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Blurins ol edees n an imaee
occu6 in man) diffeEnr neLdi ImaAe

sh rl=(l.r(r rl
uith s(t.J r rhe btuned 

'frrce, /l) / rhe
unknown shap inage and r(4,1 the point
sp@d ftnctio! (PSF), The rynbot (:)
reprcsents the @ivolutio. opeElor, ud
hodels de imas€ bhr. lt is in t&l lhe
response of the imaging sy$€m ro an

T hh blur is o&en unumied tud
has ro be compensrred tor trhis is idaee
F{onrion. snd s ,pptLed m srcnomi,
nedical imasing, fticrcsmpy. ,..). tn tar
c6e,lhe estimalion ofthe blur h needed
ro esroE ine ideal image /f:, non

Mshenlaldso{h

degraded dlra !arr. Somerimes
however, rhh bhr ontai.s exrm
infomlrion. For exmple, it car provide
infomarion lbour tne senings of lhe

w]len dealing wirh autolocus
catoeB, one expecB ro llnd a shalp
image, becau$ all natuEl imaS*conhin
shaD edges since an object in rrcnl ola
background proJuce shaQ cdees. Whei
an iftdge is out ol f@us, the shaQnes ol
the shepc$ edges $al6e still preent in
lhe inage sives us inlomslion about hov
much a. out-of-focus camera needs 10 be

Blumd €dges can aho pmlide
iafomatlo. dbdut lhe 3D n,iure of $e
scene nsii Inrhose applicatiors, d.ph is
estiDalcd ltum rocus/delocus [1,21.
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Asain, we assume that ali ob.jects
in ionl of a bckeiound have shsp
edges. Bur only objeds in lhe focal pl@e
& inaged Niih shalp edgs. For objclt3
bot in ihe fo€l plee th.se shary edges
siu 6e bluned prcponlonally 10 lheir
disr.nce foh the feal plane, thus
providins some depth inlomalion about

In $h paper, a helhod is
propokd to esrimate rhe PSF in an inage
by looking how shaa nie sha+est edges
in ! bluried i@ge sliU arc, i! order to
find infomation ab6ut rhe PSF h
estinates in particul.r the variancs 6, ol
a Caussian PSF froh infomdion
conrained in rhe inase itselr []l:I : r ^r.PsFll,r)=-?.-,4d

\'lrd,
.. tt)

Our method ce estimsre the
imaee hlur wi$ m &cu@y of aboul
10%. Or,ter rechniqu€s lor blur 6ri6!1ion
usif,g caussian PsFl [3,a] use
derivatives ol the Cassian PSF io
delernine rhe variance of the caussian
blur, We prcent an alternalive merhod,
which doesnl use &riulives. but a
neasure of de noothness or $e image

Thh method en also be extended
to Gaussim PSE s that ,€ nol axially
symnehical lnd eve. to PsF\lha!srnl
ev sau$i&. For oul-of-focus brur. a
unifom cncuhr PsF is ued [5,6]. Our
he$od requiles only minor nodilicatiors
lo adrpt !o tlis kird ol PSF, as will be

As in the scaltr wavelet case, fie
theory of toultiqsveleh is bsed on the
idq of muhiEsoluio. ealysis (MRA).

Tbe diilemce is that
nulliwavelets have seveBl sling

tunctions. The shndsrd mulliEelurion
has o.esalins tuncrion o(t) [7].

i. n'etransrotso( k) m riiearty
indaendenl an,l pmdue a brsh
ofthcsubsp&evo.

ii. Tne dirarB o(/ t k) senemic
subspac* vj, j €2, sch thal:
.... c v-r c Vo cVi c Vr c...

...(3)

u/, =r.r.P),11,, = r0r

iii. fiere h one wavelei ,(r) lts
rmnslarcs ,(r - k) podue a
bsis ol the deail' subspace

. .(4)
ior nulliwa!.1ets, rhe notion of

MRA h lhe eme ercQt ttu1 .ow a basis
for V0 is geneBted by translates of N
salii8 iucrions or(t - k), olt - k), ...,
o.{r - k). The v@1or oc) = to(0, ....
oN(t),11 wilt satisry a matrix dilarion
equarion (malogous to the scalar oase)

oo=:qrlo(2r,i) ...(5)

The coemcienrs clkl ae N by N
mairiccs i.stead of scalau. Asocioted
with th.$ sling fundions sE N
$€veleb w(r, . ., w!(t). dhryinc d'e

w(t)=zDwlaet - k) ...16)

Again, w(lF [v(r), ..., trNt)l r is a
vecror d the D{l(l are N by N matri@s
t1t.

