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On fuzzy Soft Dual Space of fuzzy Soft Banach Algebra

Authors Names ABSTRACT

Qasim Ali Hatif 2

Noori F. Al-Mayahi ® The concept of fuzzy Soft set theory was introduced by Molodtsov in the study
[8]. fuzzy Soft real numbers and properties were introduced in the study [6] and

Publication data: 30 /6 /2024 fuzzy soft Banach algebra was defined in [11] . In this study, firstly we obtain a
fuzzy soft Banach algebra by defining a fuzzy soft norm on (Real numbers) which

Keywords: Soft Banach is called fuzzy soft normed real space. By using this normed space we define the

algebra,fuzzy soft linear functional, | fuzzy soft linear functional and investigate some of its properties. Secondly, we

fuzzy soft dual space,fuzzy soft introduce fuzzy soft dual space and fuzzy soft dual operator and investigate their

Hilbert space. properties. Finally, we state and prove the theorem about representation of fuzzy
soft linear functional by inner product in fuzzy soft Hilbert spaces.

1. Introduction

Molodtsov [8] introduced the idea of soft set to overcome uncertainties It cannot be dealt with in
classical ways in many fields such as the environment Science, economics, medical science,
engineering and social sciences. This theory Applies when there is no clearly defined mathematical
model. Lately, a lot Research on fuzzy soft sets has been published; See [1-7] The concept of a fuzzy
soft point has been defined in different ways. Everyone introduced the concept of fuzzy soft
measurement and investigated some properties of fuzzy soft measurement Metric spaces. S.Das et al
introduced the concept of fuzzy soft element in [10] and defined a Fuzzy soft vector space using the
fuzzy soft element concept. After that they studied Fuzzy soft modular spaces, fuzzy soft linear
operators, and fuzzy soft interior product spaces and their basics Characteristics [3, 4, 9]. Later [11]
defined the fuzzy soft vector space using this concept From the blurry fuzzy soft point and the fuzzy
soft blurry standard spaces are presented in a new point of view. In the Study [12] identified a fuzzy
soft inner product space. In this study, we advance the literature [11, 12] by defining a fuzzy soft true
norm space. In this study we define a fuzzy soft inner product on a standard fuzzy soft real space. we
Introducing fuzzy soft linear functions and showing the space of fuzzy soft linear functions It is a
fuzzy soft vector space and this fuzzy soft vector space is the dual space of the fuzzy soft standard real
space. We also studied some properties of fuzzy soft linear functions and fuzzy soft dual spaces.
Finally, after defining the fuzzy soft correlation line SSV (R"), we state and prove the theorem
Representing fuzzy soft linear functions by the inner product in fuzzy soft Hilbert spaces.

2. Preliminaries

Definition(2.1)[14] : A pair (', A) denote by T'y is called a fuzzy soft set over X, where T is a function
given by I': A — 1%,
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Definition (2.2)[14]: A Fuzzy soft set (I', A) over X is said to be an absolute fuzzy soft set, if for all
e € E, F(e) is afuzzy universal set 1 over X and is denoted by E.

Definition (2.3)[14]:A fuzzy soft set (T, E) over X is said to be a null fuzzy soft set, if forall e € E,
F(e) is the null fuzzy set 0 over X. It is denoted by @.

Definition (2.4)[13]: For two fuzzy soft sets (I'A) and (A,B) in I'(X,E) we say that
(T,A) E (A,B)if AZB andT'(e)(x) £ Ae)(x).

Definition (2.5)[14]: Two fuzzy soft sets (I, A )and(A,B) in['( X,E) are equal if ' A and ACT.

Definition (2.6)[13]: The different between two fuzzy soft sets (I',A ) and (A,B) in ['(X,E ) is a fuzzy
soft set ( T/AE) (say ) defined by ( I'/A) (e)=I'(e)/A(e) for each e€ E.(I'/AN)(e):X -

I,(T/N)(e)(x) =T(e)(x) N (/\(e)(x))c = min{l'(e)(x),\°(e)(x)} Vx € X.

Definition (2.7)[14] : The complement of a fuzzy soft set (I',E ) is a fuzzy soft set ( I'°, E) defined by
r(e)=1/T(e) foreach e € E, (T°(e))(x) = 1 [='(e)(x) Vx € X.

