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1. Introduction

In the topological space X, a subset B of a space X is said to be a regularly-closed, called also closed
domain if B = cl(int(B)). A subset B of X is said to be a regularly-open, called also open domain if
B = int(cl(B)),An open (resp., closed) subset B of a topological space (X,T)is called F_open
(resp.,F_closed) set if cl(B)\B (resp., B\int(B)) is finite set [6]. They introduce a new type of semi-
open sets  which they call Sg-open sets[2]. An open (resp., closed) subset B of a topological space
(X, T) is called C —open (resp.,C-closed) set if clI(B)\B (resp., B\int(B)) is a countable set[3], they
introduce a new definitions of Separation Axiom which we call FT, _space, FT, _space, FT,_space[4],
In section 3, the first paragraph We defined FR_ space, FT;_space and we have developed theorems
showing the relationship between FR_space, FT;_space and FT, _space, FT; _space, FT,_space, in the
second part we defined FN_space, and FT,_space, in the third part we defined F_separation,
F_connected, F'_connected, F"'_connected, F_ disconnected Spaces and we have developed theorems
that show the equivalence between the previous definition, We give some examples related to the
separation axioms and | have proved theorems that refer to the topics that | defined in this research
proved some topological and genetic characteristics.

2. Preliminaries

Definition(2.1)[6]: Let(X,t) be topological space and A open subset of (X,t), then the cl(A)\A is finite
set and is denoted by F_open .

Definition(2.2)[6]: Let(X,t) be topological space and A be closed subset of (X,t), then the A\int(A)
is finite set and is denoted by F_closed .

Remark(2.3)[6]: Let (X,T) is topological space ,and U € X ..

(1)Let U is F_open, the complement of U is F_closed .
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(2) Let Uis F_closed, the complement of U is F_open .

Definition(2.4)[6]: (X, t)is a topological space, a point in X, a F_open nieghbourhood of X is a V
F_open subset of X, which is containing a .

Theorem(2.5)[6]: A topological space(X, t), then

(i) every union finite F_closed subset of X is F_closed .

(i) every union finite F_open subset of X is F_open.

(iii) every intersection finite F_closed subset of X is F_closed.

Definition(2.6)[6]: Let (X,t)be a topological space, and V € X the intersection of all F_closed
containing V is called F_closure, denoted by VF.

Theorem(2.7)[6]: Let A be a subset of the topological space, (X,t) then AC A KF.
Corollary(2.8)[6]: If Uis F_opensetandUNV =@ ,thenUN \7F = @ In particular, if Uand V are
disjoint F _open set then, U N vV =g :(ﬁF nv.

Definition(2.9)[6]: Let (X, t)be a topological space, and V € X, A point z € X is called F_limit points
of Vifand only if for any F_open set U containing x ,we have (U\{z}) NV # @.

Remark(2.10)[6]: The set of all F_limit points of V is called the F_derived set and denoted by dg(K).
Theorem(2.11)[6]: If (X, T) a topological space, and H,U € X, Then .
(i)d(H) c dg(H), d(H) is the derived set of H .
(i) H € U, then dg(H) < dg(U).
Theorem(2.12)[6]: Let (X, T)be a topological space, and H,U € X ,Then .
. —F
Hh @ =0.
—F
(i) HSH
—F —F
@ii) IfH<U,thenH <U .
. ——F —7F —F
(iv) If (HuU) = (H) u@) ).

' _F

(v) H =H
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Definition(2.13)[6]: g: (X, ) — (Y, 1)a function g is called F_continuous if g~1(H) is F_ open set in
X foreveryopenset HinY.

Definition(2.14)[6]: g: ( X,T) — (Y, t)a function g is called F_open if g(H) is a F_open set in Y for
every open sets H in X.

Definition(2.15)[6]: g: (X,t) — (Y, 1) a function g is called F_closed if g(H) is a F_closed set in Y
for every closed sets H in X.

Definition(2.16)[6]: g: (X, T)—(Y, 1) a function g is called F_ hmoeomrphism if and only if h
and h~1 are F_continuous, onto and one to one .

Theorem(2.17)[4]: Let (Y, T,) be F_open subspace of (Y, T) if U F_open set in X then (U N'Y) F_open
setinyY

Definition(2.18)[4]: If (X, T) be a topological space, then X is called FT,_space if and only for each
X,y € X such that x # y and there exists V is F_open set, [x € Vand y & V]or[x € Vandy € V].