3 Th€ Propos.d M.lhod P rln cl ple:
The Eoposd melhod lor blur

estimarion is bed on esrimaring lhe
shalpnc$ of ihe sharpesl edges in ihe
i64e, To sdyze edg€s in lhe image, we
slcul.te lhe Lipschit2 cxp.n€.t in all
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points whed E chsnge in intensily k
lound eilhq in the horizontal or venical

The Lipscnnz oxponent Gome-
lins refeEed to as Holder exponcni) k a
neasure of how mooth the imase is in a
certain point. In lact, il h an.xlension of
how nany dmes the inage i3
diflercntiabh in a cenain poin. For
exmple, a signal lh is differen'iable
once. hd Lipschilz exponent l, a st p
ft.clion has Lipschilz 0 and r dimc
impulse Lipshnz -1. In th. nulliwalclet
domain, it is po$ible lo calculale the
Lipscnitz .xponcnt in a cenain point in
the image lrcm lhe evolution of rhe
modulus m ima of the nulliwav€lel
coeffrcienls coftsponding lo rhat point
thrcush su@ssive s@les. Malhl has

shoM in [8 l0] how Lip$hnzFsuieiry
,!o be oalculated for a one.dimensio.al

Cohsidn the cone of i.nuencc lor
a poinr,. The one olinnuence i r (fis.
l)aEttepoints (a, in sale-pla@ sp&e
that m within the suppofl ol rhc
nulliwavelet v* al positio. v and scale r.

Now, if the signal is unifornly
Lipschilz ain lhe neighbourhood of a

certain poinl v, then a conslanl ,,1 exhts
su.h that all nuhi{aveler co.fficients
snhin thc cone of innuencc around v in
the sale-place sDace elhi the co.dition
!d( n/L'r.rl):/f

. .1o8, Melvtftu;)) =

log, ,{ +(a+1/2)logl s
(8)

hodulus maxifra lnar converSe towards,
wnhin de cone ofinnuencc.

I Pmcric!l c.r.identi.ns:
The nultiwaGer deconposilion

of lhe inase is cllculat.d, and by
followins the toodulus maxima ol the
nuhnvalelet coeflicien$ conespondl.g
lo a cerr2in point in the image lhrouSh
ditErcnr Eslution scales, the Lipschnz
exponent in thlt poiit h .ahulaled by
finins d exponential cuwo lo the
modulus msxima re6$ the scale. as

descibed elrliq [8 l0] A problem in
this approach is thar eved minor intensit,
vsridiois in stooolh rcgio.s result in
Lipschitz e$onents that corespond wnh
sha, edges, An example is shovn in ff8.
(2).In the mnrcrregion at fie righollbe
f.mous 'Lena' imase, we cd see what
causes thn effect. When maEninen and
wilh enhanced conkas. we se lhe
inrensit, laiations, .letr in apparendy

The problen k lo dlstinguislr
shd+ tm.snions which a sdall ailplitude
lrom sm@lh tEnsilions, This disturbs our
e$imation of rhe bluoing of ihe imlge.
Uowcver, lansilions with shEll
ahplnude a@ nor likely to belo.e to

Beause wc wo in lhe
mtrltiwsveler dohain we asrricl our
a.alysis !o feature3 rhai poduce a
gBdient !bov. a cetuin lhredrold. Thh
CadG.t n extmckd ftotr $e
multiwavcl€l detail coefficienh in the
highest Eslution scale. Thc theshold
was detemined empidcalll so dat naioi
ihage leaurcs wcrc visible. Empnictlly.
thislhresholds coftsr.nds wnh iolo,.

