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1.Introduction

Uncertain data in the real world poses challenges in solving issues in mathematics, biological sciences,
economics, engineering, and medical sciences using conventional mathematical approaches. The main
obstacle to the normal mathematical approach is the absence of parameterization tools to describe
problems that arise in the domains of ambiguities as well as uncertainties.

In order to address such issues The notion of soft set theory was proposed by Molodtsov [5]. Soft set
theory is a novel mathematical approach that effectively handles uncertainty. Moreover, it possesses a
parameterization tool that offers greater flexibility compared to conventional mathematical approaches
for dealing with the ambiguity and uncertainties inherent in real-world issues.

Das with Samanta [1] proposed the concept of soft linear functionals in soft linear spaces. The
researchers examined the fundamental characteristics of these operators and expanded upon important
theorems in the field of functional analysis within the context of soft-set settings.

This work introduces the notions of fuzzy soft spectrum, fuzzy soft condition spectrum, as well as
the fuzzy soft spectral radius of a fuzzy soft element in a fuzzy soft Banach space. Within the framework
of fuzzy soft space, we present the precise definitions of four types of linear functionals: the text contains
four types of linear functionals: fuzzy soft multiplicative linear functional, almost fuzzy soft
multiplicative linear functional, almost fuzzy soft Jordan multiplicative linear functional, as well as
the fuzzy soft Jordan multiplicative linear functional. The study investigates recent findings and
fundamental ideas in the field of fuzzy soft Banach space.

2.1 Preliminaries

Throughout this piece of writing. Suppose that X denotes a universal set and E denotes a collection of
parameters.. IX is the set of every fuzzy sets over X, and A is a subset of E.
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Definition(2.1.1) [4]: A pair T is considered a fuzzy soft set over X if I': A — I* is a mapping from A
to elements of I%. For every element e in the set A, the function I'(e) represents a fuzzy subset of X,
characterized by its membership function.

I,:X - [0,1]

Definition(2.1.2) [4]: Given two fuzzy soft sets I’y as well as ug defined over a shared universe X, we
may state the following:

I. [; is a fuzzy soft subset of ug shown by I, < up if:
1. AcB

2.Forallein A, T (x) < ug(x) vx € X.

Ty =pugifly < pgand pug <T,.

iii. The complement of the fuzzy soft set I, is represented as I, where I': A - X as well as I'“(e) is
the complement of fuzzy set I'(e) with membership function T, =1 —-T,V e € A.

iv. [, = @4 (null fuzzy soft with regard to A), if foreachee A, I, (x) =0,V x € X.
v. [, = X, (absoiute fuzzy soft set with regard to A) if V x € X, I, (x) = 1 for each e € A.
When A = E, the null fuzzy soft set is represented by @, and the absolute fuzzy soft set is given as X.

vi. The union of both fuzzy soft set I’y as well as ug, is denoted by I’y U ug, is the fuzzy soft set (I' U ),
where C = AUBand Ve € C,we have (' U u)(e) = T'(e) U u(e) where

[ (x) ifeeA—B
Tuwex) = fhe (X) ifeeB—-A
kmax{]"e(x),,ue(x)} ifee ANB

for all xe X.

vii. The intersection of two fuzzy soft sets I’y as well as g is represented by I'; N ug, and is given by
the fuzzy soft the set (I' A u).. Here, C= AN B # @ with V e € C, we have (I A)(e) = ul'(e) A u(e)
where

(T A We(x) = min{l(x), pe(x)} for all x € X.
3.1 fuzzy soft spectrum

Definition (3.1.1): Assume that C get the set of complex numbers with ¢(C) representing the set of
every nonempty bounded subsets of C. Consider a collection of parameters denoted by A. A mapping
A — ¢g(C) is defined as a fuzzy soft complex set. Iy denotes it. If the set Iy has only one element, it
may be seen as being equivalent to the associated fuzzy soft element, which will be referred to as a fuzzy
soft complex number. The set of every complex numbers that exhibit the characteristics of fuzziness and
softness is denoted by the sign C(f).
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Definition (3.1.2): Consider I as a fuzzy soft Banach space such that a fuzzy soft unit element I, and
let T:X — X be a linear operator. The fuzzy soft spectrum of an element x belonging to set A is
represented as Is and can be defined as follows:

s ={1eC(f):A—-T¢GHx)}
G (x) represents the collection of any fuzzy soft invertible elements in the fuzzy soft Banach space [;.
The fuzzy soft spectral radius of x, written as #(x), is defined as #(x) = Sup{|A|: 1 € [}.