Definition(2.19)[4]:Let (X, T)be topological space is defined FT;_space if and only if for each x,y € X
such that x # y, there exists U,V is F_open set such that, [x e U Ay¢€Uand y€ V A x & V]

Definition(2.20)[4]: Let (X, t)topological space is called a FT,_space if for each pair distinct points
a,b € X, the exist F_opensets U,V anda # bsuchthat[ae U,beV,andU N V= @].

Definition(2.21)[1]: Let (X, t) be a topological space and A,B € Xsuchthat A+ @ ,B+ @ andE <
X, then we said that A, B form a separation for E if

1)E=AUB 2)ANB=ANB =¢
3. The Main Results
3.1 F_Regular Space.

Definition(3.1.1): Let (X, ) be a topological space, then the space(X, t)is called a F_regular space if
and only if for each F_closed set G c X and each point x & G, there exist F_open sets Uand V such that
x € U,Gc V,and UNnV = @ and denoted by FR_space.

Lemma(3.1.2): Every FR_space is not FT,_ space. X = {a,b,c}, Tt = {0,X,{a} {b,c}}, a # b, there
exists U = {a} isF_open set. a€ U,b & U,a # ¢, and c € U,b # c, there is not exist U is F_open set.
suchthat[b e UA cg€ U]V [b € U A ¢ €],50 (X, ) not FT,_space.[ FR_space # FT,_space]

Theorem(3.1.3): Let (X,t) be FR_space then for each x € X and each F_open set W containing x,
there exists an F_open set U such thatx € U € UF € W.

Proof: suppose that X is FR_space. Let x € W is F_open, x € W = x & X-W X is FR_space. There
exists U,V are F.open, UNV =0, xeUAX-WCV)UNV=p U S X-Vwehave UC X-V
—F —F —F —F
andX-V € W, ThenU <X-V [since ASB=>A C<B ]
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—F — F —F —F

thenU <X -V since [X—V F-closed , X—V=X-V ], ThenU <©X-V} ThenU < X-
—F —F —F

VAX—-VCEW, ThenU €W, xeUcSU cW(inceASA ).

Theorem(3.1.4):The property of being a FR_space is a topological property.

Proof: Let X is FR _space, since h: (X,t) = (Y, t")there exists h one to one, onto and F_ continuous, h
is F_open let y e Yand G, F_closedinY;y & G, h onto function there exist x € X;h(x) =y, h F_
continuous = h™! (G) isF_closed inX; x € h™1 (G) since (h(x) =y & G), X is FR_space there exists
U,VisFopensetUNV =@, [x€ UAh™ (G) € V], h F_open, then h (U),h(V) is F_openin W, h
one to one and honto [h (x) € h (U) Ah(h™1(G)] € h(V) =y € h(U) AG € h(V)(sincey = h(x) A
h(h™1(G)=G),UnV=0 =[hU)nh(V) = h({UnV)=h(@)=0,soXisFR_space.

Example(3.1.5): Let h: (R,D) — (R, t.of); h(x) =X for each x € R, hisF_continuous function
since the domain (R, D) is discrete topology and his onto and in general (X,D) is FR_ space, but in
general (X, T.o¢)is not FR_ space.

Definition(3.1.6): Let (X, T) be a topological space, then the space (X, t) is called FT;_space if and
only if its F_regular and FT,_space, FT;_space = FT;_space + FR_space.

Example(3.1.7):The space (X, D) is FT;_space since its FT;_space and FR_space .

Example(3.1.8): Let X ={1,2,3},t = {(D, X, {1}, {2,3}}, The space ( X, T) is not FT;_space since its
not FT,_space and FR_ space.

Example(3.1.9): The wusual topological space(R,ty,) is FT;_spacesince its itsFT;_space
and FR_space.

Example(3.1.10): The space ( X,I) X contains more then one element is not FT;_space since its
not FT;_space and not FR_space.

Theorem(3.1.11): The property of being a FT;_space is a hereditary property .

Proof :since the property FT;_space and FR_space are a hereditary property then FT;_space is a
hereditary property .

Theorem(3.1.12): The property of being a FT5_space is a topological property.