Fon de Lip{hnz expon enB th us

iound alonc the sisnilisnt edses in lhe
inage, , histoslEd is made. For lhis
hhtograo, ue divided tne mge ol

I-leE. L{/f4s repesena Ge
modulus ol the nuniwavcler trmsforms
ol/f, at resolution scrler. The Lipsch!1z
reCuladry in ar v k givcn by lhc
fr.xifrun sroPe of 1o8r1,.,,/rrr, s a

lunction ol loE:r ulong the li.es or
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Lipschilz exponors in i eryah with a
widdr of 0.1. Because we reslicted lhe
lipshilz exponen$ 10 thoso
corespondins with tbsnions with large
.mplito.le, Ye already ihecd out the
shanesl hMsitions wnh kge mplitude

Wnen we male d histogam of
lhese Lipschilz exponenB, we expel a
single p€ak componding with the
smoothne$ oi lhe sh.aen edces, when
se have sy.th€tic lesl inages qith large
@nstant regions and step €dges, *e only
hav. one ki nd o i tB.sitions, nadely those
step edges. wl.n the* edses .E bluRd.
we o&ain . nislos@ {ith one peak,
conesDonding with $e sharpne$ ol the
blured edses. This is illusrrared in (ig.
(3). I. lealiry, we havc a cenain
disaibudon dound lhis pat, lron which
we vdl to esrinate thc blui

Bo$ the posilion ollhe minu6
in 6e hisloglm ed lhe enler ofsavity
{cc) of the hhiosEh are rehted ro t\e
blur in th. image, bur arom expeiihens,
i$e CG w6 the mosl lelisble paiam.ler.
Let & be tn. ounber of lbnsitions along
sienifioant edges in the inage *ith
Lipschilz expo.ent dr, then CG is:

ploted in a Lipsohnz EpEml,tion
image, whee intensity h sociate! with
the maEnilude ol dE Lipschitz €xpon€nl.
we made $e hislosBm and calculslod

An exanpl! of such &
perinenl for bluEing wilh a caussian

PSF wilh variance a, _ 3 is shom in fig.
(a), l, ,is, aG) $e odsinal inage is
shoun. in fiA, 4(b) w s lhe bluftd
inage wnh a,=3. In li8. 4(c), a
EpFsentation is made ol which
exponents con&ibute lo thc histogmn in
fie. 4(d), Io rhis rcp@senution, the
Lipschilz exponenr is plou.d sirh blek
points oGpondiig to the sha.pesl
lra.silions jn lne inageiBe sd@der the
hnsition, the lighlcr @1or was used.
whe. fis. 4G) k compmd to fig. 4(a),
one mn Yeriry lhal rhe consideEd
Lip$hitz expo.ents EE ind.dd located
among the sharpest edges with loge
mplitude in lhe ifrage. though not all
edges de aound in 4(c) and not all dark
points i. 4&) are edses In our melhod,
$is h nor E Droblen, sine $ey e only
lsd io. gathedng statistics.

we calculared the Lipschitz
expo.ent rhar @mponds ro c6 ofrhe
hisroglam, Md dclemined lhe aveaBe
CCo, over the whole set oitesr imases
blured with lhe sme o, . To lhese dak
(d,cc66r, m exponenrial cuRe ws
tued (fig, 5) expdimentally, where de
rhdard deviation over ihe expginents k
shoM ds a veltical enor bar. Tne liftins

5 Sysren Implcn€rI8rion:
We 3ludied a test sel of eisnt

ihag€s, lalen fiom the Kodrl *ebsne
[11] and weE laken with digilal mme6.
Fom tles inag$. squ@ egions weE
sel.ct d 10 reduce cotupuldion lime. In
each erperimo! an inage fton fih set

Ms blured wih a gausis PS! Mlh 6d
varying beiwcn I &d 5. Each time! 1he
Lipsohilz exponenh werc crlculalcd
mong Lhe edges in the blured ima8e.

For contrcl purpoes, lhey were

o'l = d exP(D cao, )

in addnion, for lhe padneteB fie
psduced a=0.664t and r=2.6142.

...(10)

If ve conpaE ihe csimated o 10

rhe i.pur 6with which ihe images nere
oiginally blured, we obrain the graph in

tlt



fig, (6). ln rhh sraph, we can see rhal the
enimalions lor o, ar acqumre ro ab.ur
1006. Wnen we olor lor all lhe mases in
all blurina e\;eiimenrs rhe sr'; cd
sigma r6!u\ tie inNt siAma, we see rt/at
allrhecufresarep.rattel Tni!
sueetsts lhal in sne ifragB, th@ was
akeady some inidlt blu Gee top sel ot
cuNs in fi8. (7)). wn.n this ofler is
subr€cted f@n all cury€s, tne st.ndard
deviation h a 1ol smaller (lower set oa
curv€s in fis. (7)). so what we esrinare is
L\e lolal eJled ollhe blur that was atrcadv
ptsenl i. the original disital imaEe, a.l
the synthetic blur tiom lhe experiment.

