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This work introduces the fundamental concepts of fuzzy softuspectrum, fuzzy 

suyoft condiitionospectrum and fuzzy soioft spectralluradiuis ofpa fuzzy 

sooftrelement in the context of fuzzy soft Banach algebras. An analysis is 

conducted on the fundamental characteristics ofothese cronciepts in of fuzzy soft 

Banach algebras. Within the domain of fuzzy soft Banach algebras, we establish 

the definitions of fuzzy softomultiplicativeilinearofunctional, nearly fuzzy 

softomultiplicativeilinearofunctional, fuzzy siofit Jordanpmultiplicative linoear 

functpional, and nearly fuzzy siofit Jordanpmultiplicative linoear functpional. The 

work seeks to explore new findings and principles related to fuzzy soft Banach 

algebra. 

 

 

1. Introduction  

      The physical environment incorporates indeterminate data, thereby rendering challenging to 

overcome computational problems using traditional approaches in various areas of science and 

technology, ecological science, economics, and medications. The standard mathumethod is difficult 

since there are no parameterization tools available to describe problems that occur in the realms of 

ambiguities and uncertainties. Molodtsov [8] established the concept of soft set theory to address these 

issues. Soft set theory is a novel mathematical approach that effectively handles uncertainties. In 

addition, the software includes a parameterization tool that offers greater flexibility compared to 

traditional mathematical methods when dealing with the ambiguity and uncertainties of Actual reality 

problems. Das and Samanta [3] caused the notion of soft linear functional within the framework of soft 

linear spaces. The researchers analysed the fundamental The features of these operators and extended 

important theorems of functional analysis in the context of soft-set frameworks. Thakur and Samanta 

[12] proposed the notion of soft Banach algebras and examined certain initial characteristics of this 

concept. 

To obtain further details regarding soft set theory and its various applications, please refer to the 

following sources: [2,4,6] and [7-11]. 

This work presents a precise description of fuzzy soft spectrum and examines several of its features. 

Section 2 provides preliminary findings. Section 3 presents the notion of fuzzy soft spectrum.  The 

Banach algebra and its initial properties are being examined. The paper is concluded in Section 4. 

 

2. preliminaries 

mailto:nafm60@yahoo.comi
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Throughout this work. Let 𝑋 be an universe set with 𝐸 be the set of parameter.  Let Ix be the collection 

of all fuzzy sets over 𝑋, and A⊆ E. 

Definition (2.1)[5]: A pair ΓA is defined as a fuzzy soft set over X if Γ represented by Γ : A →Ix. So 

∀e ∈ A, The function f(𝑒) is a fuizzζy subrset of X, where f(e) is the membership function 𝑓e ∶  𝑋 →
 [0, 1] These values reflect the degree of membership of each element in X to the fuzzy subset f(e), or 

the extent to which each element in X possesses the attribute e from set E. 

Throughout this study, we will represent the collection of all fuzzy soft subsets of the universal set X 

concerning the parameter set E as ΓA(XE). 

 

D𝚰efiniti𝛐n (2.2)[5]: Afuzzy soft seits Γ𝐴 with  Λ𝐵 over a common universe X we get, 

i. Γ𝐴 is a fuzzy soft subset of Λ𝐵 denoted by Γ𝐴 ≤̌ Λ𝐵  if: 

1. The set A is a subset of the set B. 

2. ∀e ∈  A, Γ𝑒(𝓍) ≤ Λ𝑒(𝓍) ∀𝓍 ∈  X. 

ii. Γ𝐴  = Λ𝐵  if Γ𝐴  ≤ Λ𝐵 and Λ𝐵≤ Γ𝐴   . 

iii. Γ𝑐
𝐴 is The complμement of a fuzz ιy soft set Γ𝐴  whjere Γ𝐶 : A → 𝐼𝑋, Γ𝐶(e) is the compζlement of 

fuzξzy set Γ (e) with membership function. 

Γ𝑐
𝑒  = 1 - Γ𝑒    ∀e ∈ A. 

iv. Γ𝐴 = 𝜗A (null fuzzy soft positioned with alignment with A), this means that for every element ς in 

A, Γ𝜍 (ι) = 0, ∀ ι ∈ X. 

v.  Γ𝐴 = 𝑋𝐴 (absolıute fuzzy soft set concerning set A) if ∀ ℏ ∈ X, Γ𝑒(ℏ) = l for allℜe ∈ A. 

Let A = E. In this case, thernull fuzzy soft set is indicated by 𝜗, whereas the abs kiolute fuzzpy sofut setyis 

denortted by X. 

vi. Γ𝐴 ∪ Λ𝐵 deniuoted as Γ𝐴∨Λ𝐵, is defined as the fuzzy soft set (Γ ∨ Λ)𝐶, where C is the union of sets A 

and B. For any element e in C, the value of (Γ ∨ Λ)(e) is equal to the maximum value between Γ(e) and 

Λ(e). 