Definition (3.1.3): Let 0 < & < 1. The fuzzy soft condition spectrum of x in G is denoted by [ (x)
and is defined as follows:

~ 1
oo = {2 e ceylar-niner -n=> 4.

The fuzzy soft condition spectral radius of x is denoted by 7-(x) and define it by:
fo(x) = Sup{lAl: 1 € [ (x)}.

Proposition(3.1.4) : Consider [ as a fuzzy soft Banach space. If T € T satisfies ||T|| <1,thus (I = T)
is invertible as well as its inverse is providedas (I1— T) "' =1+ Y%, T™

Proof. Since [ is fuzzy soft Banach space , so we have ||TJ||<||T|J for any positive integer j, so that the
infinite seriesZ?L‘;l”T”n is fuzzy soft convergent because ||T||<1. So the sequence of partial sum §;, =
Yk _, T, is a fuzzy soft Cauchy sequence since ”22:? T”” < Zﬁzz |T||n .

Since [y is fuzzy soft complete so Yo, T™ is fuzzy soft convergent.
Nowlets =1 + Y2, T™.

Now it is only we have to show thats = (I — T)~1.

We have
(1) A-T)e+T+T%+.T)=0+T+ T2+ .. THI-T)=1-T""

Now again since ||T|| < 1 so T""! — 0 as n— oo. Therefore letting n— oo in and remembering that
multiplication in T is continuous we get, (I—T)s=s(I-T)=¢

So that s = (I — T')"\. This proves the proposition.

LLemma (3.1.5): Consider [ as a fuzzy soft Banach space equipped with an identity element /.
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Suppose T is an element of G in which ||T|| < 1, thus (I —T) is invertible as well as its inverse is
provided as (1—T) ™ = I+ X%, T Furthermore we have ”(I T) ” <

=T
Proof. For the proposition (4). Now
letS, =1+T+T?+--+Trandy =1+ Y%, T" Then by
the first part we know that (I — T)~! = y . Also we have

n L [l
= lim |S,[| = li ||1+Z Tk”s I +Z T =
Iyl = Jim Sall = Jim [[1+ ), TS =i+ 2, W = =
If [ is fuzzy soft with identity (ie.llll=1) then we get [[(/-T)7'|<

=7l
Corollary (3.1.6): Consider [5 as a fuzzy soft Banach space. Consider £ € T and {i be a fuzzy soft
scalar in which |(ij>(|T||. Then (il — T) ' existsand (il —=T) ' =¥ A" T 1(x° = I).
Proof. y € I be such that y 'exists in ['and fi be afuzzy soft scalar such that
fi(A) #0, VA € A. Then it is clear that

(fy) ' =
Having noted this we can write

A-T=Rp0-f7'T)

and now we show that (I — i’ 'T) ! exists. We have ||[I — (I — i~ 1T) || = |[a~1T || = |47 IT|| < 1 by
hypothesis. So, by Corollary 10 (I — i 1T) ™! exists and hence (fil — T) ™! exists. For the infinite series

representation, using the Proposition 9 we obtain

-7 =ptd-pin7!
=AM+ X0 U= =27 D]" =7 U + E7o, (A7 )™M = Xas, AT
This proves the corollary.

Corollary (3.1.7): Consider a fuzzy soft Banach space denoted by [z, which has a fuzzy soft unit
element I such that ||1]| = 1 and T € G(x). Suppose 1 € C(f) — {0} such that ||T|| < A. Then (A1 — T)
is invertible and (4 — T)™* = Y2, g~ T,," ' : (T° = I) .Furthermore, we have

Al -7 £
| I 7

Proof. To demonstrate the last conclusion, we just need to replace IT by X in Lemma (5) and obtain the
outcome for corollary (6).

Theorem (3.1.8): Consider a fuzzy soft Banach space denoted by [y, which possesses a fuzzy soft
identity element I. It is required that the norm of I, denoted by [|/]|, be equal to 1. Additionally, let x
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belong to the set A. Next, we can observe that the upper bound of #(x) < r¢(x) < g || 7|, whereas the
lower bound is 7(x).

