2A2
e2 +̂  ( Γ1A1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)  ⊆̂ v2̂f2Γ2A2
e2 +̂  ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) and  

(iii) v2̂f2Γ2A2
e2 +̂  ( Γ1A1

̅̅ ̅̅ ̅̅ ̅)  ⊆̂  v2̂f2Γ2A2
e2 +̂  ( Γ1A1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
) . we have v2̂f2Γ2A2

e2 +̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) =̂  (v2̂f2Γ2A2

e2  +̂ Γ1A1
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

) . 

Proposition 4.5: Let  Γ1A1 , Γ2A2  are a ℱ. 𝓈. set of a ℱ𝒮𝒯𝒱𝒮  (ΓA)  over ℝ(A) . we have  

 Γ1A1
̅̅ ̅̅ ̅̅ +̂Γ2A2

̅̅ ̅̅ ̅ ⊂  Γ1A1+̂ Γ2A2  
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ . 
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Proof :   

let u3̂f3 Γ3A3
e3 ∈̂  Γ1A1

̅̅ ̅̅ ̅̅ +̂Γ2A2
̅̅ ̅̅ ̅ ⟹ u3̂f3 Γ3A3

e3 =̂ u1̂f1 Γ1A1
e1 +̂ u2̂f2 Γ2A2

e2 where u1̂f1 Γ1A1
e1 ∈̂  Γ1A1

̅̅ ̅̅ ̅̅   , u2̂f2 Γ2A2
e2 ∈̂ Γ2A2

̅̅ ̅̅ ̅ 

and let Γ3A3be a fuzzy soft neighborhood of u1̂f1 Γ1A1
e1 +̂ u2̂f2 Γ2A2

e2 .  

since A fuzzy soft mapping +̂ : ℱ𝒮𝒱(ΓA)×̂ ℱ𝒮𝒱(ΓA))⟶̂ ℱ𝒮𝒱(ΓA) is fuzzy soft continuous , there 

are fuzzy soft neighborhood Γ4A4of u1̂f1 Γ1A1
e1 and Γ5A5  of u2̂f2 Γ2A2

e2 such that Γ4A4+̂Γ5A5 ⊂̂ Γ6A6 . Since 

u1̂f1 Γ1A1
e1 ∈̂  Γ1A1

̅̅ ̅̅ ̅̅ ⟹ Γ4A4 ∩̂  Γ1A1 ≠̂ Γ∅ ⟹ ∃u5̂f5 Γ5A5
e5 ∈̂ Γ4A4  , u5̂f5 Γ5A5

e5 ∈̂  Γ1A1  

Since u2̂f2 Γ2A2
e2  ∈̂ Γ2A2

̅̅ ̅̅ ̅ ⟹ Γ5A5 ∩̂ Γ2A2 ≠̂ Γ∅ ⟹ ∃u6̂f6 Γ6A6
e6 ∈̂ Γ5A5  , u5̂f5 Γ5A5

e5 ∈̂ Γ2A2  

 u5̂f5 Γ5A5
e5 +̂ u6̂f6 Γ6A6

e6  ∈̂ Γ4A4+̂Γ5A5 ⊂̂ Γ6A6 ⟹ u5̂f5 Γ5A5
e5 +̂ u6̂f6 Γ6A6

e6 ∈̂ Γ6A6  

 u5̂f5 Γ5A5
e5 +̂ u6̂f6 Γ6A6

e6 ∈̂ Γ3A3 ∩̂ ( Γ1A1+̂ Γ2A2) ⟹ Γ3A3 ∩̂ ( Γ1A1+̂ Γ2A2) ≠̂ Γ∅ 

For each a fuzzy soft neighborhoodΓ3A3of u1̂f1 Γ1A1
e1 +̂ u2̂f2 Γ2A2

e2 ⟹  Γ1A1
̅̅ ̅̅ ̅̅ +̂Γ2A2

̅̅ ̅̅ ̅ ⊂  Γ1A1+̂ Γ2A2  
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

Proposition 4.6: let ℱ𝒮𝒱(ΓA) be a ℱ𝒮𝒯𝒱𝒮  over ℝ(A) . and Γ1A1 ⊆ ΓA then  

(i)If  Γ1A1  is ℱ. 𝓈. sub space so is ( Γ1A1
̅̅ ̅̅ ̅̅ ̅)  . 