(Γ ∨ Λ)C(𝔵) = {

ΓA(𝔛)                                  if e ∈  A −  B 

ΛB(𝔛)                        if e ∈  B −  A           

max{Γe(𝔛), Λe(𝔛)}          if e ∈  A ∩  B   

      for every 𝔛 ∈ X. 

VII. Γ𝐴 ∩ Λ𝐵  IS REPRESENTED AS Γ𝐴∧ Λ𝐵, IS THE FUZZY SOFT SET (Γ ∨ Λ)C , WHERE C = A ∩ B ≠ ∅ WITH 

∀E ∈ C, WE HAVE (Γ ∧ Λ)(E) = Γ(𝑒)∧ Λ(E) WHERE (Γ ∧ Λ)𝑒(𝓍) = MIN{ΓE(X), ΛE(𝓍)} FOR ALL 𝓍 ∈ X. 

Definition (2.3)[5] : 

1. Consider xλe as a fuzzy point in X, where x belongs to X and λe ∈ (0, 1]. The fuzzy soft set (Px)E 

can be defined as a fuzzy soft point, commonly referred to as an F.S point. Consider the mapping Px : 

E → IX be a mapping, for any element e in E, 
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(Px)e(y) ={
λe            if y =  x     

0             o. w.
 

 

For all e ∈ E, (Px)(e) = xλe, or (Px)(e) = λeX{ x }, ∀e ∈ E. Put simply, the F.S popint (Px)E, is a 

descriiptioln of x ∈ X basiued on the decision parameters in E. If λe= l forhyall e ∈ E, we then say (Px)E, 

crioiusp F.S poinot. 

2. The F.S point (Px)E belongs to the set F.S set ΓE, represented by (Γx)E∈ ΓE, when the condition 0 < 

λe ≤ Γe(x)  holds for all e ∈ E. 

3. The limitation of the F.S poipont (Px)E to the subset (Px|e)The term "F.S single point" refers to E, 

which is known as the fuzzy soft single point over E. 

whenever 

(P𝓍|e)α(𝓎) ={
(Px)e(x) =  λe >  0         if α =  e and 𝓎 =  x
0                                                             otherwise

 

 

The point (Px|e)E is a member of the collection Γ𝐸, denoted by (Px|e)E ∈ Γ𝐸, when the condition 0 < λe 

≤ Γ𝑒(𝓍). is satisfied. 

 

New Notation.[5] 

• The F.S point (P𝓍)E can be represented as xE, where (P𝓍)(e) = x(e) = xλe, for all e in E. In other 

words, each parameter's image under the map P𝓍 is a fuzzy point. Therefore, the complement of F.S 

can be demonstrated using ( xE)c point xE such that [(P𝓍)(e)]c = 1 - λeχ{x} for all e ∈ E. 

• The precise F.S point (P𝓍)E will be  written as xE
1  or xE . 

• The F.S single point (P𝓍|e, E) is represented as xe. 

Definition (2.4)[5]. : Suppose R refere to all realonumbers, and E is theiset of parameters. The 

collection of fuzkizy soo tft real numbers, also known as F.S reoal fnumbkers, is represented as RE = {Γ: E → 

𝐼𝑅}, where Γ(e)’s represents fuzzy real numbers for all e in E. 

It should be noted that any element r in the set R can be interpreted as a finite sequence (F.S) reoal 

fnumbkers 𝑟𝐸, provided that for every element e in the set E, The function Γ(e) is defined as the 

characteristic function of  r, i.e., 𝑟𝐸 = XXr. So r : E → , IR , forjall 𝔢 ∈ E,  𝔯(𝔢) defined by 

 

𝑟𝑒(𝔨) ={
l if 𝔨 =  𝔯
0 if 𝔨 ≠  𝔯

 

 

We refer to this type of number as a crisp F.S real number. The real number Γ𝐸 is referred to as a notn-

snegatirve F.Sinumber if, for every e ∈ E, Γ𝑒(t) = 0  for all t < 0. The set of all notn-snegatirve 

F.Sinumbers isjdenoted by ℛ∗
𝐸 . 𝑂𝐸 with 1𝐸  are the crkisp F.S numibers 0 and l where for each e ∈ E,  

0𝑒(0) = 1, 0𝑒(t) = 0 ∀t ≠ 0 and 1𝑒(1) = 1, 1𝑒 (t) = 0 ∀t ≠ 1. 

In this study, we will demonstrate the F.S numbers using the notation 𝑟𝐸, where r belongs to R with r: 

E →𝐼𝑅. Specifically, for each element e in E, r(e) represents a fuzzy number. 

 

Definition (2.5)[5]. : [𝑟𝐸]e The ∝-level set of the realhnumber 𝑟𝐸 matches the parmuameteroe ∈ E is 

denoted as e,∝ and defined as follows: 
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[𝑟𝐸]e,α  = {t : 𝑟𝐸 (t) ≥ α} 

 

The ∝-levelgset of the fuzzy realonumber 𝔯(𝔢), denoted as [𝑟𝐸]𝔢,α, is equivalent to [r(𝔢)]α. 