Proof. Since I € I (x) , so we have r(x)< 7. (x). Suppose that 1 € T (x) . If [A] < ||T|| , then we can
1+¢

easily prove that || < — ||T|| Thus we have 7¢(x) < =7
Now suppose that |21 > ||T|| . Then (A —T) is invertible and by corollary (3.5) we have

A=D1 < Consequently by some computations we get [A| < E T||. Thus we conclude
[Al- IITII
that 7 (x) < — ||T||

Definition (3.1.9): Consider Iz as a fuzzy soft Banach space, as well as consider T: I; - C(A) to be a
fuzzy soft linear functional. T is considered to be almost fuzzy soft multiplicative if there exists a positive
value & such that for any x and y belonging to G:

ITCxy) =TT < Slixllllyl-

Proposition (3.1.10): Consider 7 as a fuzzy soft linear functional on a fuzzy soft Banach space T,
where T has an identity element I and 74(I) = 1. The subsequent requirements are of equal significance.

i) A(x) = 0 implies H(x?) = 0 for all x € G,
i) AG?) = @), x €G,

iii) f(x) = 0 implies j(xy) = 0 forall x,y € G
iv)  Axy) =1&)A() forallx,y € G

proof: (i)—(ii)
A(D) = 1 implies

A(x = A()) W) = Alx = AN ARDDAEIR) — AW = 0;VA € A
So we have 0=r(x — 7)(x)) = 0. By (i) we have

i ((x = 700)") = 16 — 220 + (1) = 1G> - (71@)° = 0.
Thus we deduce that 7 (x)? = (n(x))

(i))=(ii)

By substituting the expression u + v with the variable (x) in (ii) we obtain the result 7j(uv + vu) =
2(w)n(v);u,v € G, (1).

Let x,y be in G with 7j(x) = 0. According to (1) we have 7j(xy + yx) = 0.(2)
Hence by (ii) we obtain #(xy + yx)?) = 0. Since (xy + yx)?=2A4(x(yxy) + (yxy)x) =
41 (x)f (yxy) = 0.
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By combining equations (2) and (3), we can deduce that (xy) = 0.

(iii)=(iv)

Consider x,y € G.we have fi(x —(x)) = 0. Hence for each 1 € A we have

(2 = A(x)) () = 0. Thus by (iii) we have 7 ((x — 7(x))y) (1) = 0.

Then we get

7 (= 100)y) () = ey = AYIA) = Ay = AHEODAGIA) = 0; AVE A,
Thus we have 7(xy) — A7(x)A(y) = 0. Consequently we get 1 (xy) = A(x)A(y).

(iv)=(i)

From (iv) we haverj(xy) (1) = (x) (D)7 (y)(1). If fj(x) = 0, then j(x) (1) = 0; VE A so we have
fxy) (D) =)D ()A) = 0.7(y)(2) =0

Therefore j(xy) = 0.

If 77 is a fuzzy soft multiplicative linear functional, it is also a fuzzy soft Jordan multiplicative functional.
Currently, we possess the subsequent corollary.

Corollary(3.1.11): Consider 1 as a fuzzy soft Jordan multiplicative linear functional on the fuzzy soft
Banach space [z, which has an identity element | such that ¢(I) = 1. # is a fuzzy soft multiplicative.

Lemma (3.1.12): Assume that 7 is a fuzzy soft multiplicative linear functional on the soft fuzzy Banach
space I'z. Next, we consider the estimated value of 7}, denoted as 7 (x), which belongs to the set I'. Here,
x is an element of the set G.

Proof: For x € G we set z=#(x)I — T Then we have
1(2)(D) =HC)DADA) —Ax) (D) = 7H(x)(AD) —Hx) () = 0.
Hence we have 7j(z) = 0. Therefore z € ker#. So we have z € sing(G). Consequently (x) € T.

Remark (3.1.13): Let's assume that 7j is a fuzzy soft multiplicative linear functional. Consider z to be
an element of Tz, where T is an element of G. Therefore, if ze-xis is not invertible, we may
Azl = T) = 0.

It is understood that when an invertible element y is present, the value of #(y) = 0.
Therefore zi(I) — /(x) = 0. So we have z=7j(x).
Thus, we present the following theorem.

Theorem (3.1.14): Consider [z as a commutative fuzzy soft Banach space. Let x be an element of G,
then
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s = {1(x): 1 is a fuzzy soft multiplicative linear functional}.
Proof. The conclusion may be derived from lemma (3.12) and the last sentence.

