
Iraqi Journal of Science and Technology  2024, 13(2&3) 

62 
 

Strongly Supplement Extending Modules 
Sarah Hassan Ali     Mahdi Saleh Nayef 

Al-Mustansiriyah University/ College of Education- Department of Mathematics 
E_mail: ssarah.hassanali@gmail.com 

Baghdad - Iraq 
Abstract 
   The main purpose of this paper is to discuss various concepts and properties of 
modules theory. As well we introduce a new concept which is called a strongly 
supplement extending module if, each submodule of H is essential in a stable supplement 
of H. Also, this work goes further to study the relationships between the presenting 
concept and other provided concepts. Where is the concept presented is a proper 
generalization of strongly extending modules and strong than supplement extending 
modules. Additionally, studies the possibility of its inheritance. It also provided 
numerous descriptions and example. 
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 الخلاصة

المفاه�م والخصائص المختلفة لنظر�ة المقاسات �الإضافة إلى أننا  الغرض الرئ�سي من هذه العمل هو مناقشة     
هو مقاس جوهري في مقاس    Hن  نقدم مفهومًا جدیدًا �سمى المقاسات المكملة �قوة والتي فیها �ل مقاس جزئي م

، یذهب هذا العمل أ�عد من ذلك لدراسة العلاقات بین المفهوم المقدم ومفاه�م الأخرى.  Hفي   جزئي مكمل مستقر
حیث یتم تقد�م المفهوم على انه تعم�م مناسب للوحدات الموسعة �قوة واقوى من مقاسات التوسع المكملة. فضلا عن  

 .ذلك دراسة إمكان�ة تور�ثها. �ما قدم العدید من الأوصاف والأمثلة

 التكمیل�ة.   ومقاسات التوسع المقاسات الموسعة �قوة    �قوة،: المقاسات المكلمة الموسعة  المفتاح�ة  الكلمات
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Introduction 
   Throughout this paper all rings have an 
identity and modules are unitary. A 
submodule S of H an R-module is said to 
be essential in H and denote by 𝑆𝑆 ≤𝑒𝑒 𝐻𝐻 
if 𝑆𝑆 ∩ 𝐷𝐷 ≠ (0), ∀ (0) ≠  𝐷𝐷 ≤ 𝐻𝐻 
(Goodeal, 1976). Also, a submodule S of 
H an R-module is closed in H and 
denoted by 𝑆𝑆 ≤𝑐𝑐 𝐻𝐻 if 𝑆𝑆 ≤𝑒𝑒 𝐷𝐷 ≤ 𝐻𝐻 then 
𝑆𝑆 = 𝐷𝐷, (Goodeal, 1976). In addition, that 
H is called extending module if every 
submodule of H is essential in a direct 
summand of H (Harada, 1982). 
Furthermore, that S is called a 
supplement submodule of N in H and 
denote by (S ≤𝑠𝑠𝑠𝑠𝑠𝑠 H), if S+N = H and 
S∩N≪ S. (Kasch and Wallace, 1982), in 
anther hand, H is called a supplement 
extending module if every submodule of 
H is essential in a supplement submodule 
in H (Yaseen and Tawfeek, 2015). Also, 
in (Tawfeeq, 2015) H is said to be 
supplement simple if (0), H are only 
supplement in H. 
   (Abbas, 1991), introduced a 
submodule S of an R-module H is called 
stable if, g(S)⊆ S for each g∈ HomR (S, 
H). If each submodule of an R-module H 
is stable, then H is said to be fully stable 
(Abaas, 1991). Later (Al-saadi, 2007) 
gave the definition of a strongly 
extending module if, every submodule of 
H is essential in stable direct summand of 
H.R. Wisbauer mentioned that module H 
is defined as local module if it has a 
proper submodule which contains all 
other proper submodules of H. 
Equivalently, H is called local if it is a 
hollow and has a unique maximal 
submodule (Tawfeeq, 2015), also, every 
local module is lifting, H is said to be 
lifting if for every submodule S of H 
there exists a submodule A of S such that 
H = A⊕ D and S∩ D≪D, where D 
submodule of H (Clark, et al., 2006) 