 

Definuition (2.6)[5]. : suppose 𝑟𝐸, 𝑟𝐸 are F.S real numbers. We use the term 

1. 𝑟𝐸 ≼  𝑟𝐸 ⇔ [𝑟𝐸]e,α  ⊆ [𝑟𝐸]e,α  for all α ∈ (0, 1] with e ∈ E. 

2. 𝑟𝐸 =  𝑟𝐸⇔ [𝑟𝐸]e,α  = [𝑟𝐸]e,α  for all α ∈ (0, 1] and e ∈ E. 

So if [ r(e) ]α  = [𝑟α
1 , 𝑟α

2 ] and [r(e)]α = [𝑟α
1 , 𝑟α

2], then we have 

1. 𝑟𝐸  𝑟𝐸⇔ 𝑟α
1 = 𝑟α

1 and 𝑟α
2 , 𝑟α

2  for all α ∈ (0, 1] and e ∈ E. 

2. 𝑟𝐸  = 𝑟𝐸⇔ 𝑟α
1   ≤ 𝑟α

1 and  𝑟α
2  ≤  𝑟α

2   for all α ∈ (0, 1] and e ∈ E 

 

 

 

 

Definition   (2.7)[1]:  

A linear space, also known as a vector space, is a set X over a field F that has two operations,  and  

satisfying the following axioms 

 

 (i) An operation called vector addition that associates a sum u+ v  X with each pair of vector u v ,  

X such that it is associative with identity 0. 

(ii) An operation called multiplication by a scalar that associates with each scalar a F and vector u 

X vector auX, called the product of a and u , such that it is distributive with identity 1. 

Definition  (2.8 )[6]:  
 Consider X to be a linear space over ƒ. A soft set Ɠ𝐴 is defined as a so kftosubspiace of F if 

 (i) ∀e ∈ A, Ɠ𝐴 (e) is a subspiace of  X oiviuer ƒ with 

(ii) F(e) ⊇ Ɠ𝐴 (e), ∀e ∈ A. 

Theoroem  (2.9)[6]:  

Ausubiorset that is defined as being soft. The �̌� of a soft linear space X refers to aksoft linear. suob-spacye 

of  X ifrif for any scalar ⍺,𝛽∈ƒ ,⍺�̌�+𝛽�̌� ⊆�̌�. 
 

 

Definition (2.10): [3] 

Consider X to be a lilnear osopace over ƒ. A fuizzy suet �̌� in X called fuzzy subspace if ⍺�̌�+𝛽B ⊆�̌�  for all 
⍺,𝛽 ∈ ƒ Or equivalent 
�̌�(⍺x+𝛽y) ≥  min{ �̌�(x),B(y)} for both x ,y ∈ X and all x ∈ X. 
 
Definition (2.11):  
Consider X as a vefctor spmace ovyer ahfielod F. Let A be a colection of parameters. A fuzzy so oft spet isga 

sect that allows for uncertainty and vagueness in its elements. A fuzzy soft linear space of X over F is 

defined as Г𝐴 over F, where Г(e) represents a fuzzy subspace of X, ∀e ∈ A. 

 

Delfinpition (2.12):[4]  

Consider X as a linear space over F, where F=ℂ or F=ℝ. A mathematical function ‖. ‖: X → R is a 

norm on X exhibits The one after that  

(1) ‖�̌�‖ ≥ 0 , ∀�̌� ∈ X 

(2) ‖�̌�‖ = 0 ⇔ �̌�=0 
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(3) ‖�̂��̌�‖ = |�̂�|‖�̌�‖, ∀�̌� ∈ X with �̂�∈ ƒ 

(4) ‖�̌� + �̌�‖ ≤ ‖�̌�‖ + ‖�̌�‖,for all �̌�,�̌�  ∈ X. 

The combination of the linear space X and the norm ‖. ‖ is referred to as a normed space, which is 

represented as (X, ‖. ‖). 

Definition (2.13): Let X be a linear space field F and let Eireferee to the set of parcrameters .The fkhuzz iy 

softunorm ‖.‖ over X is defined as the map  X᷈ to R∗E Such that 

 . i) x̃E=0̃𝐸↔‖ x̃E  ‖ = 0̃E) 

ii)  ‖ ᷈r. x̃E‖ =│r│⨂ ‖ x̃E ‖ .) 

 . iii)  ‖x̃E +ỹE ‖ =‖ x̃E ‖ ⨁  ‖ ỹE ‖ for all x̃E, ỹE  ∈ SV ( X᷈ )) 

   

Definition (2.14): Consider X as an algebraic structure defined over a f tieold F, and let A be a set of 

parameters. A fuzzy so jft set Г𝐴 is a fuzzy soft algebra X over F if Г(e) is a fuzzy subalgebra of X for 

every e in A. 

Definition(2.15) [7]: the sequence of soft elements {x̌N} of a soft normed space (X ,‖. ‖ ), is said to be 

a Cauchy sequence if for every ⋋ ≥ o, there is ∪ ∈ N In a manner that  

‖�̃�𝑖 − �̃�𝑗‖ < ⋋, for all i, j ≥ k. That is ‖�̃�𝑖 − �̃�𝑗‖ → 0     as i, j → ∞. 