(ii) If  Γ1A1  is ℱ. 𝓈. convex so is ( Γ1A1
̅̅ ̅̅ ̅̅ ̅).  

    (iii) If  Γ1A1  is ℱ. 𝓈. balaced so is ( Γ1A1
̅̅ ̅̅ ̅̅ ̅).  

proof : 

 (i)Let Γ1A1  is ℱ. 𝓈. sub space then α̂ Γ1A1+̂  β̂ Γ1A1 ⊆̂  Γ1A1   , α̂  , β̂    ∈̂ ℝ(A)  . then 

α̂ Γ1A1
̅̅ ̅̅ ̅̅ ̅̅   +̂  β̂ Γ1A1

̅̅ ̅̅ ̅̅ ̅̅   ⊆̂  Γ1A1
̅̅ ̅̅ ̅̅ .   since α̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) =̂   α̂( Γ1A1
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )  and       β̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) =̂   β̂( Γ1A1
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) thus  

α̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) +̂  β̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) . hence ( Γ1A1
̅̅ ̅̅ ̅̅ ̅)  is ℱ. 𝓈. sub space . 

(ii)Let Γ1A1  is ℱ. 𝓈. convex set then α̂ Γ1A1+̂  (1̂ −  α̂) Γ1A1  ⊆̂  Γ1A1  , 0̂   ≤̂ α̂ ≤̂   1̂  . then 

α̂ Γ1A1
̅̅ ̅̅ ̅̅ ̅̅   +̂   (1̂ − α̂)Γ1A1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅   ⊆ ̂    Γ1A1
̅̅ ̅̅ ̅̅ since α̂ ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) +̂ α̂( Γ1A1
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )  and       (1̂ −  α̂) ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) =̂   (1̂ −  α̂)( Γ1A1
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) 

thus  α̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) +̂ (1̂ −  α̂) ( Γ1A1

̅̅ ̅̅ ̅̅ ̅) ⊆̂      Γ1A1
̅̅ ̅̅ ̅̅ . hence ( Γ1A1

̅̅ ̅̅ ̅̅ ̅)  is ℱ. 𝓈. convex set . 

(iii) Let Γ1A1  is ℱ. 𝓈. balanced set then α̂ Γ1A1 ⊆̂  Γ1A1    . then α̂ Γ1A1
̅̅ ̅̅ ̅̅ ̅̅   ⊆̂  Γ1A1

̅̅ ̅̅ ̅̅ since α̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) =̂   α̂( Γ1A1

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )  

thus  α̂ ( Γ1A1
̅̅ ̅̅ ̅̅ ̅) ⊆̂      Γ1A1

̅̅ ̅̅ ̅̅ . hence ( Γ1A1
̅̅ ̅̅ ̅̅ ̅)  is ℱ. 𝓈. balanced set . 

Proposition 4.7: Let  Γ1A1be a ℱ. 𝓈. set of a  ℱ𝒮𝒯𝒱𝒮 (ℱ𝒮𝒱(ΓA))over ℝ(A) . we have  

(i)If  Γ1A1  is ℱ. 𝓈. sub space so is( Γ1A1)
∘  . 