Definition (2.8)[13]:Let (I, A ) and (A, B ) be two fuzzy soft sets in I'(X,E ) with AAQ B # @, then:

a) their intersection (I' A A, C) is a fuzzy soft set, where C=ANAB and (A A)(e) =T (e) A A(e)
foreach e € C,

A =min{(e,Te(x)), (e, Ae (X))

b) their union (I' U A, C) is a fuzzy soft set, where

C)AUBand (I'UA)e =T(e) UA(e)foreach e € C

(T'T A (e)(x) = max{T'(e)(x), A(e)(x)}

Definition (2.9)[14]: A fuzzy soft set ', over X is called a fuzzy soft point if for the
elemente” € E

A, ife=e’

) foreverye € E
0 otherwise y

JAGES

Otherwise, for the element x* € X,

A ifx=x"
0 otherwise

f() ={

forevery x € X ,where 1 € (0,1].

The set of all fuzzy soft points is denoted as X.

Let X be a vector space over afield K (K = R) and the parameter set E be the real number set R.
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Definition 2.10 ([11]) Let (F, E) be a soft set over X. The soft set (F, E) is said to be a soft vector and
denoted by X, if there is exactly one e € E, such that F(e) = {x} for some x € X and F(e') = 0,
ve' € E/{e}.

The set of all soft vectors over X will be denoted by SV(X).

Definition 2.11. Let X be an absolute soft linear space over the scalar field K . Suppose * is a
continuous t-norm, R(A*) is the set of all non-negative soft real numbers and SSP(X) denote the
set of all soft points on X. A fuzzy subset T on SSP(X) x R(4*) is called a fuzzy soft

norm X on if and only if for ., € SSP(X) and k € K (where k is a soft scalar) the following
conditions hold

1) I'(%.,t) = 0,vE € R(A") with T < 0.

2) I'(%,, ) = 1,vi € R(A") witht < 0 if and only if %,,0,.

3) [(k%,, |) = r(f(e,%) if k = 0 vi e R(A"),T> 0.

DT ®Fo,t BS) >T(He, £) *T' (e, §), VE, § € R(A%),%e, V. € SSP(X).

5) I'(X,, .) is a continuous non decreasing function of R(A*) and limI'(%X,, ©) = 1.
X—00

The triplet (X, T',*) will be referred to as a fuzzy soft Banach algebra.

Proposition 2.1. ([2]) Every fuzzy soft set can be expressed as a union of all fuzzy soft points
belonging to it. Conversely, any set of fuzzy soft points can be considered as a fuzzy soft set.

Let SSP(X) be the collection of all fuzzy soft points of X and R(A)* denote the set of all non-
negative fuzzy soft real numbers.

Definition 2.12. ([6]) A mapping d:SSP(X) x SSP(X) —» R(A)" is said to be a fuzzy soft metric on
the fuzzy soft set X if d satisfies the following conditions:

(M1) d(Ze1, Fer ) 2 0 forall Zeq, e, € X,

(M2) d(%,1, V., ) = 0 ifand only if %,; = J,, € X,

(M3) d(Fe1, Fez ) = d(Fer, Fer ) for all %oy, 7o, € X,

(M4) For all Zey, Yoz, Zes € X, d(%er, Zes ) L d(Fer, Yoz ) + d(Fezs Zes ).

The fuzyy soft set X with a fuzzy soft metric d is called a fuzzy soft metric space and denoted by
(X,d,T).

Proposition 2.2. ([11]) The set SSV(X) is a vector space according to the following operations;
(D) Re + For = (X + V(e 4er) forevery%,.,y,, € SV(X);
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(2) 7. X, = (TX)re) fOr every %, € SV (X) and for every fuzzy soft real number #.

Definition 2.13. ([11]) Let SSV (X) be a fuzzy soft vector space and M < SSV (X) be a subset. If M is
a fuzzy soft vector space, then M is said to be a fuzzy soft vector subspace of SV(X) and denoted by
SSV (M) & Ssv(X).