Proof: Since the property FT;_space and FR_space are a topological property, then a FT;_space is a
topological property.

Remark(3.1.13): The F_continuous image of FT;_space is not necessarily FT;_space
if h: X, ©)—>(Y,t") is F_continuous ,onto function and Xis FT;_space thenY is not necessarily
FT;_space.
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Example(3.1.14): Let h: (R,D)—>(R,D); h(x) = x for each x € R, his F_continuous function since
the domin (R,D) is discrete topology and h is onto and in general
(X,D) is FT;_spase (R, D)is FT;_spase but ( X, ) not FT;_spase.

Theorem(3.1.15): Let (X, t) be FT;_spase then X is a FT,_spase.

Proof: Suppose that X is a FT;_spase.Letx,y € X; x #y, Xis aFT;spase = {y} F_closed set = x ¢
{y}since x # y X is aFR_spase = there existsU,VareF openset, UNV=0,x=>UA {y}cV)=
(x € UAy € V)so (X, 1)is a FT,_spase.

Remark (3.1.16): From above the theorem we have
FT;_space < FT,_spase < FT;_spase <« FT,_spase
3.2 F_Normal space

Definition(3.2.1): Let (X, T)be a topological space, then the space (X, t) is called F_Normal space and
denoted by FN_space if and only if for each pair of F_closed disjoint subsets G and E of X, there exist
F_opensetsUand Vsuchthat GEC U ECVandUNV=0,(GEUAEcCV).

Example(3.2.2): Let X = {1,2,3}and t = {X, 0, {1}}. Show that (X, t) is FN _space, the family of
F_closed sets {X, ®@,{2,3}}, take every two F_ closed sets there intersection is empty as follows take,
X,0isF_closed; XN @ =@, thereexest U =0 AV =XisF_open; UNV =0,(@ S UAXC V), take
?,{2,3} is F_ closed; {2,3}n @ = @, there exest U=@0AV=XisF_open; UNnV=0,(0<UA
{2,3} € V). So (X, ) is FN_ space.

Notes that this space not FT, _space, not FT; _ space, not FT,_ space, not FR _ space, andnot FT; _
space.

Remark(3.2.3): FNgpace # FRgpace, then

(FN_space # FT,_spase) A (FN_space # FT,_spase)

(F R _space # FN _space) A ( FT; _space # FN _space) A (T,_space # N _space).
Remark(3.2.4): (FT,_spase # FN_space)A (FN_space # FT,_spase).

Example(3.2.5): The space (R, Tqof) IS FT,_ space and not FN_ space, since there is twononempty
disjoint F_closed sets, but there is no two nonempty disjoint F_open set. Notes that too (R, T..f)iS
FT,_space and not FN _space.

Example(3.2.6): The space (R, I) is not FT, _ space, since R is the only F_ open set contains elements
and its contains all elements. But (R, I) is RN_ space since the F_closed sets are

G = RandE=0@only,and RN ® = @ and the F_opensetsare Rand@and RS R and @ < @.

Example(3.2.7): The space (X, D) is FN _space, since every sets her is F_ open and F_closed then: If
V,EisF closed, VNE = @,thenV,EisF_open; VS VAECE.
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Theorem(3.2.8): The property of being a N_space is a topological property.

Proof: Let(X,t) = (Y,t)and suppose that X is FN_space, to prove Y is FN_space, there
exist h: (X, T)—(Y, ") h is one to one and his F_continuous and F_open, let G,E is F _closed in Y : G N
E=¢ , h F_continuous h™*(G), h™*(E) F_closed in X and h™'(G)n h™(E) = h™}(GNE) =
h~1(@) = @ (the function h is F_ continuous if and only if the inverse image of every F_closed set in
codomain is F_closed in domain ), X is FN_space, there exist U,V are F_open GNE = @, (h"1(G) €
UAh™Y(E) €V his F_open, h(U), h(V) is F_open in Y, h is onto, h(h™1(G)) € h(U)Ah(h~1(E)) <
h(V), G € h(U)AE € h(v), GESh(UO)AES h(V) ,UNV =@ thenh(U)nh(V) =hU)nh(V) =
h(UNV) =h(@) =0,s0 YisN — space.