(ii) If  Γ1A1  is ℱ. 𝓈. convex set so is ( Γ1A1)
∘  

Proof: 
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 (i)Let α̂  , β̂    ∈ ℝ(A). since  Γ1A1  is ℱ. 𝓈. sub space and ( Γ1A1)
∘ ⊆ Γ1A1  . then 

α̂ ( Γ1A1)
∘+̂  β̂ ( Γ1A1)

∘ ⊆̂  α̂ Γ1A1+̂  β̂ Γ1A1 ⊆̂  Γ1A1 .   Since ( Γ1A1)
∘ is ℱ. 𝓈. 

Open , and α̂ ( Γ1A1)
∘+̂  β̂ ( Γ1A1)

∘  is ℱ. 𝓈 .open subset of   Γ1A1  . Since ( Γ1A1)
∘ is the largest ℱ. 𝓈 .open 

subset of   Γ1A1 thus  α̂ ( Γ1A1)
∘+̂  β̂ ( Γ1A1)

∘ ⊆ ( Γ1A1)
∘  . hence ( Γ1A1)

∘is ℱ. 𝓈. sub space . 

(ii)Let Γ1A1  is is ℱ. 𝓈. convex set then  α̂ Γ1A1+̂  (1̂ −  α̂) Γ1A1 ⊆̂  Γ1A1   , 0̂   ≤ α̂ ≤   1̂  . then 

  (α̂ Γ1A1)
∘+̂  ((1̂ − α̂) Γ1A1)

∘   ⊆̂ ( Γ1A1)
∘.   since α̂ ( Γ1A1)

∘ = ̂(α̂ Γ1A1)
∘ and     (1̂ − α̂) ( Γ1A1)

∘ 

=̂  ((1̂ − α̂) Γ1A1)
∘ thus  α̂ ( Γ1A1)

∘+̂  (1̂ − α̂) ( Γ1A1)
∘  ⊆̂ ( Γ1A1)

∘. hence ( Γ1A1)
∘is is ℱ. 𝓈. convex set  

 (iii)Let α̂   ∈ ℝ(A). since  Γ1A1  is ℱ. 𝓈. convex set and ( Γ1A1)
∘ ⊆̂  Γ1A1 . 

then α̂ ( Γ1A1)
∘+̂(1̂ − α̂)( Γ1A1)

∘ ⊆̂  α̂ Γ1A1+̂  (1̂ − α̂) Γ1A1 ⊆̂  Γ1A1 .    

Since ( Γ1A1)
∘ is ℱ. 𝓈. open , and α̂ ( Γ1A1)

∘+̂  β̂ ( Γ1A1)
∘ 

  is ℱ. 𝓈 .open subset of   Γ1A1  . Since ( Γ1A1)
∘is the largest ℱ. 𝓈 .open subset of   Γ1A1 thus 

  α̂ ( Γ1A1)
∘+̂ (1̂ −  α̂) ( Γ1A1)

∘ ⊆̂ ( Γ1A1)
∘  . hence ( Γ1A1)

∘is ℱ. 𝓈. sub space  

Theorem 4.8: Every ℱ. 𝓈. normed space( ℱ𝒮𝒱(ΓA) ,∥.̃ ∥) is called ℱ. 𝓈. topological vector space 

Proof: To proof is  

(v1̂f1Γ1A1
e1 , v2̂f2Γ2A2

e2 )   ⟶̂  v1̂f1Γ1A1
e1 +̂v2̂f2Γ2A2

e2        (ii) (r̂ . ̂  v1̂f1Γ1A1
e1  )  ⟶  r ̂ . ̂ v1̂f1Γ1A1

e1      

where for all  v1̂f1Γ1A1
e1 , v2̂f2Γ2A2

e2 ∈̂  ΓA ℱ𝓈𝒱(ΓA), r̃ ∈  ℝ(A) are ℱ. 𝓈. continuous . 