.This work aims to provides several 
examples and remarks to clarify the 
relationships between these different 
module types. It is shown that every 
strongly extending module is also a 
strongly supplement extending module, 
and every uniform module is a strongly 
supplement extending module. 
Additionally, it is proven that every 
supplement simple module is strongly 
supplement extending if and only if it is 
uniform. 
Finally, the paper gives some sufficient 
conditions for certain types of modules to 
be equivalent. For instance, it is shown 
that a supplement simple module is 
uniform if and only if it is strongly 
supplement extending, and that a lifting 
local module is strongly supplement 
extending if and only if it is uniform. 
Overall, this paper provides a thorough 
exploration of strongly supplement 
extending modules and their relationship 
to other module types, as well as some 
useful conditions for determining when 
certain types of modules are equivalent. 
Materials and Methods 
   This study examines strongly 
supplement extending modules and their 
properties, including their relationship 
with other module concepts. Essential 
and closed submodules, supplement 
submodules, stable submodules, and 
extending modules are defined to 
introduce the concept of strongly 
supplement extending modules. The 
study provides examples and remarks to 
illustrate the properties of these modules 
and contrasts them with other module 
concepts. To establish equivalence with 
certain module concepts. The study 
develops new results and theorems to 
establish the properties of strongly 
supplement extending modules and their 
relationship with other module concepts. 
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Strongly Supplement Extending 
Module 
Definition (2.1) 
   An R-module H is called strongly 
supplement extending module if each 
submodule of H is essential in a stable 
supplement of H. 
Result and Discussion 
   In this section the mean results of this 
work will be presenting as follow: 
Examples and Remarks (2.2) 
1. Every strongly extending modules is 
strongly supplement extending modules. 
As; H is strongly extending module, then 
for each S ≤H is essential in stable direct 
summand of H therefor by every 
summand is supplement, we get H is 
strongly supplement extending. 
2. Every strongly supplement extending 
module is supplement extending module. 
Proof 
   Let H be a strongly supplement 
extending module. Then for every 
submodule S of H is essential in stable 
supplement this leads H is supplement 
extending module. In general, the 
contrast cannot be considered valid, as 
V=F(2) the the vector space over a field F. 
Let 𝐿𝐿1` =  {(𝛽𝛽, 0)|(𝛽𝛽 ∈ 𝐹𝐹} and  𝐿𝐿2` =
 {(0, 𝜂𝜂)|  𝜂𝜂 ∈ 𝐹𝐹}, then  𝐿𝐿1`  and  𝐿𝐿2`  are 
subspaces of V. They are spanned by the 
vectors (1,0), (0,1) respectively. Thus, 
each of them is of dimension one. 𝐿𝐿1` ∩
𝐿𝐿2` = (0) ≪ 𝐿𝐿2`  these yields that 𝐿𝐿1` +
𝐿𝐿2` = 𝐿𝐿1` ⊕𝐿𝐿2`  then dimension (V) 
=dimension (𝐿𝐿1` ) +dimension �𝐿𝐿2` � =
1 + 1 =  2, hence, 𝑉𝑉 =  𝐿𝐿1` ⊕𝐿𝐿2` . If 
𝑓𝑓: 𝐿𝐿2` ⟶ 𝑉𝑉 such that 𝑓𝑓 ((0,𝑎𝑎)  =  (𝑎𝑎, 0)) 
for all 𝑎𝑎 ∈ 𝐹𝐹 thus 𝑓𝑓�𝐿𝐿2` � ⊈ 𝐿𝐿2`  observe 
that  𝐿𝐿2`  isn’t stable submodule of V Thus 
V isn’t strongly supplement extending 
modules. 