Theorem(3.2.9): The space (X,t) is F_normal (FN_space)then for each F_closed subset G < X and

—F
F_open set W containing G, there exists an F_openset Usuchthat GES U S U .
Proof: Suppose that X is FN —spaceand G € X, Let WisF open;GEW =GNX-W =0

X is FN —space = there exists U,Vare F_open, UNV=0; (GES UAX-WC V), =

X—VEW UNV=0 = UCX-V=U CX=V =0 CX-V=GCUNCU <
X—-VAX-VCW=GcUCTU cw.

Theorem(3.2.10): A F_closed subspace of FN_space is FN_space.
Proof :Let (X,7)be FN_space and (W, ty,) F_closed subspace of X, to prove (W, ty,) FN_space Let
Gy, Ey are F_closed sets in W; Gy, N Ey, = @ ,there exists G,E are F_closed, Gy, = GNE ANEy, =
ENnW,GNE =@, since X is FN_space there exists U,V F_openU NV =@,(G S U AE < V)then
UNW AV NW F_open in W (By theorem 2.17) (UnNnW)Nn (VW) =UnNV)NW=0nW =0
,since Gy, = GNW then Gy, €S GAGy S W then Gy CSUAGy S W = Gy, € UNW since Ey, =
ENnW thenEy, €SEANEy, €S WthenE, CSVAE,<SW = E, cVnNnW,so(W,ty) FN_space.
Definition(3.2.11): Let (X, t)be a topological space, Then the space (X, t)is called a FT,_space if and
only if F_normal and FT;_space.

FT, space = FT,_space + FN_space

Example(3.2.12): Let X = {1,2,3} andt = {X,7,{1},{2,3}} Then the space (X,t) is not
FT, space, since its FN _ space but not FT, _ space.

Remark(3.2.13): If X is finite space, then (X,D) is FT, — space iff t = D, (because if X is finite
space, then its FT; _space ifft = D andif t = D, then X is FN _ space).

Example(3.2.14):The space (X, D) is FT, _space, since its FT; _ space and N _ space.

Example(3.2.15): The space (X,I); X F_contains more than one element is not FT, _ space, since its
not FT; _space.

Remark(3.2.16): The property of being a FT, space is not a hereditary property, since
theF_normality is not a hereditary property.
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Example(3.2.17): The space (X, 7.,5) is not FT, _ space, since its FT; _ space but not FN_space.

Theorem(3.2.18):The property of being FT,_space is a topological property.

Proof: Since the property FT; _ space and FN _space are a topological property, Then FT, _ space is
a topological property.

Theorem(3.2.19): A F_closed subspace of FT, _space is FT, _ space.

Proof : Let (X,t) FT, _space and W F_closed set in X, to prove W is FT,_ space, X is FT; _ space ,
W is FT, _ space (since FTyis hereditary property), W is F_closed in X and X is FN_space , W is FN
_ space (by theorem3.2.10 ) W is FT, _ space.

Theorem(3.2.20): Every FT, _space is FR _space.

Proof: Let (X,7)be FT, _space, X is FT; _space and FN _space, Let x € X and G F_ closed set in
X;x & G, {x}isF_close (since X is FT;_space then {x} F_closed foreachx € X}, {x}nG =0, X
IS FN _space, there exists U,V F open, XNV =0, {(x}SUAGCSV),xEUAGESV , X is
FR_space.

Corollary(3.2.21): Every FT, _space is FT; _space.

Proof: Every FT, _space is FR _space, every FT, space is FT, space and FN_space we have, X is
FT; space FR_space, so X is FT;_ space.

Remark(3.2.22): Every FT, space is FT,_ space since every FT, space is FT;_space and every
FT;_space is FT,_space so that :

FT, space « FT; space < FT, space « FT, space ¢ FT,_space
Remark(3.2.23) FN_space +FT,_space = FT;_space, and FN_space +FT;_space = FR_ space.
3.30n F_connected

Definition(3.3.1): Let (X, 7) be a topological space and A,B < X suchthat A +# @, B # @ and E € X,
then we said that A, B form a separation for E' if

1)E=AUB 2)ANB=ANB=2¢
Definition(3.3.2): Let (X, 7) be a topological space, we said that X is connected if X has no separation.

Theorem (3.3.3 ): Let (X,7) be a topological space, then (X, ) is connected. (X, t)is connected
space.

1) the only sets which are open and closed in X are @, X .