Proof : 

 Let (v1)0̂
f0Γ0A0

e0 , (v2)0̂
f0Γ0A0

e0 ∈̂ ΓAand asequence of ℱ. 𝓈 .vectors  (v1)n̂fnΓnAn
en , (v2)n̂

fnΓnAn

en in ΓA. such 

that  (v1)n̂
fnΓnAn

en

n→∞

⟶̂  (v1)0̂
f0Γ0A0

e0 and         (v2)n̂
fnΓnAn

en

n→∞

⟶̂  (v2)0̂
f0Γ0A0

e0  

now ‖  ((v1)n̂fnΓnAn
en +̂(v2)n̂fnΓnAn

en )−̂((v1)0̂f0Γ0A0
e0 +̂ (v2)0̂f0Γ0A0

e0 )‖̃
 

= ‖  ((v1)n̂fnΓnAn
en −̂(v1)0̂f0Γ0A0

e0 )+̂((v2)n̂fnΓnAn
en −̂ (v2)0̂f0Γ0A0

e0 )‖̃
 

  ≤  ‖  ((v1)ñfnΓnAn
en −̂(v1)0̃f0Γ0A0

e0 )‖̃ +̂ ‖ ( (v2)ñfnΓnAn
en −̂ (v2)0̃f0Γ0A0

e0 )‖̃
 

since  ‖ ((v1)n̂fnΓnAn
en −̂(v1)0̂f0Γ0A0

e0  ‖̃   n⟶∞ ⟶̂ 0 ̂ 

We have 

‖ ((v1)n̂fnΓnAn
en +̂(v2)n̂fnΓnAn

en )−̂((v1)0̂f0Γ0A0
e0 +̂ (v2)0̂f0Γ0A0

e0 ) ‖̃   n⟶∞ ⟶̂ 0 ̂ 

‖ ((v1)n̂fnΓnAn
en +̂(v2)n̂fnΓnAn

en ) ‖̃   n⟶∞ ⟶̂  ‖  ((v1)0̂f0Γ0A0
e0 +̂ (v2)0̂f0Γ0A0

e0 )‖̃
 



      Journal of Iraqi Al-Khwarizmi (JIKh)   Volume: 8    Issue: 2  Year: 2024      pages: 209-230 
 

228 
 

Hence  (v1̂f1Γ1A1
e1 , v2̂f2Γ2A2

e2 ) ⟶ v1̂f1Γ1A1
e1 +̂v2̂f2Γ2A2

e2  is ℱ. 𝓈 .continuous . 

Let v0̂f0Γ0A0
e0 ∈̂ ΓA,  α̂ ∈̂ ℝ(A) and asequence of ℱ. 𝓈. vectors  vn̂fnΓnAn

en in ΓAsuch that  

vn̂fnΓAn
en

n→∞

⟶̂  v0̂f0Γ0A0
e0    and αn̂  n→∞ ⟶̂  α̂   . 

now 

‖ αn̂ . vn̂fnΓnAn
en −̂ α̂ . v0̂f0Γ0A0

e0  ‖̃
  

=∥ (αn̂ . vn̂fnΓnAn
en −̂αn̂ . v0̂f0Γ0A0

e0 )  +̂(αn̂ . v0̂f0Γ0A0
e0 −̂α̂ . v0̂f0Γ0A0

e0  )‖̃
 

=∥ αn̂ (vn̂fnΓnAn
en −̂ v0̂f0Γ0A0

e0 )  +̂(αn̂ −̂α̂  )v0̂f0Γ0A0
e0 ‖̃

 

≤ ⎹αn̂ ⎹ ∥ (vn̂fnΓAn
en −̂ v0̂f0ΓA0

e0 )  +̂⎹ αn̂ −̂α̂ ⎹  ∥ v0̂f0ΓA0
e0 ‖

̃
 

Since   ‖ vn̂fnΓnAn
en −̂ v0̂f0ΓA0

e0  ‖
̃   n⟶∞ ⟶̂ 0 ̂  and    ⎹αn̂ −̂α̂ ⎹  n⟶∞ ⟶̂ 0 ̂ 

We have 

‖ αn̂ . vn̂fnΓnAn
en −̂ α̂ . v0̂f0Γ0A0

e0  ‖̃   n⟶∞ ⟶̂ 0 ̂ 

(α̂ . ̂ v1̂f1Γ1A1
e1  )  ⟶  α̂ . ̂ v1̂f1Γ1A1

e1   is ℱ. 𝓈. continuous.   