3. Every H is uniform module H is 
strongly supplement extending module. 
Proof 
   Since every uniform is strongly   
extending, we get H is strongly 
supplement extending by (2). 
4. Contrasted of (3) is not valid in 
generally. As, Z-modules Z6 is strongly 
supplement extending module but cannot 
be uniform. 
5. Every H is fully stable semi-simple 
modules is strongly supplement 
extending modules. In fact, H is strongly 
extending module then by (2) we get H is 
strongly supplement extending module. 
6. The contrasted of (5) need not be valid 
in general. Such as, the Q as Z-module is 
strongly supplement extending modules 
since is uniform (by (3)), but it is not 
semisimple by uniformity of ZQ and also 
it is not fully stable. 
   Now we will set some sufficient 
conditions to make the concepts are 
equivalent. 
Proposition (2.3) 
Let H is a supplement simple, then H is 
uniform if and only if H is strongly 
supplement extending modules. 
Proof 
(⇒) Obviously by [Example and Remark 
(2.2) (3)]. H is strongly supplement 
extending module.  
(⇐). Lets  𝑆𝑆 ≤  𝐻𝐻. By hypothesis, S is 
essential in a stable supplement of H. But 
(0) and (H) are the only supplement of H 
(since H is supplement simple), thus 
𝑆𝑆 ≤e 𝐻𝐻. Hence, H is uniform R-module. 

Proposition (2.4) 
     Let H a supplement simple R-module, 
then H is supplement extending module 
if and only if H is strongly supplement 
extending modules. 
Proof 
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⇒ Let H be supplement extending 
module and by hypothesis we get His 
uniform by (Tawfeeq, 2015) Therefore 
by (Example and Remark (2.2), (3)). H is 
strongly supplement extending module 
⇐ Let H be strongly supplement 
extending module, then by (Remarks and 
Examples (2.2) (2). We get His 
supplement extending module. 
Proposition (2.5) 
   Let H a fully stable, then H is 
supplement extending module if and 
only if H is strongly supplement 
extending modules. 

Proof: ⇒ Obvious  
⇐ By [ Remark and Example (2.2), 2]. 

Proposition (2.6) 
  If H a lifting module, then H is strongly 
extending module if H is strongly 
supplement extending module. 
Proof 
⇒ By [ Remark and Example (2.2), 1] 
⇐ Obvious; by (Yaseen and Tawfeek, 
2015). 
   In next proposition we will give 
another description of Strongly 
supplement extending module. 
Proposition (2.7) 
   An R-module H is strongly supplement 
extending module if and only if every 
closed submodule of H is a stable 
supplement of H. 
Proof 
⇒ Let 𝑇𝑇 ≤c 𝐻𝐻 where H is strongly 
supplement extending modules, then 
there exists S stable supplement of H, 
such that 𝑇𝑇 ≤e 𝑆𝑆 However, 𝑇𝑇 ≤c 𝐻𝐻, 
hence, 𝑇𝑇 = 𝑆𝑆 (i.e.) T is a stable 
supplement of H. (i.e.) T is a stable 
supplement of H. 
(⟸) Let T ≤ H where H be an R-module, 
there exists a closed submodule S of H 
and 𝑇𝑇 ≤e 𝑆𝑆 by (Dung, et al., 1994). 