2) X is not a union of two nonempty disjoint open sets.
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Definition(3.3.4): Let (X, 7) be a topological space and A,B € X suchthat A+ @ ,B+ @ and E <

—F —F
X, then we said that A, B form a F_separationfor Eif 1) E = AUB 2JA NB=ANnB =90
Definition(3.3.5): A topological space (X,t) is called F_connected if X is not a union of two
nonempty disjoint F_open sets.

Theorem(3.3.6): Let (X, 7 ) be atopological space, Then the following are equivalent
1) (X, t) isconnected space.

2) (X, t) is F_connected space.

Proof: 1 — 2

Let (X, t) be connected space, Suppose (X, 7 ) is not F_connected.Then there exists A, B F_open sets
suchthat ANB =0 and X = AU B, Then A, B are open sets suchthat ANB=¢ and X = AU B.
Therefore (X, T ) is not connected space which is a contradiction, Hence (X, 7 ) is F_counected space.

(2— 1)Let (X,7) is F_counected space and suppose (X, 7 )is not connected space, then 3 A, B open
sets such that AN B = @ and AU B = X. therefore A4, B are F_open sets, ( every open, closed set is
F_open). Hence 3 A, B F_open sets suchthat AN B =@ and AU B = X .Thus (X, t )is not connected
space which is a contradiction .Then (X, 7 ) is counected space.

Definition(3.3.7): A topological space (X, 7) is called F’'_connected if the only F_open and F_closed
at the same timein X are @, X .

Theorem(3.3.8): Let (X, t) be a topological space. Then the following are equivalent.
1) (X,t) isconnected space.
2) (X, 7) is F'-connected space .

Proof: 1 — 2 Let (X,t) be connected space. Suppose (X, t ) is not F'_connected. Then 3 A F-open
and F_closed set 3 A+ @and A+ X. Then 3 A open and closed set 3 A+ @and A # X. Then
(X, 1) is not connected space space which is a contradiction. Then (X,t) is F’'_counected space.

Proof 2— 1 Let (X,t) is F'-counected space and suppose (X, 7 )is not connected space. then 3 A
open and closed set such that A + @ and A # X. let B = X — A. Then B is open and closed set. Hence
A, B and F_open sets. Therefor A is F_open and F_closed set> A # @ and A # X .Therefor (X,t)is
not F'_connected space. which is a contradiction .Then (X, 7 ) is counected space.

Definition(3.3.9): A topological space (X, ) is called F'’_connected if X has no F_separation .
Theorem(3.3.10): Let (X, t) be atopological space.Then the following are equivalent
(1)(X,7) is connected space .

(i)(X,t) is F"_connected space .
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Proof:1 - 2 Let (X,7) be connected space. Suppose (X,7) is not F” connected space. Then

—F —F —_ —
3AB25A#Qand B+ 9, X=AUBandA NB=ANB =@. Then ANB=ANB=0
Therefor (X, 1) is not connected space. which is a contradiction. Hence (X, t) is F"'_connected space

Proof: 2— 1 Let (X,7) is F'_connected space .Suppose (X, 7 )is not connected space. then 3 A open
and closed set such that A+ @ and A+ X. let B=X—A. Then X =AUBand A # @,B + Q.

—F —F —F —F
Therefor A, B are F_closed sets.Hence A = AandB =B.ThenA =A=X—-B.HenceA NB =
—F —F
®.ThenB =B =X —A.Hence B N A = @. Therefor A and B from F_separation space for X, Then
(X,7) isnot F"_connected space. which is a contradiction. Therefor (X, 7 ) is connected space .

Theorem(3.3.11): Let A be connected sets and H, K are F_separated sets. if A € H U K, then either
ACH.

Proof: Let A be connected set and H, K be F_separated sets. then H # @, K i@andﬁFnK =Hn
K =0. Let ACHUK.Suppose A, =ANH#®, A, =ANK#®. Then A=A, UA, A, #
0A, #0.A,CH—A4, CH —4, NA,CH n4,cH nKk.

Since H NH=0,thend, NA,=0. A,CK—4, cK —4, nA4, €K n4, €K NH,

—F —F
Since K NH =@,thenA, NA; =@.Then A, A, from a F_ separation for A. which is a
contradiction since A connected set .Then either A € Hor A € K.