Definition(2.16) [6] : In the event that all Cauchy seq. In a certain normed space which approach to all 

points of this space, in this case, this space is called a complete normed. 

Definition  (2.17): Let X be an algebra over F, Г𝐴 on X is known as a Fuzzy Soft Banach Algebra if it 

meets the conditions: 

(i) F.S. Banach space. 

(ii) F.S. algebra. 

(iii) 𝒩(𝔞.𝔥, 𝔱 . 𝔨) ≥ min{N( 𝔞, 𝔱), N(𝔥, 𝔨)} ∀ 𝔞, 𝔥 ∈ FS, ∀ 𝔱 , 𝔨 ∈ ℜ∗(E). 

(iv) If 𝔢 ∈ Г𝑥 thus N(𝔢, 𝔱) = l. 

 

 

3. Fuzzy Soft Spectrum 

Definition (3.1): The tally of all unfilled bounded subsets of the set of complex numbers can be seen 

by the syntax ℘(ℂ), at which C is the set of complexlnumbers. Let's say that A is a set of parameters. 

The definition of a fuzzy soft complex set is a mapping Γ: 𝐴 ⟶ ℘(ℂ)  is the symbol that is used to 

represent it. When ΓA is a singleton set, its corresponding fuzzy soft element, also called a fuzzy soft 

complex numberitcan be used to identify it. The set C(f) of all commplexunumbers with sloft and fuzzy 

properties is shown. 

Definition (3.2): Consider ΓA refer to fuzzy soft Banach algebra with a fuzzy sofut unit element e ̃. The 

fuzzy soft spectrum of an element x belonging to set A referred to by 

Γx = {λ ∈ ℂ(f): λe − x ∉ 𝒢(x)}. 
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𝒢(𝑥) represents the collection of all fuzzy soft invertible elements in the soft Banach algebra ΓA. 

The fuzzy soft spectral radius of x, abbreviated as r(x), is defined as r(x)=Sup{|λ|: λ ∈ Γx}. 

Definition (3.3): Take ε be a real number such that 0 < ε < 1. The fuzzy soft condition spectrum of x 

in G is denoted as Γε(x) and is defined as follows: 

Γε(x) = { λ ∈ ℂ(f): ‖(λe − x)‖‖(λe − x)−1‖ >
1

ε
 } 

The fuzzy soft condition spectral radius of x is written as 

rε(x) with defined as follows: 

rε(x) = Sup{|λ|: λ ∈ Γε(x)}. 

Proposition(3.4) : Consider Г𝐴 as a fuizzry syooftpBaonach algoebra. If × ∈ Г fulfills ||×||<l, Imp. (𝔢 − ×) is 

reversible and (𝔢 − ×)−1 = 𝔢+∑ × n∞
n=1 . 

Proof. given that Г𝐴 is fuzzy suoft algebora, hence we've ||×j||≤||×||j for the purpose for the endless series 

to begin for any integer that is positive j ∑ ‖×‖𝑛∞
𝑛=1   this is fuozzy rsoft conivergetnt due to 

||×||< l. So the partical surm sk =∑ 𝑥𝑛
𝑘
𝑛=1  is a fuzzy soft Cauchy sequence since ‖∑ 𝑥𝑛𝑘+𝑝

𝑛=1 ‖ < ∑ ‖𝑥‖𝑛𝑘=𝑝
𝑛=𝑘  

.Since Г𝐴 is fuzzy soft complete so ∑ 𝑥𝑛∞
𝑛=1 is fuzzy soft convergent.  

let s = e + ∑ 𝑥𝑛∞
𝑛=1  .Now we need to demonstrate that s = (e − x)−1. 

We get 

(1) (e − 𝓍)(e + 𝓍+ 𝓍2+ ... 𝓍n) = (e + 𝓍 + 𝓍2 + ... 𝓍n)(𝔢 − ×) = 𝔢 − 𝓍n+1 

Once more, as ||x||<1, xn+1 → θ as n → ∞. Thus, by permitting n to get close to ∞ and retaining in 

awareness that the multiplication in Γ is continuous, we gain (𝔢 −×)𝔰 = 𝔰(𝔢 −×) = 𝔢.  

Accordingly, 𝔰 = (𝔢 − ×)−l. That validates the thought process. 

  

Lemma (3.5): Consider ΓA as a fuzzy soft Banach algebra that has a fuzzy soft identity element e. 

Let x ∈ G such that ‖x‖ ≤ 1  then (e-x) invertible and (e − x)−1 = e + ∑ xn∞
n=1  Furthermore we have 

‖(e − x)−1‖ ≤
‖e‖

‖e‖−‖x‖
. 

Proof. For the  proposition (4). Now let Sn = e + x + x2 + ⋯ + xn and y= e + ∑ xn∞
n=1  Then by 

the first part we know that (e − x)−1 = y . Also we have 

‖y‖ = lim
n→∞

‖Sn‖ = lim
n→∞

‖e + ∑ xk
n

k=1
‖ ≤ ‖e‖ + ∑ ‖x‖k

∞

k=1
=

‖e‖

‖e‖ − ‖x‖
. 