Since 𝑆𝑆 ≤𝑐𝑐 𝐻𝐻,  thus by hypothesis, S is a 
stable supplement of H. Then T is 
essential in a stable supplement of H.         
Therefore, H is strongly supplement 
extending module. 
   The following result gives us other 
characterization of strongly supplement 
extending module 
Theorem (2.8) 
   An R-module H. The next statements 
are equivalent: 
1. H is strongly supplement extending 
module. 
2. Every closed submodule of H is a 
stable supplement. 
3. If D is a direct summand of E (H), 
therefor 𝐷𝐷 ∩ 𝐻𝐻 is a stable supplement of 
H. 
Proof 
(1)⇒(2) Let H be strongly supplement 
extending module then by [proposition 
(2.7)], as requested 
(2)⇒(3) Let 𝐷𝐷1 ≤⊕  𝐸𝐸(𝐻𝐻), (i.e.) 𝐸𝐸(𝐻𝐻) =
𝐷𝐷1 ⊕ 𝑆𝑆 for some 𝑆𝑆 ≤ 𝐸𝐸(𝐻𝐻) to show that 
𝐷𝐷1 ∩ 𝐻𝐻 ≤𝑐𝑐 𝐻𝐻 let 𝐷𝐷1 ∩ 𝐻𝐻 ≤𝑒𝑒 𝐾𝐾 so that 
that K ≤ H and let k ∈ K. Consequently 
𝑘𝑘 = 𝑑𝑑 + 𝑠𝑠, where 𝑑𝑑 ∈ 𝐷𝐷1 while 𝑠𝑠 ∈ S. 
That 𝑘𝑘 ∉  𝐷𝐷1,  then 𝑠𝑠 ≠  0. But 
𝐻𝐻  ≤𝑒𝑒 𝐸𝐸 (𝐻𝐻) by (Lambek, 1976) 
Theorem (3.30), and 0 ≠  𝑠𝑠 ∈  𝑆𝑆 ≤
𝐸𝐸 (𝐻𝐻) therefore there exists  𝑟𝑟 ∈ 𝑅𝑅 , such 
that 0 ≠  𝑟𝑟𝑟𝑟 ∈  𝐻𝐻. Now, rk = rd +
rs and 𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟 − 𝑟𝑟𝑟𝑟 ∈ 𝐷𝐷1 ∩ 𝐻𝐻 ≤
𝐾𝐾. Thus, 𝑟𝑟𝑟𝑟 = 𝑟𝑟𝑟𝑟 − 𝑟𝑟𝑟𝑟 ∈ K ∩ 𝑆𝑆. But 
𝐷𝐷1 ∩ 𝐻𝐻 ≤e K , so 0 = �(𝐷𝐷1 ∩ 𝐻𝐻) ∩
𝑆𝑆 � ≤e 𝐾𝐾 and hence 𝐾𝐾 ∩ 𝑆𝑆 = (0) then 
𝑟𝑟𝑟𝑟 = 0 which is a contradiction. Thus, 
𝐷𝐷1 ∩ 𝐻𝐻 ≤c  𝐻𝐻 and hence by (2) we get 
𝐷𝐷1 ∩ 𝐻𝐻 is a stable supplement in H. 
(1)⇒(3). Let 𝐷𝐷1 ≤⊕ 𝐻𝐻 and let S be 
relative complement of D1 in H, by 
(Goodeal, 1976) then by (Goodeal, 
1976). 𝐷𝐷1⊕ 𝑆𝑆 ≤𝑒𝑒 𝐻𝐻. But 𝐻𝐻 ≤𝑒𝑒 𝐸𝐸(𝐻𝐻), 



Iraqi Journal of Science and Technology  2024, 13(2&3) 