Definition 2.14. ([11]) A sequence of fuzzy soft vectors {X¢ } in (X, T,%) is said to be convergent to

%0, if lim||x2 — %2 || = 0 and denoted by X7 — %] asn — oo.
n—oo 0

Definition 2.15. ([11]) A sequence of fuzzy soft vectors {X¢ } in (X,T,*) is said to be a fuzzy soft
Cauchy sequence if corresponding to every € S 0, 3m € N such that

Proposition 2.3. ([11]) Every fuzzy soft convergent sequence is a fuzzy soft Cauchy sequence.

~i ~J ~i ~J
Xe, — xej = Xe; — xej

—»0asi,j — oo.

Zevij = mie, |

Definition 2.16. ([11]) Let (XF*) be a fuzzy soft Banach algebra. Then (X,I',%) is said to be
complete if every fuzzy soft Cauchy sequence in X converges to a soft vector of X.

Definition 2.17. ([11]) Every fuzzy soft complete fuzzy soft normed linear space is called a fuzzy soft
Banach space.

Proposition 2.4. ([11]) Every fuzzy soft normed space is a fuzzy soft metric space.

Definition 2.18. ([11]) Let T : SSV(X) — SSV(Y) be a fuzzy soft mapping. Then T is said to be fuzzy
soft linear operator if

(L1). T is additive, i.e., T (X, ¥,/) =T (%) + T (§,) for every %,, ¥, € SSV(X).

(L2). T is homogeneous, i.e., for every fuzzy soft scalar #, T (¥%,) = #.T (X,) for every
%, € SSV(X).

Definition 2.19. ([11]) The fuzzy soft operator T : SSV(X) - SSV(Y) is said to be fuzzy soft
continuous at %, € SSV (X) if for every fuzzy soft sequence {x¢ } of fuzzy soft vectors of X with Xg -
9?20 asn —»oo,wehaveT (Xz) - T (9?20) asn — oo, If T is soft continuous at each fuzzy soft vector
of SSV (X), then T is said to be fuzzy soft continuous operator.

Definition 2.20. ([11]) The fuzzy soft operator T : SSV(X) — SSV(Y) is said to be fuzzy soft
bounded, if there exists a fuzzy soft real number M such that

IT (%)l £ M||%,||, forall %, € SSV(X).

Theorem 2.1. ([11]) The fuzzy soft operator T : SSV(X) — SSV(Y) is fuzzy soft continuous if and
only if it is fuzzy soft bounded.
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Definition 2.21. ([11]) Let T : SSV(X) — SSV(Y¥) be a fuzzy soft continuous operator .
T || = inf{M:||IT (%)l < M||%, I}

is said to be a norm of T

It is obvious that ||T ()|l < ITII%.].

Theorem 2.2. ([11]) Let T : SSV(X) — SSV(Y) be a fuzzy soft operator. Then,

IT (Zl s
ITIl = sup == sup [IT (%)

2,20, II%ell ENE

Theorem 2.3. ([11]) Let T : SSV(X) - SSV(Y) be a fuzzy soft operator then ||T|| is a fuzzy soft
norm.

Theorem 2.4. ([11]) Let T : SSV(X) - SSV(Y) and S : SSV (¥) — SSV (Z) be two soft operators.
Then
a) [|SoT|l < [ISI T,
b) If T : SSV(X) — SSV(Y) is a fuzzy soft operator, then
I < 7™
is satisfied.

Definition 2.22. ([12]) Let SSV(X) be a fuzzy soft vector space. The mapping

<> :55V(X) - SSV(Y) » R(4)
(is called a fuzzy soft inner product on SSV(X) iff it satisfies the following conditions, for every
Ko, Vor, Zon € SSV(X) and for every fuzzy soft reel number & where R(A) is the fuzzy soft reel
number set:
I1. < %, % >=0and < %,,%, >= 0 © %, = 0,
12. < %o, For =< Jor, X >,
13. < @ %o, Vo D=L Ko, @Ppr >= A < XorJor >,
4. < X+ o1, Zogrn >=<Xg, Zgn > + < Ypor ,Zpr >.

The triple (SSV(X), <.>,T,) is called fuzzy soft inner product space.

Proposition 2.5. ([12]) (Parallelogram Law) Let (SSV(X),<.>,T,) be a fuzzy soft inner product
space. For every %, v, € SSV(X)

1% + FerlI? + 1% — Ferll? = 2([|%1* + 17 117).
is satisfied.
Theorem 2.5. ([12]) Let (SSV(X),<.>,T,) be a fuzzy soft inner product space. For every

o, Vo € SSV(X)
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|< %o, For >| S NIZel 7ol
is hold.