 

If ΓA is fuzzy soft with identity (i.e.,‖e‖ = 1) then we have ‖(e − x)−1‖ ≤
1

1−‖x‖
 

Corollary (3.6): Consider Г as a fuizzry sy ooftpBaonach algoebra. Letqx∈ Г and µ be a fuzzyisoft scialgar In 

a way that |µ|>||x||. Then (µe− x)−1 exists and(𝜇𝑒 − 𝑥)−1=∑ 𝜇−𝑛 𝑥𝑛−1(𝑥0 = 𝑒)∞
𝑛=1 . 
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Proof. Let y ∈ Г be a member of Г for which y−1 exists in Г. Additionally, let α be a fuzzy soft scalar 

such that α(λ) is not equal to zero for all λ ∈ A. Therefore, it is evident that (αy)−1 = α−1y−1. 

After observing this, we can express it in writing µe− x = µ(e − µ−1x) 

We next illustrate the presence of (e− µ−1x)−1. By speculation, we've got ||e− (e −µ−1x)|| = ||µ−1x|| 

= |µ|−1||x|| <1. That is why (e − µ−1x)−1 occurs by Corollary 10, and as a consequence of this, (µe− 

x)−1 occurs. By implementing Proposition 9 to the endless series democracy, we yield 

 (µ𝔢− x)−l = µ−1(𝔢− µ−lx)−l 

=𝜇−1(𝑒 + ∑     [𝑒 − (𝑒 − 𝜇−1∞
𝑛=1` 𝑥)]𝑛 

=𝜇−1(𝑒 + ∑ (𝜇−1𝑥)𝑛∞
𝑛=1 ) 

 =∑ 𝜇−𝑛𝑥𝑛−1∞
𝑛=1 . 

This shows the corollary. 

Corollary (3.7) :LetΓ𝐴 act as a fukzzyi soj ikft Banaawchoalgeobra wuyith  fuzzy soft undit elemeont �̌� With this in 

mind ‖�̌�‖= 1̌, 𝑥 ∈̌ 𝒢(x) . Pretend 𝜆 ∈ ℂ(𝑓) − {0}̌  such that ‖�̌�‖ <̈ �̌� Then (𝜆𝑒 − 𝑥) is invertible and 

(𝜇𝑒 − 𝑥)−1 = ∑ �̌�−𝑛�̌�𝑛
𝑛−1∞

𝑛=1 : (�̌�0 = �̌�) .Furthermore we have 

‖(𝜆�̌� − 1)−1‖ ≤́
1̅

|�̅�| − ‖�̌�‖
 

Proof. To decide on the corollary (6)  
�̈�

�̈�
  �̌� the final assertion, all we have to do is replace  

�̈�

�̈�
  in Lemma 

(5) with �̌� to obtain the outcome. 

Theorem (3.8): LetΓ𝐴 act as a fukzzyi soj ikft Banaawchoalgeobra wuyith  fuzzy soft undit elemeont 𝑒 With this in 

mind ‖𝑒‖= 1̌ and x ∈ A. Next up, we've got 

r(x)≤ 𝑟𝜀(𝑥) ≤
1+𝜀

1−𝜀
‖𝑥‖. 

Proof. Since Γ𝑥 ⊆ Γ𝜀(𝑥) , so we have r(x)≤ 𝑟𝜀(𝑥). 

Suppose that 𝜆 ∈ Γ𝜀(𝑥) . If |𝜆| ≤ ‖𝑥‖ , then we can easily prove that |𝜆| ≤
1+𝜀

1−𝜀
 ‖𝑥‖ Thus we have 

𝑟𝜀(𝑥) ≤
1+𝜀

1−𝜀
 ‖𝑥‖ . Now suppose that |𝜆| > ‖𝑥‖ . Then (𝜆𝑒 − 𝑥) is invertible and by corollary (3.5) we 

have ‖(𝜆𝑒 − 𝑥)−1‖ ≤
1

|𝜆|−‖𝑥‖
 .  Consequently by some computations we get |𝜆| ≤

1+𝜀

1−𝜀
 ‖𝑥‖. 

Thus we conclude that 𝑟𝜀(𝑥) ≤
1+𝜀

1−𝜀
 ‖𝑥‖ 

Definition (3.9): Let Γ𝐴 be a fuzzy soft Banach algebra and T: Γ𝐺 → ℂ(𝐴) respond as a fuzzy soojft liinetar 

funcutjioinal. T is virtually fuzzy soft multiplicative if there exists an.𝛿 > 0That is required everyone 

benefits from 𝑎, 𝑏 ∈ 𝐺: 

|T(xy) − T(x)T(y)| ≤ δ‖x‖‖y‖. 