66 
 

therefore, 𝐷𝐷1⊕ 𝑆𝑆 ≤𝑒𝑒 𝐸𝐸(𝐻𝐻) by 
(Anderson and Fuller, 1973) thus 
𝐸𝐸(𝐷𝐷1) ⊕  𝐸𝐸(𝑆𝑆) =  𝐸𝐸(𝐷𝐷1 ⊕ 𝑆𝑆) =
 𝐸𝐸(𝐻𝐻). Now, therefore 𝐸𝐸(𝐷𝐷1) ≤⊕ 𝐸𝐸(𝐻𝐻). 
Therefore, by using (3), we get 𝐸𝐸(𝐷𝐷1) ∩
𝐻𝐻 is a stable supplement in H. But 
𝐷𝐷1 ≤e 𝐸𝐸(𝐷𝐷1) and 𝐻𝐻 ≤𝑒𝑒 𝐻𝐻, then 𝐷𝐷1 =
𝐷𝐷1 ∩ 𝐻𝐻 ≤e 𝐸𝐸(𝐷𝐷1) ∩  𝐻𝐻 by (Goodeal, 
1976), proposition (1.1). Therefore, H is 
strongly supplement extending module. 
Remark (2.9) 
   If 𝑆𝑆 ≤  𝐻𝐻 an R-module is either stable 
or supplement but not need both in same 
time, for instance, 𝑉𝑉 = 𝐹𝐹2 the vector 
space over a field F. Let  𝐿𝐿1` =
 {(𝛽𝛽, 0)|(𝛽𝛽 ∈ 𝐹𝐹} and 𝐿𝐿2` =  {(0, 𝜂𝜂)|  𝜂𝜂 ∈
𝐹𝐹}, then  𝐿𝐿1`  and 𝐿𝐿2`  are subspaces of 𝑉𝑉. 
They are spanned by the vectors 
(1, 0), (0, 1) respectively. Thus, each of 
them is of dimension one 𝐿𝐿1` ∩ 𝐿𝐿2` =
(0) ≪ 𝐿𝐿2`  this yields that 𝐿𝐿1`  + 𝐿𝐿2` =
𝐿𝐿1` ⊕𝐿𝐿2` , then dimension (𝑉𝑉) =  
dimension ( 𝐿𝐿1` ) + dimension (𝐿𝐿2` ) =
1 + 1 = 2, hence V = 𝐿𝐿1` ⊕𝐿𝐿2`  which is 
supplement. In fact, if 𝑔𝑔: 𝐿𝐿2` ⟶ 𝑉𝑉 such 
that 𝑔𝑔 �(0, 𝑠𝑠) =  (𝑠𝑠, 0)� for all 𝑠𝑠 ∈ 𝐹𝐹,  
thus 𝑔𝑔 �𝐿𝐿2` � ⊈ 𝐿𝐿2`  not stable. 
     As mention before every strongly 
supplement extending module is 
supplement module in (Remarks and 
Examples (2.2), (3)). Also, every quasi-
injective module is supplement 
extending module by (Tawfeeq, 2015). 
Now, the question is there existing 
relation between strongly supplement 
extending module and quasi-injective. In 
actuality, they are distinct ideas. Since 
the Z-module Z is it is uniform, so, by 
(Remarks and Examples (2.2), (4)), so it 
is strongly supplement extending module 
but not quasi-injective. However, 𝑉𝑉 =
𝐹𝐹2 a quasi-injective. But not strongly 
supplement extending module. 

  In the following results we consider 
conditions under which quasi-injective is 
strongly supplement extending module. 
Proposition (2.10)  
  Every multiplication quasi-injective 
module is strongly supplement extending 
module. 
Proof 
   Let H be a multiplication quasi-
injective module let 𝑆𝑆 ≤C 𝐻𝐻. Since H is 
multiplication, thus 𝑆𝑆 = 𝐼𝐼𝐼𝐼 for some 
ideal I of R. By quasi-injectivity of H 
then we have every closed is supplement 
by (Dung, et al., 1994) then that it is 
enough to show that 𝑆𝑆 ≤ST 𝐻𝐻 Let 𝑓𝑓 ∈
𝐻𝐻𝐻𝐻𝐻𝐻 (𝑆𝑆,𝐻𝐻) for some 𝑠𝑠 ∈ S  such that 
𝑆𝑆 = ∑ rin