 

5.Conclusion 

in this paper we introduce fuzzy soft topological vector space, fuzzy soft norm, and study some basic 

properties of those concepts. Also, we study the problem of fuzzy soft normability of fuzzy soft 

topological vector spaces. There is an ample scope for further research on many problems such as the 

problems of finite dimensionality, metrizability, open mapping theorem, closed graph theorem etc. in 

fuzzy soft topological vector spaces. 

References 
 

[1] A.K Katsaras and D.B Liu . Fuzzy vector and fuzzy topological vector spaces .J.Math . Anal .  

58(1977)135-146 . 

[2] A. Kharal and B. Ahmad, Mappings on soft classes, New Math Nat. Comput. 7(3) (2011)) 471-481. 

[ 3] A . A ygunoglu and H. Aygun m Some notes on soft topological spaces , Neural Coput &Applic (2012) 

S113-S119 .  

[ 4] A . Z  Khmeneh , A . Kilicman and A.R Salleh ., Parameterized norm and paramrterized fixed – point           

theorem by using fuzzy soft set theory , ar X iv : 1309 . 4921v1 [math . FA](2013) 



      Journal of Iraqi Al-Khwarizmi (JIKh)   Volume: 8    Issue: 2  Year: 2024      pages: 209-230 
 

229 
 

[5] A frah Sadeq Kadhim and Noori F.Al-Mayahi,SomeNew results related with fuzzy sof Banach algebra-

Volume 8 lssue 2 (2024).       

[6] D. Molodtsov, Soft set theory first results, Comput. Math. Appl. 37 (4-5) (1999) 19-31 

[7] D. N. Georgiou and A. C. Meguritis, V. I. Petropoulos, On soft topological spaces, Appl Math. Inf. Sci. 7 

(5) (2013) 1889-1901. 

[8] F. Feng, Y. B. Jun and X. Zhan, Soft semirings, Comput. Math. Appl . 56(10) (2008) 2621 -2628. 

[9] H. Aktas and N. Cagman, Soft sets and soft groups, inform . Sci . 177(2007) 2726 – 2735 .  

[10] H. Hazra, P. Majumdar and S. K. Samanta ,Soft topology, Fuzzy Information  and Engineering  4 (1) 

(2012) 105-115. 

[11] K. V. Babatha and J.J. Sunill, Soft set relations and functions, Comput. Math, Appl.60 (2010) 1840-1849 

[12] K. V. Babitha and J. J. Sunil. Studies on soft topological spaces , Journal of intelligent & Fuzzy Systems 

28 (2015) 1718-1722 . 

[13] L. Zorlutuna, M. Akdag, W. K. Min and S. Atmaca, Remarks on soft topological spaces, Ann. Fuzzy 

Math. Inform. 3 (2) (2012) 171-185. 

[14] Maji, P. K , Roy. A. R . Biswas. R, Fuzzy Soft Sets , J. Fuzzy Math . 9(3)(2001) 589      - 602 

[15] M. Shabir and M. Ifran ali, Soft ideals and generalized fuzzy ideals in semigroups, New Math. Nat. 

Comput. 5 (3) (2009) 599-615. 

[16] M. Shabir and M. Naz, On soft topological spaces, Comput. Math. Appl. 61 (7) (2011) 1786- 1799.  

[17] M. Chiney and S. K. Satuanta. Vector soft topology, Ann. Fuzzy Math Inform .10(1)(2015) 45-64. 

[18] M. Chiney and S. K. Samanta, Embedding lemma in soft topological spaces , J . Fuzzy Math .(accepted). 