 

Proposition (3.10): Assume that 𝜗 Particularly a fuzzy soojft liinetar funcutjioinal being on a fuzzy  shokft 
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Branuach Dalgebra Γ𝐴, which has an identity element e, and 𝜗(𝑒) = 1. The subsequent requirements are 

equal. 

i) 𝜗(𝑎) = 0 implies 𝜗(𝑎2) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈ 𝐺, 

ii) 𝜗(𝑎2) = (𝜗(𝑎))2 , 𝑎 ∈ 𝐺, 

iii) 𝜗(𝑎) = 0 implies 𝜗(𝑎𝑏) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈ 𝐺 

iv) 𝜗(𝑎𝑏) = 𝜗(𝑎)𝜗(𝑏) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈ 𝐺 

proof: (i) ⟹ (ii) 

𝜗(𝑒) = 1 implies 

𝜗(𝑎 − 𝜗(𝑎))(𝜆) = 𝜗(𝑒𝑎 − 𝜗(𝑎))(𝜆𝜗(𝑒)(𝜆)𝜗(𝑎)(𝜆) − 𝜗(𝑎)(𝜆) = 0 ; ∀𝜆 ∈ 𝐴. 

So we have 0=𝜗(𝑎 − 𝜗(𝑎)) = 0. By (i) we have   

0=𝜗 ((𝑎 − 𝜗(𝑎))
2

) = 𝜗(𝑎2 − 2𝑎𝜗(𝑎) + (𝜗(𝑎))
2

= 𝜗(𝑎2) − (𝜗(𝑎))
2
. 

Thus we deduce that 𝜗(𝑎)2 = (𝜗(𝑎))
2

. 

The subsequent requirements (ii) lead to (iii) 

Via supplanting u+v via (x) in (ii) We comprehend 𝜗(𝑢𝑣 + 𝑣𝑢) = 2𝜗(𝑢)𝜗(𝑣); 𝑢, 𝑣 ∈ 𝐺, (1) 

permit 𝑎, 𝑏 be in G with 𝜗(𝑎) = 0. According to (1) we have 𝜗(𝑎𝑏 + 𝑏𝑎) = 0. (2) 

Hence by (ii) we obtain 𝜗(𝑎𝑏 + 𝑏𝑎)2) = 0. Since (𝑎𝑏 + 𝑏𝑎)2=2𝜗(𝑎(𝑏𝑎𝑏) + (𝑏𝑎𝑏)𝑎) =

4𝜗(𝑎)𝜗(𝑏𝑎𝑏) = 0. 
According to (ii) we have 𝜗(𝑎𝑏 − 𝑏𝑎) = 0, (3). If we add two equalities (2) and (3) we conclude that 

𝜗(𝑎𝑏) = 0. 
The subsequent requirements (iii) lead to (iv) 

permit 𝑎, 𝑏 ∈ 𝐺. 𝑤𝑒 ℎ𝑎𝑣𝑒 𝜗(𝑎 − 𝜗(𝑎)) = 0. Hence for each 𝜆 ∈ 𝐴 we have  

𝜗(𝑎 − 𝜗(𝑎))(𝜆) = 0.  Thus by (iii) we have 𝜗 ((𝑎 − 𝜗(𝑎))𝑏) (𝜆) = 0. 

Then we get  

0=𝜗 ((𝑎 − 𝜗(𝑎))𝑏) (𝜆) = 𝜗(𝑎𝑏 − 𝜗(𝑎)𝑏)(𝜆) = 𝜗(𝑎𝑏)(𝜆) − 𝜗(𝑎)(𝜆)𝜗(𝑏)(𝜆); ∀𝜆 ∈ 𝐴. 

Thus we have 0=𝜗(𝑎𝑏) − 𝜗(𝑎)𝜗(𝑏). Consequently we get 𝜗(𝑎𝑏) = 𝜗(𝑎)𝜗(𝑏). 
(iv)⟹(i) 

From (iv) we have 𝜗(𝑎𝑏)(𝜆) = 𝜗(𝑎)(𝜆)𝜗(𝑏)(𝜆). If 𝜗(𝑎) = 0, 𝑡ℎ𝑒𝑛 𝜗(𝑎)(𝜆) = 0; ∀∈ 𝐴 so we have 

𝜗(𝑎𝑏)(𝜆) = 𝜗(𝑎)(𝜆)(𝑏)(𝜆) = 0. 𝜗(𝑏)(𝜆) = 0 

Therefore 𝜗(𝑎𝑏) = 0. 
If ϑ is fuizzry so ift mul tiplic iative lione ar fun  cltioinal, then it is also fuzzy so ift Jordan mul  tiplic iative lione ar 

fun cltioinal. Next contemplate its ensuing corollary.  

Corollary(3.11) 

Consider 𝜗 as a fuizzry soift mul tiplic iative lione ar fun cltioinal on the fuzzy sio ft Baon ach alguebira Γ𝐴, which 

has an identity element e. Additionally, it is required that 𝜙(𝑒) = 1. 𝜗 is a fuzzy soft multiplicative.  