When we appli.d lhis merhod lo
eslimate lhc blur in bluftd imases for
which no biur infortulion wd a! table,
it was po$ible to use rhn csdmation in a
classical re$oBtion scheme, and good
enorarion reqlts we( obtsined. rn fie
(71, a .onfGal hicronope imoee otr cetl
nrc)eis of ,lrubidopsi maliaha is

The left inrge snows the 6w
micrcsope Lmase, $e nsht inoge shos
rhe imole. eroEd wirh rhe well kn.wn
Richadson-Lu$ Rnoml on atso. rhn
l2l. usins rhe tss imaEt and our
esimaG ol the PSF as inputs. As
tferen@ imsge, we hanually restored
rhe iDage with a synthetically senerared
Gaussisn PSF, with ad vff i,s behven I
od 15. Ihe imaE€ lhat was Estore! bes.
was lhe one rvilh the ene d, $ the o.e
estimsled with our nethod.

We aka hied to eslinare tu pSF

in case ofoul-of-aocus blur This kind of
blur is encounteied in auto tocus
applianions, and is modeled by a unilom

EF.,, 1r ,f vi=?-d:' I o dlNla.

with r' rhe diamerer of the fo.at spo! and
,( a laclor, choen such lhar rhe norm ol
te PSF G 1.0, Jn nost autoleus
spplioations, one does nol estimare the
PSF of the hlurins. bur one onty rries to
detemine ile inase is in locus or not.
Nevenneless, n is possible to drieve
more inlomolion abour 6e bluring, aid
to use n lo adjNr de locus moie
accumrely, ws rePeated rhe sam.
experimcit as before, but thh tihe wnh
s)nlhetic oul ol,focus blur. tn this case,
relatio. 6 h not valid anymore. For out-
ol.focus blur, a polynomial pslided s

Lg,lccr l9.t c6r lr l.c l.i
. .(12)

Using this relation, we can
cstimare {6.a,.In ffs. (8) acohpEdson is

siven bclwen lhe inpul blur aid thc
eslinated blur, The eror bars show rhe
s$nddrd deviation over $e lesr se1 or

In ih e experimenls, we @ that the
CG ol the histogam ol Lipschirz
exponenk calculated amons the edges ln
rhe image k a &liable parsmeler ro
eslimate o ol gaussie blLtr.

However, the standa.d deriario(
on the eslihate i.creases as 6 increases
The tests vere peddmed only lor venical
edges in the inage Applying rhe
algornhh to horianral edses is similar.
and will allow us ro srudy Gaussian PSF s
thar are not oncule symmeaical (wilh o,
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rigur.1. Conc otinfluetrcc,or i pohn y.

rigu.ol. Leni irrgeind detril('nirror)nhrdrsho[s$nrltinronsil rxri*iuh rh!t
distu'brhr blurcs.iD,inn,.

rigurc3. Bl,rre$nnfiiotr on svntl,cric nnasc.
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Figuro {.lx{mplc ofa blur estiDuriotr elperimenr otr r re$ hnrge.
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Fi8urr5, Thcgripl rh.rshors rlc tiried rltariotr beny.en dreenimrtod o lni C6 ot
,rc histogrxrn otLipsrhirz crporosh.
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rieurc b. \qficriiutr (l'(e!r nrtr'l ,,itr lirn.rjonolrhe itrput o i.oon
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Figure T,Illustrliion of.he ollse. eflecr $hcn Lo plrnrg th€ difl€r€nr inmg€s, Thc lop
sstot.u'1osisNnhoulsubrrl$ingtheotfsetitlrsbolro ssrh.tlersubtxciion,

I rdtr,l 8. Bi,r !.,'i'rrio', tr.r.t itr roiv.r'ron oI. ,eJtin,Jg(
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esrm: or or od€t-focus btur

FiguE 9. Fcus BiiDation vr Mt s'a otthc tocrt gpot.
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