—F
Theorem (3.3.12): If A is connected set, then A is connected .

Proof : Let A be connected set. Suppose ZFis not connected. Then 3 H, K from a F_separation for ZF.
Hence H = 0,K # 0,4 =HUK,andH NK=HNn K =0, Since ACA , Then AC HUK.
Then by theorem(3.2.11), either A € H orA S K. If A € H, then A CHhence A nKCH nK.
Since EF NK =0, thenZF N K = @. Therefore K = @ which is a contradiction. By the same way get
a contradiction if A € K.therefore ZFis connected.

Definition(3.3.13): The space (X,7) is F_disconnected space if and only if there exist two F_open
set disjoint nonempty sets A and B suchthat AUB = X,andANB = @,A # @ and B # Q.

Example(3.3.14): Let X = {1,2,3}and 7 = {X,®,{1},{2,3}}, the F_open set{1},{2,3}and X =
{1} u {2,3} and {1} N {2,3} = 0, {1},{2,3} # @, So X F_disconnected.

Remark(3.3.15): In discrete topological T = {X, @} X is not union of two nonempty disjoint F_open
sets, then X is F_connected.

Remark(3.3.16): Let (X, T)be discrete topological let 4 be open subset of X. b(4) = A — A° = A —
A = @ is finite then A is F_open set .

Remark(3.3.17): In discrete topological every open set is F-open .
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Remark(3.3.18): Let (X, D) is F_disconnected if X contains more than one element, since there exists
A, 0+AZLX.X=AUA A A°F-opensetsAN A =@and A # @,A° # @ since (A # X) .

Example(3.3.19): Let (X, rcof)be Is F_connected space, if X is infinite set since there are not exist
nonempty disjoint open sets.

Remark(3.3.20): If (X, T ) is topological space and (W, t,,) is a subspace of X, then the space W being
F_disconnected or F_connected not directly relation by X and the open sets in X, but dependent on the
F_open sets in W, its dependent on t,, ; so that W is F_connected space if and only if there exist two
F_open disjoint nonempty sets A and B in W suchthat AUB = W.

Remark(3.3.21): If (X, T ) is topological space and (W, t,,) is a subspace of X, then the space W being
F_disconnected or F_connected not directly relation by X and the F_open sets in X, but dependent on
the F_open sets in W, its dependent on 7, ; so that W is F_connected space if and only if there exist
two F_open disjoint nonempty sets A and B in W such that W = A U B, Wis F_disconnected < A U
B=W, ALBF openinW, ANB=0;A+®B+® The space (W, t,,) is F_connected if and only
if its not F_disconnected W F_connected if and only if W = AUB;A,BF_open in W; ANB =
0;A+Q,B+#0Q.

Remark(3.3.22): The property of being a F_connected space is not a hereditary property and the
following example show that:

Example(3.3.23): Let X = {1,2,3}and v = {X,0,{1,2},{1,3},{1}}and W < X ; W = {2,3}.Is
W is F_connected space. t,, = {W N U; U open in X} = {W, @, {2}, {3}}. Notes that 7, = D, then W is
F_disconnected space but not F_connected space, since :W = {2} U {3} and {2},{3} F_open in W
and {2} N {3} = @ and {2} # @,{3} # @, Notes that X is F_connected space but not F_disconnected,
while it's have F_disconnected subspace.

Remark(3.3.24): If f: (X,7) — (Y, 7)is F_ continuous and onto function and Y is F_connected space
then, then X not necessary F_ connected space and the following example show that :

Example(3.3.25): Let f: (R,D) = (R,I); f(x) = x for each x € R clear that f is F_ continuous and
onto function and (R, I) is F_ connected, but (R, D) is not F_ connected.

Theorem(3.3.26): Let ((X, 7)be a topological space if W is connected and F- open subsets of X and
X =AUBsuchthat AB F-openandANB=@andA # @,B+ @ then W € Aor W € B.

Proof: Suppose that W € Aand W € B=WNA+@and WNB # @; A,Bis F_open in X =
WnNnAWNB is F.open in W, WnA#@(sinccifWNA=90->WCB),WNB #
@ (sinceif WNA=0->WCA,WnANWNB)=WnANB)=WnN@=0,then

W is F_disconnected (C !! contradiction ! );soW € AvW < B.
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