Lemma (3.12): Let 𝜗 is a  fuizzry soift mul tiplic iative lione ar fun cltioinal on the fuzzy sio ft Baon  ach alguebira 

Γ𝐺. Next, we'll have 𝜗(𝑥) ∈ Γ𝐺 ; x ∈ 𝐺. 
Proof: For x ∈ 𝐺  we set z=𝜗(𝑥)𝑒 − 𝑥  Then we have 𝜗(𝑧)(𝜆) = 𝜗(𝑥)(𝜆)𝜗(𝑒)(𝜆) − 𝜗(𝑥)(𝜆) =
 𝜗(𝑥)(𝜆) − 𝜗(𝑥)(𝜆) = 0 

Hence we have  𝜗(𝑧) = 0. Therefore z∈ 𝑘𝑒𝑟𝜗 . So we 

have z∈ 𝑠𝑖𝑛𝑔(𝐺). Consequently 𝜗(𝑥) ∈ Γ𝐺. 
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Remark (3.13): Suppose 𝜗 is a fuzzy soft multiplicative linear functional, and let z be an element of 

Γ𝐺, for some x ∈ 𝐺. Then ze-xis not invertible and so we have 𝜗(𝑧𝑒 − 𝑥) = 0. 
It is known that when an element y is invertible, its value 𝜗(𝑦) = 0. Thus z𝜗(𝑒) − 𝜗(𝑥) = 0 . So we 

have z=𝜗(𝑥). 
Therefore, we derive the one after that theorem. 

Theorem (3.14): If ΓΑ be a comim utatikve  fuzzy sio ft Baon ach alguebira and  let x ∈ 𝐺 so 

Γ𝐺 = {𝜗(𝑥): 𝜗 is a fuzzy soft multiplicative linear functional} 
Proof. It is inferred from the final sentence and lemma (3.12). 

Lemma(3.15): if T:Γ𝐸(𝐴) ⟶ ℂ(𝑓) be a fuizzry soift boiu ndied lione ar fun cltioinal. ThenT is alkm orst fuizzry 

soift mul tiplic iative. 

Pro  of: We have for every 𝑥,̌ �̌� 

|𝑇(�̌��̌�) − 𝑇(�̌�)𝑇(�̌�)| ≤ |𝑇(�̌��̌�)| + |𝑇(�̌�)𝑇(�̌�)| ≤ ‖𝑇‖‖�̌��̌�‖ + ‖𝑇‖2‖�̌�‖‖�̌�‖ = (‖𝑇‖ + ‖𝑇‖2)‖�̌�‖‖�̌�‖ 

Thus T is almost soft multiplicative where 𝛿̿ =(‖𝑇‖ + ‖𝑇‖2) 

 

Proposition (3.16): Assume that Γ𝐴 is a fuzzy soft Banach algebra and 𝑇1:Γ𝐸(𝐴) ⟶ ℂ(𝑓) is a fuizzry 

soift mul tiplic iative lione ar fun cltioinal and 𝑇2:Γ𝐸(𝐴) ⟶ ℂ(𝑓) is a soift boiu ndied lione ar fun cltioinal. 

Then𝑇1 + 𝑇2 is alkm orst fuizzry soift mul tiplic iative funkc tionsal but not mrul tipli cative. 

Proof: For apiece 𝑎,̌ �̌� ∈ 𝐴, we've got 

|(𝑇1 + 𝑇2)(𝑎 ̌�̌�) − (𝑇1 + 𝑇2)(�̌�)(𝑇1 + 𝑇2)(�̌�)|= 

|𝑇1(𝑎 ̌�̌�) + 𝑇2(𝑎 ̌�̌�) − (𝑇1(�̌�) + 𝑇2(�̌�))(𝑇1(�̌�) + 𝑇2(�̌�)|= 

|𝑇1(𝑎 ̌�̌�) + 𝑇2(𝑎 ̌�̌�) − 𝑇1(�̌�)𝑇1(�̌�) − 𝑇2(�̌�)𝑇2(�̌�) − 𝑇1(�̌�)𝑇2(�̌�) − 𝑇2(�̌�)𝑇1(�̌�)| ≤ 

|𝑇1(𝑎 ̌�̌�)−𝑇1(�̌�)𝑇1(�̌�)| + |𝑇2(𝑎 ̌�̌�) − 𝑇2(�̌�)𝑇2(�̌�)| + |𝑇1(�̌�)𝑇2(�̌�)| + |𝑇2(�̌�)𝑇1(�̌�)| 

So by lemma(14) we get 

|(𝑇1 + 𝑇2)(𝑎 ̌�̌�) − (𝑇1 + 𝑇2)(�̌�)(𝑇1 + 𝑇2)(�̌�)| ≤ 

(‖𝑇2‖ + ‖𝑇2‖2)‖�̌�‖‖�̌�‖ + 2́‖𝑇1‖‖�̌�‖‖𝑇2‖‖�̌�‖ = 

(‖𝑇2‖ + ‖𝑇2‖2)‖�̌�‖‖�̌�‖ + 2́‖𝑇1‖‖𝑇2‖‖�̌�‖‖�̌�‖. 