[19] N. Palaniappan, Fuzzy Topology, Narosa Publications,2002. 

[20] P. K. Maji, R. Biswas, A. R. Roy, An Application of soft sets in adecision making problem, Comput. 

Math. Appl. 44 (8-9) (2002) 1077-1083 . 

[21] P. K. Maji, R. Biswas and A. R. Roy, Soft set theory, Comput. Math. Appl. 45 (4-5) (2003) 555-562. [22] 

P. Majumdar and S. K. Samanta. On soft mappings, Comput. Math. Appl. 60 (9) (2010). 2666-2672 

[23] P. Thirunavukarasu , R. Suresh and V.Ashokkumar, Theory of complex fuzzy soft set and its 

applications, Inter .J.Inn. Res. Information Sci Tech.,3(10),13-18(2017) 

[24] R. Thakur, S. K. Samanta, Soft Banach algebra, Ann. Fuzzy Math. Inform. 10 (3) (2015)397-412. 

[25] S.Roy, T.K Samanta , A note on fuzzy soft topplogical spaces , Annals of Fuzzy Mathematics and 

Informatics 3(2) , 305 – 311 (2012) 

[26] S. Das and S. K. Samanta. On soft compilex sets and soft complex numbers, J. Fuzzy Math 21 (1) (2013) 

195-216. 

[27] S. Das and S. K. Samanta, On soft metric spaces, J. Fuzzy Math . 21 (3) (2013) 707-734  

[28] S.Roy, T.K Samanta , An introduction of open and closed sets on fuzzy soft topological spaces, Annals 

of Fuzzy Mathematics and Informatics 6(2) , 425 – 431 (2013) 

[29] Sk. Nazmul and S. K. Samanta, Group soft topology, J. Fuzzy Math. 22 (2) (2014) 435-450. 



      Journal of Iraqi Al-Khwarizmi (JIKh)   Volume: 8    Issue: 2  Year: 2024      pages: 209-230 
 

230 
 

[30] Sk. Nazmul and S. K. Samanta, Some properties of soft topologies and group soft topologies, Ann. 

Fuzzy Math. Inform. 8 (4) (2014) 645-661. 

[31]  S. Nazmul , S.K .Samanta, Fuzzy Soft Topological Groups  , Fuzzy Information and Engineering 6         

(2014) 71-92 

[32] S. Mondal, M. Chiney and S. K. Samanta, Urysohn's lemma and Tietze's extension theorem 

in soft topological spaces, Ann. Fuzzy Math. Inform. 10 (6) (2015) 883-894. 

[33] S. Roy, T.K Samanta A FEW REMARKS ON FUZZY SOFT CONTINUOUS FUNCTIONS IN 

FUZZY SOFT TOPOLOGICAL SPACES , 3, 02 – 09 (2015) .  

[34] S. A nju Mattam and Sasi Gopalan , product of fuzzy soft groups, ISSN 0973 – X. Volume 12 , Number 

2(2017) ,pp . 205 – 214. 

[35] T. Beaula and M. M. Priyanga , A new notion for fuzzy soft normed linear space , Int .J .Fuzzy Math 

.Arch . , 9(1) , 81 -90 

[36] T. Simsekler and S . Yuksel, fuzzy soft topological spaces , Annals of Fuzzy Mathematics and Informatics 

5(1) , 87 – 96 (2013) 

[37] Y. B. Jun. Soft BCK/BCI- algebras, Comput. Math. Appl. 56 (5) (2008) 1408-1413 

[38] Y. B. Jun and C. H. Park, Applications of soft sets in deal theory of BCK BCS- Information Sciences 

178 (11) (2008) 2466-2475. 

[39] L. A. Zadeh, Fuzzy Sets. Information and Control, (8) 3, 1965; 8:338-353. 

 
 

https://www.sciencedirect.com/journal/information-and-control