i=1 hI where ri ∈ I and Hi ∈ 𝐻𝐻. 
So 𝑓𝑓(S) = 𝑓𝑓(∑ rin

i=1 hi) =
∑ rIn
i=1 𝑓𝑓(hi) ∈ 𝐼𝐼𝐼𝐼 = 𝑆𝑆, thus, H is 

strongly supplement extending module. 
  If R is strongly supplement extending 
ring. Then H may not be strongly 
supplement extending module. As 𝑍𝑍 ⊕
𝑍𝑍𝑝𝑝 Z-module. We observed that Z is 
strongly supplement ring. Since Z is 
uniform, in while 𝐻𝐻 = 𝑍𝑍 + 𝑍𝑍𝑃𝑃 not SSU-
CS-module. Since the only supplement 
of H is 0 + 0� ,𝑍𝑍 + 0� , 0 + 𝑍𝑍𝑃𝑃 and let 𝑔𝑔 ∈
𝐻𝐻𝐻𝐻𝐻𝐻 (S, H) define as 𝑔𝑔:  𝑍𝑍 +
0� 𝐻𝐻 𝑏𝑏𝑏𝑏 𝑔𝑔 (𝑎𝑎, 0�) (0� ,𝑎𝑎),Ɐ (𝑎𝑎, 0�) ∈  𝑍𝑍 +
0�. But in fact, 𝑔𝑔(𝑎𝑎, 0�) ⊈ 𝑍𝑍 + 0 .��� 
Therefore is not stable in H. Now we 
give some condition to make strongly 
supplement extending ring is strongly 
supplement extending module. 
Proposition (2.11) 
  Let H be a finitely generated faithful 
multiplication R- module over a 
commutative ring R. If R is strongly 
supplement extending ring, then H is 
strongly supplement extending module. 
Proof 
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   Let 𝑆𝑆 ≤𝑐𝑐 𝐻𝐻 since H is faithful 
multiplication R–module. So, 𝑆𝑆 =
 [𝑆𝑆: 𝐻𝐻]𝐻𝐻 where [𝑆𝑆: 𝐻𝐻] =  {𝑟𝑟 𝑅𝑅: 𝑟𝑟𝑟𝑟 ⊆ 𝑆𝑆} 
be an ideal of R but S is closed 
submodule in H. So, by ((Ahmed, 1992), 
proposition (3,41) [𝑆𝑆: 𝐻𝐻] closed ideal in 
R, but R is SUP-CS when consider as H 
an R-module. Hence, [𝑆𝑆: 𝐻𝐻] is 
supplement in R therefor there exists an 
ideal 𝐼𝐼 of 𝑅𝑅 where [𝑆𝑆: 𝐻𝐻] + 𝐼𝐼 =  𝑅𝑅 and 
[𝑆𝑆: 𝐻𝐻] ∩  𝐼𝐼˂˂ [𝑆𝑆:𝐻𝐻]. Now,  𝐻𝐻 = 𝑅𝑅𝑅𝑅 =
 ([𝑆𝑆: 𝐻𝐻] + 𝐼𝐼)𝐻𝐻 =  [𝑆𝑆: 𝐻𝐻]𝐻𝐻 + 𝐼𝐼𝐼𝐼 =  𝑆𝑆 +
𝐼𝐼𝐼𝐼. To show that ([𝑆𝑆: 𝐻𝐻]𝐻𝐻 ∩
 𝐼𝐼𝐼𝐼)˂˂ [𝑆𝑆: 𝐻𝐻]𝐻𝐻. Let ([𝑆𝑆: 𝐻𝐻]𝐻𝐻 ∩
 𝐼𝐼𝐼𝐼)𝐷𝐷𝐷𝐷 =  [𝑆𝑆: 𝐻𝐻]𝐻𝐻  
Since 𝐻𝐻 is multiplication module, 
([𝑆𝑆: 𝐻𝐻]  ∩ 𝐼𝐼)  + 𝐷𝐷]𝐻𝐻 = [𝑆𝑆:𝐻𝐻]𝐻𝐻 But, 𝐻𝐻 
is finitely generated faithful 
multiplication R–module. So, by (El-
Bast and Smith, 1988), (Theorem 3.1). 
([𝑆𝑆:𝐻𝐻]  ∩  𝐼𝐼)  + 𝐷𝐷]  = [𝑆𝑆:𝐻𝐻] then 𝐷𝐷 =
[𝑆𝑆:𝐻𝐻] and clear that 𝐷𝐷𝐷𝐷 = [𝑆𝑆:𝐻𝐻]𝐻𝐻. 
Hence, ([𝑆𝑆:𝐻𝐻]𝐻𝐻 ∩ 𝐼𝐼𝐼𝐼)˂˂ [𝑆𝑆: 𝐻𝐻]𝐻𝐻. 
Therefore, 𝑆𝑆 ≤𝑠𝑠𝑠𝑠𝑠𝑠 𝐻𝐻. Now, let f ∈
Hom(S, H) and 𝑠𝑠 ∈  𝑆𝑆 =  [𝑆𝑆: 𝐻𝐻]𝐻𝐻. 
Then, 𝑠𝑠 = ∑ rin