Proposition 2.6. ([12]) A fuzzy soft inner product function is continuous in a fuzzy soft inner product
space. In other words, If {£2,} - X, and {J;;} - ., then < Xg,, 51 >>< %, Jor >.

Proposition 2.7. ([12]) Let (SSV(X),<.>,T,) be a fuzzy soft inner product space and {%, }, {7, } be
fuzzy soft Cauchy sequences in this space. In this case, < f;‘n,y& > is also a fuzzy soft Cauchy
sequence.

Definition 2.23. ([12]) Let (SSV(X),<.>,T,) be a fuzzy soft inner product space If this space is
complete according to the induced norm by the fuzzy soft inner product then (SSV(X),<.>,T,) is
said to be a fuzzy soft Hilbert space.

3.fuzzy Soft Dual Spaces

Proposition 3.1. Given the fuzzy soft vector space SSV(R) = {%.:x € R,e € R} and for every
%o, Vo € SSV(X), let us define the mapping <.>:SSV(R) x SSV(R) - R(4A) (A = R) as
follows

< Xe,Por >= x.y + e.e’
In this case the mapping <. > is an inner product on SSV(R).

Proof. I1. For every %, € SSV(R),
< %o %o >= x.x + e.e=x*+e?30
< FpFy>=0 &%, = 0
© e =0andx = 60
o % =0,
12. For every %, 7,/ € SSV(R),
< Xe,Vor >=x.y + ee' =y.x + e.e’ =< J,,%, >.

13. For every @ € R(A) and V%,, 7, € SSV(R),

< GXp, Yo >=ax.y +dee =ay.x + e.(@e') =<ZX,, 0y, >.
14. For every %,, .1, Z,m € SSV(R),
< Xe+ Yo, Zprn >=< (m)(e.e’)'ze” >.
= (x+y).z+ (e +e')e”
=xz +e.e"+ y.z+e'.e"
=< Xg, Zott > + < Yo1,Zpn >
Thus, (SSV(R), <.>,T,) is a fuzzy soft inner product space.
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Remark 3.1. The induced norm from the fuzzy soft inner product defined in the preceding proposition
IS

X1l = vx* + €2
where ||.]| : SSV (R) x SSV (R) » R*(4)(4 = R).

Also, the induced fuzzy soft metric from the fuzzy soft norm is

d(Xe,Jo) =/ (x — )% + (e — e")?
where d : SSV (R) x SV (R) » R*(4A)(A = R).

Proposition 3.2. The fuzzy soft inner product space (SSV(R),<.>,A)(A = R)is a fuzzy soft
Euclidean space.

Proof. Let us take a fuzzy soft Cauchy sequence {%2} in the fuzzy soft metric space (SSV(R),d). In
this case, for every fuzzy soft reel number & = 0 there exists a n, € N such that for ym,n > n,

d(xr, %0 ) 2 J(xm —x™)2 + (e, — e,)% L &.

Thus for vm,n > n, we have |x™ —x™|? + |e, — e|? < &%. Since |x" —x™| < & and |e, —
em| < & {x"} and {e,} are Cauchy sequence in R. Since R is a complete space there exist real
numbers x and e such that {x,,} — x and {e,} — x. If we take the real number e as a parameter of the
real number x then we have the fuzzy soft sequence %, and we obtain {X¥¢ } — X.. Finally, since x €

R and e € R we have %, € SSV (R). Since the fuzzy soft Cauchy sequence {X3 } is arbitary the
fuzzy soft space SSV (R) is a fuzzy soft Eucllidean space.

Definition 3.1. Let (SSV (X),I.1I,Ta) be a fuzzy soft normed space, ¥, € SSV (X),f: X - Rbea
linear functional and ¢ : R — R be a function. The mapping
(f, @) : SSV (X) - SSV (R)

which is defined as follows
@) Ee) = ((())ge
is called a fuzzy soft functional.

Proposition 3.3. The fuzzy soft functional (f ¢) : SSV (X) — SSV (R) is linear if and only if the
function ¢@: R — R is linear.