Thus(𝑇1 + 𝑇2) is alkm orst fuizzry soift mul tiplic iative. Naturally(𝑇1 + 𝑇2) is not mrul tipli cative. 

Definition(3.17):LetΓA be a fuzzy sio ft Baon ach algueb ira. We state that fuizzry soift lione ar fun cltioinal 

𝜗:Γ𝐸(A) ⟶ ℂ(f)  is alkm orst fuizzry so ift jorfdan mul tiplic iative funkc tionsal if there is δ ̿ >̂ 0̿such that: 

|𝜗(X̌2) − 𝜗(X̌)2| ≤ δ̿‖X̌‖
2
,∀x̌ ∈ A 

 

Corollary(3.18): Let be a fuzzy s io ft Baon ach alguebira and T1:Γ𝐸(A) ⟶ ℂ(f)    is a fuizzry soift jorfdan mul 

tiplic iative lione ar funkc tionsal and T2:Γ𝐸(A) ⟶ ℂ(f)   is a soift boiu ndied lione ar fun cltioinal. Then T1 + T2is 

alkm  orst fuizz ry soift jorfdan mul  tiplic iative funkc tionsal. 

Proof: A strategy comparable to the one we described in theorem (13), can be used to prove it. 
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Definition(3.19):Let ΓA be a sio ft Baon ach alguebira wi th identity elerm ent ě andrlet 𝜀 ̿>́ 0̅ We denote the 

fuzzy sio ft  𝜀_ Minimum spectrum for an element �̌� ∈ �̌� by Γ�̅�(�̌�) and express it as follows: Γ�̅� = {�̌� ∈̆ 

ℂ(𝐹): ‖�̆� �̌� − �̌�)−1‖ ≥̿
1̌

𝜀
}. 

 

 Theorem(3.20):Let ΓA  be a fuzzy sio ft Baon ach alguebira wi th identity elerm ent ě andrlet 𝜀 ̿>́ 0̅ . Let  

𝜗:Γ𝐸(A) ⟶ ℂ(f)    be a fuizzry soift lione ar fun cltioinal such that 𝜗 (�̌�)=1̆  ar nd 𝜗(𝑒) ∈̿ Γ�̌� for �̌� ∈ �̌� . Thr en 

is soift mul tiplic iative funkc tionsal. 

Proof: We illustrate that for every �̌� ∈ �̌� we've got T(�̌�)∈ Γ𝑥.we added �̅� = 𝜗(�̌� ). If  �̿�  ∈ Γ𝑥 then 𝜗 is 

mul tiplic iative. If �̿� ∉ Γ𝑥  then �̿��̌� − �̌� is inv ertijble and so�̿��̌� − �̌� ∈̅ 𝒢(x).Suppose that �́� >̅ 𝜀̌‖(�̿��̌� −

�̌�)−1‖ Then we have ‖(�̿��̌� − �̌�)−1‖ <̅
1̌

𝜀
.Thus we get ‖(�̿��̌��́� − �̌��́�)−1‖ <̅

1̌

𝜀
 Consequently we have �̿� �́� =

𝜗(�̌�)�́� = 𝜗(�̌��́�) ∉ Γ�̆�(�́��̌�) which is a coi tnt radicktion. So 𝜗  is  fuzzy so ift mul tiplic iative. 

Lemma (3.21). Letδ ̿ >̂ 0̿ and �̌� ∈ �̌�  ThenΓ𝑥 ⊆ Γ𝛿�̌� 

Proof: It can be readily demonstrated by the use of a precise definition. 

Theorem(3.22): Assume that Γ𝐴 be a fuzzy s io ft Baon ach alguebira wi th identity elerm ent ě andrlet 𝜗 be an 

alkm orst fuizzry soift mul  tiplic iative lione ar funkc tionsal on A If 𝜗 (�̌�)=1̆ Then for every element �̌�  ∈̿ 𝐴 we 

have 𝜗 (�̌�) ∈̿ Γ𝛿𝑥 

Proof: Let �̌�  ∈̿ 𝐴 and �̿� = 𝜗 (�̌�) .If �̿��̌� − �̌� is not invertible then �̿� ∈ Γ𝑥 ⊆ Γ𝛿�̌� So �̿� ∈  𝑇𝜀(�̌�) . Now 

assume that is invertible. Then 

1̿ = |𝜗(ě)| = |𝜗(x̌) − 0̌| = |𝜗(ě) − 𝜗(λ̿ě − x̌)T((λ̿ě − x̌))−1| 

≤̌  δ̿‖(λ̿ě − x̌)((λ̿ě − x̌))−1‖ 

Thus we have 

‖(λ̿ě − x̌)((λ̿ě − x̌))−1‖ ≥̿  
1̌

ε
 

So we conclude that  λ̿ ∈ Γεx. Consequently we have 𝜗 (x̌) ∈̿ Γδx. 

4. Conclusions 

This study presents the concept of a fuzzy soft spectrum. We examined the fundamental characteristics 

of these ideals in fuzzy soft Banach algebras. Recent research has focused on exploring new findings 

and theorems related to fuzzy soft Banach algebra.  
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