i=1 hI, where ri ∈ [𝑆𝑆: 𝐻𝐻] 
and Hi ∈ 𝐻𝐻. So f(S) = 𝑓𝑓(∑ rin

i=1 hi) =
∑ rIn
i=1  𝑓𝑓(hi) ∈ [𝑆𝑆: 𝐻𝐻]𝐻𝐻 = 𝑆𝑆, hence 

𝑓𝑓(𝑆𝑆) ⊆  𝑆𝑆 (i.e.) 𝑆𝑆 is stable. Therefore, 𝐻𝐻 
is strongly supplement extending 
module. 
   We do not know in general whether 
Strongly supplement extending module 
property is inherent by submodule. The 
next results are partial answering the 
question: When do submodules inherit 
the strongly supplement extending 
module property? 
Proposition (2.12)  
   Every closed submodule (and hence 
direct summand) of strongly supplement 
extending module is strongly supplement 
extending module. 
Proof 

   Let 𝑆𝑆 ≤𝑐𝑐 𝐻𝐻, and let 𝐷𝐷 ≤𝑐𝑐 𝑆𝑆 then by 
(Clark, et al., 2006). we get 𝐷𝐷 ≤c  𝐻𝐻, but 
H is strongly supplement extending 
module. Therefore, D is stable 
supplement submodule in H and since 
D ≤ S, so by (Clark, et al., 2006). we get 
𝐷𝐷 ≤SUP 𝑆𝑆. In addition, we assumption 
𝐷𝐷 ≤ST 𝑆𝑆. Let 𝑔𝑔 ∈ 𝐻𝐻𝐻𝐻𝐻𝐻𝑅𝑅(𝐷𝐷, 𝑆𝑆) and 
consider the sequence D

g
→ S

I
→ H such 

that 𝑖𝑖 map inclusion. Therefore, (i ∘
g): D → H and, since. 𝐷𝐷 ≤ST 𝐻𝐻 therefor 
(𝑖𝑖𝑔𝑔)(𝐷𝐷) ⊆ 𝐷𝐷. So 𝑔𝑔(𝐷𝐷) ⊆ 𝐷𝐷 
then 𝐷𝐷 ≤ST 𝑆𝑆 Thus, S is strongly 
supplement extending module. 
Proposition (2.13)  
  Each submodule S of strongly 
supplement extending module H with the 
property that intersection of S with any 
stable supplement of H is stable 
supplement of S, is strongly supplement 
extending module. 
Proof 
   Let 𝐴𝐴 ≤  𝑆𝑆 since H is strongly 
supplement extending module and 𝐴𝐴 ≤
 𝐻𝐻 then there is a stable supplement K of 
H such that 𝐴𝐴 ≤𝑒𝑒 𝐾𝐾 since 𝐴𝐴 ≤ S and 
𝐴𝐴 ≤ K then 𝐴𝐴 ≤ S ∩ K, thus by 
(Goodeal, 1976), proposition (1.1), we 
get 𝐴𝐴 ≤ 𝑒𝑒K ∩  𝑆𝑆 and by hypothesis 𝐾𝐾 ∩
 𝑆𝑆 is a stable supplement of S. thus, S is 
strongly supplement extending module. 
  A direct sum of strongly supplement 
extending module, it is not necessary to 
be strongly supplement extending 
module. As, Q ⊕ Z2 as Z-module is not 
strongly supplement extending module, 
since it is not supplement. So, for this we 
obtain a necessary and sufficient 
situation for a direct sum of two strongly 
supplement extending module, to be 
again strongly supplement extending 
module. 
Proposition (2.14) 
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   Let 𝐻𝐻 = 𝐻𝐻1 ⊕𝐻𝐻2  where 𝐻𝐻1 and H1 
are fully stable and strongly supplement 
extending module, if 𝑎𝑎𝑎𝑎𝑎𝑎𝐻𝐻1 + 𝑎𝑎𝑎𝑎𝑎𝑎𝐻𝐻2 =
𝑅𝑅, then H is strongly supplement 
extending modules. 
Proof 
   Let 𝑆𝑆 ≤c H therefore S ≤sup H  by 
(Tawfeeq, 2015), Proposition (2.2.4) but 
H is fully stable by (Abaas, 1991), 
proposition (4.2). Thus, H is strongly 
supplement extending module. 
Proposition (2.15)  
  let H be fully stable simesimple 
modules. Then the next statements are 
equivalent: 
1. H is strongly extending module. 
2. H is strongly supplement extending 
module. 
3. H is extending module. 
4. H is supplement extending module. 
Proof 
(1) ⇒ (2) by (Examples and Remarks 
(2.2), (2)). 
(2) ⇒ (3) let 𝑆𝑆 ≤e H hence H is Strongly 
supplement extending module thus 
𝑆𝑆 ≤𝑠𝑠𝑠𝑠𝑠𝑠 𝐻𝐻 and since H is semisimple 
then 𝑆𝑆 ≤⊕ H therefore H is CS-module. 
(3) ⇒ (4) by (Tawfeeq, 2015).  
(4) ⇒ (1) let 𝑆𝑆 ≤c H  hence H is 
supplement extending module thus 
𝑆𝑆 ≤sup 𝐻𝐻, and since H is semisimple 
then 𝑆𝑆 ≤⊕ 𝐻𝐻 and since H is fully stable 
therefore H is S-CS-module. 
  We obvious that, every strongly 
supplement extending modules are 
supplement extending module the 
antithesis is not true in generally. The 
next result gives a weaker condition from 
one in proposition (2.5) which ensures 
that the antithesis is true. 
Proposition (2.16) 
An 𝑅𝑅 −𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐻𝐻 every supplement of 
H is stable. Therefor H is Strongly 