Proof. Let %,, 7, € SSV (X) and A € R. In this case (f, ¢) is linear if and only if

(f, @A E) +Fer) = (f, ) ((AX)2e + Ter) = (f, ) (A% + V) se4e)
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= fAx + ) piaere’y = FAX) + O paerote’
= [T gte + TPty = K (FD),, ) + FO),, 01
whereg : R - Ris linear.

Proposition 3.4. The space of fuzzy soft linear functionals is a fuzzy soft vector space.

Proof. Let (f ¢):SSV(X) — SSV(R), (g,3) : SSV (X) — SSV (R) be fuzzy soft functionals
wheref: X - R, g: X » Rand %, € SSV (X), A € R. Then we have

(E@) + (8 W)Ee) = ((F+ g), (0 + 1)) (Re)

= (f+ )Xo+ e = T+ 28X+ wee

since X is a vector space for the functionals f: X - R, g: X = R we have f(x) + g(x) € R and
for the function @:R - R we have @(e)+ Y(e)e R which means that

() + 8(X)) o)+ weey € SSV (R) and consequently we have (f, @)o(g, V) : SSV (X) — SSV (R).
On the other hand,
AA, @) (Ze) = (A4, 19) (Re) = (A Ong(e)-
Definition 3.2. The fuzzy soft norm of the fuzzy soft linear functional (f, ¢) is defined as follows
(£, @)1l = inf{M: [|(f, @) Re) Il £ MIIZ|I}
is said to be a norm of (f, ) where M is a fuzzy soft real number.
It is obvious that [|(f, @) (Xl < I(f, @) llIXell-
Remark 3.2. The space of fuzzy soft linear functionals is a fuzzy soft normed space.

Remark 3.3. Let (SSV(X),<.>,4)(A = R) be a fuzzy soft inner product space. For the parameter
e = 0 the soft vector space SSV()?) is equal to the vector space X and we have the inner product
space (X,<.>0) = SSV (X,) which is a subspace of (SSV(X),<.>,4). Here, The vector space X
may not be a inner product space.

Proposition 3.5. Let (SSV(X),<.>,4)(4 = R) be a fuzzy soft inner product space. For every
% € SSV(X) let us define the operator I : SSV(X) — X where I (%) = x € X . The restriction of
the operator | to SSV (X,) denoted by I/SSV ()?O):—> X where 1(%X,) = x is a bijection and
consequently SSV (X,) - X.
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Remark 3.4. For the parameter e = 0 the fuzzy soft vector space X, is equal to the vector space X
and thus for every x,y € X and x,y, € X, We can write < x,y >=< x,, Y, >.

Theorem 3.1. Let (SSV(X),<.>,A)(A= R) be a fuzzy soft inner product space and (f o) :
SSV (X) — SSV (R) be a fuzzy soft functional. In this case we can state the term (f, @) (%.) =
(f (X)) g (ey interms of soft inner paroduct as given below

(f, (P)(ie) =< XU Zep>
where f(x) =< x,u >and @(e) =< e,v >.Moreover,
IEll = [lull, [l = lIvll.

Proof. For (f, ) : SSV (X) — SSV (R) we have the functions f: X » Rand @: R > R. If f:
X — R then for every x, € X, there exist a vector u, € X, such that

f(xg) =< xo, 4y >
Since for the parameter e = 0 we have < x,y >=< Xq, u, > then f(x) =< x,u >
Similarly If @ : R — R then for every parameter e € R there exist a real number v € R such that
p(e) =<e,v>.
Consequently, we have
F0)E) =< TU >ceps. (D)

From the equation (3.1) we can write

I, @)@ = ||< % u > e s

= \/< x,u>2+< e, v >2

< \/xz.u2 + e2.v?

<Ju?+vZ (3.2

On the other hand

ICF, @) @) = || (F)

p(e)

= Vf2(x) + ¢2(e)

< VIFIZIxIZ + llgli2lell?
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< VIFIZ +llelz - (3.3)

from the inequalities (3.2) and (3.3) we have [|f|| = ||u]| and ||| = ||VI|

Conclusion 3.1. Let (f, @) : SSV (X) — SSV (R) be a fuzzy soft functional. for every %, € SSV (X)
there exist u € X and v € R such that ||f|]| = |[u]| and |||l = ||v|l and consequently ||(f, ®)|| =

lluyl

Definition 3.3. The fuzzy soft vector space of fuzzy soft linear functionals is called the fuzzy soft dual
space of the fuzzy soft vector space SSV(X) and denoted by SSV(X)*