Lemma(3.1.15): Consider T as a fuzzy soft bounded linear functional mapping from I'z(A4) to C(f).
Then T is nearly indistinctly malleable.

Proof: For any X,y € A, we obtain
IT(xY) =TETO)I < ITEP|+ITETE < ITNIxI + ITI*N=IYI = AT+ DT
Thus T is almost soft multiplicative where § = (||T|| + ||T]|?).

Proposition (3.1.16): Let [y is a fuzzy soft Banach space and T;: T (4) — C(f) is a fuzzy soft
multiplicative linear functional and T,: I's(A) — C(f) is a soft bounded linear functional.

The sum of T; and T, is a nearly fuzzy soft multiplicative functional, although it is not strictly
multiplicative.

Proof: For each X,y € A we have
|(Ty + T)(XY) = (T1 + T) (X)) (Th + T) (D)=

IT,(Xy) + T, (Xy) — (T:(R) + T(M)(T: () + T (M=
IT,(2Y) + T2 (2Y) — 1T (Y) — ()T (V) - 1T (V) — (T (P)] <
1T, EY)-T1 T (D) + |T2(%Y) — 2R T (D] + [Ty () T2 (D] + [T (DT (F)]
So by lemma(14) we get
|(Ty + T2)(3Y) — (T1 + T) G)(T1 + T (D) <
AT+ NTDNRINFN + 20T RN TP =
T+ TR PN+ 20T T IR
Thus (T; + T,) is almost fuzzy soft multiplicative. Clearly (T; + T5,) is not multiplicative.

Definition(3.1.17): Consider a fuzzy soft Banach space denoted by Ty. A fuzzy soft linear functional
: Tz (A) — C(f) is considered an essentially fuzzy soft Jordan multiplicative functional if there exists

a positive value § S 0 such that;
7(%2) — A®)?| < §||%||° vk € A.

Corollary(3.1.18): Consider Iz as a fuzzy soft Banach space. Let Ty: Tz (A) — C(f) be a fuzzy soft
Jordan multiplicative linear functional, and let T,:Tz(A) — C(f) be a fuzzy soft bounded linear
functional. The sum of T, and T, may be described as a nearly fuzzy, soft, Jordan multiplicative linear
functional.

Proof: The proof may be demonstrated using the same approach outlined in theorem (13).
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Definition(3.1.19): Consider a fuzzy soft Banach space with identity element I, denoted as Tj. Let
£3 0 and T: X — X be a linear operator. The fuzzy soft £ condition spectrum of an element is denoted
by I:(X) and is defined as follows:

L= {1 ) JAr -1 =1}

Theorem(3.1.20): Let [z be a fuzzy soft Banach space with identity element [ and let £ > 0 . Let
ATz (A) — C(f) be a fuzzy soft linear functional such that 4(I)=1 and 7i(e) € I forX € A .Then is
fuzzy soft multiplicative functional.

Proof: We prove that for all X € A we have T(¥)e I.We put L =#/(¥ ). If 1 €T, then 7 is
multiplicative. If 2 & T, then A — T is invertible and soAl — T € G(x).Suppose that # > &||(11 — T)7||
Then we have ||(A1 —T)7Y| < E.Thus we get ||(A1Z —T2)7| Z% Consequently we have 1 7 =
1(X)z = 7j(Xz) € Ix(2X) which is a contradiction. So 7j is fuzzy soft multiplicative.

Lemma(3.1.21). Letd S 0andX € A Thenl, C I;.
Proof: It may be readily demonstrated by the use of a precise definition.

Theorem(3.1.22): Let Ty be a fuzzy soft Banach space with identity element | and 7 be an almost fuzzy
soft multiplicative linear functional on A If 7i (I)=1 Then for every element ¥ € A we have # (¥) € T,

Proof: Letz € A and A =7 (%) .If 21 — T is not invertible then 1 € I, € T, Sod € T.(X) . Now
assume that is invertible. Then

= A(D] =

=

A(®) — 0| = [A) — A(A = T)T(Q1 - T)) ™|

2 8| —T)(1-T1)1.

Thus we have

|A1=T)(Q1-T)| =

o | =

So we conclude that A € T,,. Consequently we have # (£) € Ty
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