supplement extending module if H is 
supplement extending module. 
Conclusion 
  Through this paper, we reached the next 
conclusions: every strongly extending is 
strongly supplement extending module. 
Every strongly supplement extending 
module is supplement extending module. 
Every fully stable semisimple module is 
strongly supplement extending module. 
Every uniform is strongly supplement 
extending module. But the convers of 
each of the statements does not generally 
hold. The strongly supplement extending 
module is inherited by closed (Direct 
Summand) submodule. 

References 
Abaas, M. S. (1991). On fully Stable 
Modules (Ph.D.). University of 
Baghdad, Baghdad. 
Ahmed, A. A. (1992). On Submodules 
of Multiplication Modules (M.Sc). 
University of Baghdad, Baghdad. 
Al-saadi, S. S. (2007). S-extending 
Modules and Related Concepts (Ph.D.). 
College of Science AL-Mustansiriyah 
University, Baghdad. 
Anderson, F. W. and Fuller, K. R. 
(1973). Ring and Categories of Modules 
(Springer-verlag). New York. 
Clark, J.; Lamp, C.; Vanaja, N. and 
Wisbauer, R. (2006). Lifting Module 
Supplement and Projectivity in Module 
Theory. 
Dung, N. V; Huynh, D. V; Smith, P. F. 
and Wisbauer, R. (1994). Extending 
Modules. Pitman Research Notes in 
Mathematics Series 313, Longmon, New 
York. 
El-Bast, Z. A. and Smith, P. F. (1988). 
Multiplication Modules. 



Iraqi Journal of Science and Technology  2024, 13(2&3) 

69 
 

Communications in Algebra, 16(4), 755–
779. doi:10.1080/00927878808823601. 
Goodeal, K. R. (1976). Ring Theory: 
Non-Singular Rings and Modules 
(Marcel Dekker). New York and Basel: 
INC. 
Harada, M. (1982). On Modules with 
Extending Properties. Osaka J. Math, 19, 
203–215. 
Kasch, F., and Wallace, D. A. R. (1982). 
Modules and Rings: A Translation of 
Module and Rings. Academic Press. 
Lambek, J. (1976). Lectuers on Ring 
and Modules. Chelsea. Pub. Co., New 
York. 
Tawfeeq, M. (2015). Supplement 
Extending Modules (M.Sc). College of 
Science/ University of Baghdad, 
Baghdad - Iraq. 
Yaseen, S. M. and Tawfeek, M. M. 
(2015). Supplement Extending Modules. 
Iraqi Journal of Science, 56(3B), 2341–
2345. 