Definition 3.4. Let (SSV(X), II. Il ,4) , (SSV(¥), |I. 1|, A) (4 = R) be fuzzy soft normed spaces, (4,) :
SSV(X) = SSV(Y), (4, ¢)*:SSV(Y)* » SSV(X)* be fuzzy soft linear operators where A: X —
Y, :R - R, A*: V" - X*, p*: R* > R*, %, ESSV(X) and (f ¢) : SSV(¥) —» SSV(R) be a
fuzzy soft linear functional. In this case we have

(A ) (£ @) = (£, @)o(A, )

Proposition 3.6. Let (4,y) : SSV(X) — SSV(Y) be a fuzzy soft operator. Then (A, §)*: SSV(Y)* —
SSV(X)* is a fuzzy soft linear operator.

Proof. Let (f, ), (g, ) € SSV(X)* and A € R. In this case, since (A, ), (f, ®) and (g, ) are linear
we have

(AW (A, 0) + (g W) = (Af, @) + (g,4))o(A )
= A(f, 9)o(A W) + (g, ¥)o(A, )
=AW (1(F, ) + (3 1) ((g. W)

Theorem 3.2. If the fuzzy soft linear operator (4,y): SSV(X) — SSV(Y) is continuous then
(A )*:SSV(Y)* - SSV(X)* is continuous.

Proof. Let %, € SSV(X) be any fuzzy soft vector.
1A W) (f, @) (Xl = 1(F, @) (A, Y)Y (XD
< If, @l AW (ZII
< 1A WING @l Xl (3.4)

from the Inequality 3.4 we have

1A W), @)l < 1AW, @)l
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and consequently,

1CA W1 < NI (A Wl

since (A, ) is continuous it is bounded according to the Theorem 2. Since (A, ) is bounded then
(A, ) is bounded and as a result it is continuous.

References

[1] M.1. Alli, F. Feng, X. Liu, W.K. Min and M. Shabir, On some new operations in soft set theory,
Comput. Math. Appl.49(2005) 1547-1553.

[2] S. Bayramov, C. Gunduz(Aras), Soft locally compact and soft paracompact spaces, Journal of
Mathematics and System Science, 3(2013) 122-130.

[3] S. Das, P. Majumdar, S.K. Samanta, On soft lineer spaces and soft normed lineer spaces,
arXiv:1308.1016 [math.GM].

[4] S. Das and S. K. Samanta, Soft linear operators in soft normed linear spaces, Annals of Fuzzy
Mathematics and Informatics,6(2) (2013) 295-314.

[5] S. Das and S. K. Samanta, Soft real sets, soft real numbers and their properties, J. Fuzzy Math. 20
(3) (2012) 551-576.

[6] S. Das and S. K. Samanta, Soft metric, Annals of Fuzzy Mathematics and Informatics, 6(1) (2013)
77-94.

[7] P.K.Maji, R.Biswas, A.R.Roy, Soft set theory, Comput. Math. Appl.45 (2003) 555-562.

[8] D. Molodtsov, Soft set-theory-first results, Comput. Math. Appl.37(1999) 19-31.

[9] S. Das, S. K. Samanta, On soft inner product spaces, Annals of Fuzzy Mathematics and
Informatics, 6(1) (2013) 151-170.

[10] S. Das and S. K. Samanta, On soft metric spaces, J. Fuzzy Math. accepted.

[11] M.L Yazar, T. Bilgin, S. Bayramov, C, . Gunduz(Aras), “A new view on soft normed spaces”,
International Mathematical Forum, 9 (24) (2014) 1149 - 1159.

[12] M.I. Yazar, “Soft metric and soft normed spaces”, PhD Thesis, Y uz'unc'u Yil University,
Institute of Sciences, 2014.

[13] Kamel, A. and Mirzavaziri, M., Closability of farthest point in fuzzy normed spaces, Bulletin of
Mathematical Analysis and Applications, Vol.2,140-145, (2010).

[14] Maji, K., Biswas, R., and Roy, A., Fuzzy Soft Set, Journal of Fuzzy Mathematics 9,589-602, (3)
(2001).

94



