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lesi.d fom number ot *.1 lppli.rrions lnd rhc results rre conl,!rud rilh
rraitlblc rn.lJticrl !,lucs,

X.rv0rds: riine elenenl, lhermor iscoel5ri.lry. !iiclanic soli,ls.

Lr., s.-r. In&r irJ,j i-. .jis Llr JL.! o.:,r,J tiJ4 eli, |i Jqj ln J
lius cr.fu i!*t 6.)rri i.rr qlx Jrl]lr Jqr} ,!i !fi ce. !ar"a!I .jls-

''TXVES"|q! e*r allJlr ri JaJ 6rJ..! J€l^r'i c!+Ji
ds*! i-irr luriJ ir&r d.jri Je # C.+ !rJs:-r p .+.J*\ .jl ol
t114Ln .)- :s ;lE t !\...A rA C-trj !. !i3r _r+r n.vfi,'l Jii!]l ti,rl

.t,!L L,E e.'6 -- Ar.tr nti ls ir!1t

The fonowing srab.h { c u$d in fiE paper

lirh,h,=t6{ =lcoiqk{d.lb, l- '
luthlh l 't

IxJ = elarh riiln*s ma! ir
IKI = vi*oela . diftrss ma'lir
0\l = iEtii oi shlpe nrndDns

lq,l = mdzr dhdrsmr ldoi
1xL) = iodal .oodiiaros rd&
Ar -ihih ld6r ar ri'ie 1 lor rcdlced limr

D, =viscla(rc1! nunn

Fd(,) =v{rorornod.lroftedrebmichliidrloadrg g*1un, smvily.e rft3al

FrlO - vkror or iodal rd, r d!. b d.ni5L Lord
c(r) !h.e rchrdioi tu.crion

P.o Bdr 17077, hortrr. B;gnhdLRna
l0ll

https://doi.org/10.30684/etj.24.8A.9
2412-0758/University of Technology-Iraq, Baghdad, Iraq
This is an open access article under the CC BY 4.0 license http://creativecommons.org/licenses/by/4.0



= !€mcieft or.ir:ma .x|aisioi

Time'depeidefl rcsporsc of
borh meiah rnd
malysis poblems in oany arcas of
dgineerin& lnch as rhe p'oblem of
elid propellan! rorker lueLr. rhc
probLens ol turbi0e blade, aid soil
nechanics. there rcquiF analysG lhal
rakes imo r.count viscoela$ic
responsc udd* v.rrin8 .ine

1lrE linire .lement rlchii-quc.
rhich has b€ci d.roistxted to
psvide rn ex.eue :lailsis ne$od
aor .onpl.x gsnotical co fi-cu-
dions for ela$ic c6es- h.! be€n
e\tended 1o prdvide analysir fo' liner

-rhe viselaeic dnalysis
iehniqu* may btuidly be .la$ified
inro three basic appo.clres, which are

Quasieldic slutions. Inie!ft]
tanslom rechiiqucs. .iJ Dircct

ld rhE Qu.si-.lani. solur ons

!l the eloslic pnperlesequnrbi(io
(l,e coftlpo.ding vi$oelaii.
nropcnies .r rhe dested rime atrd
rempemtue are P'oP.seLl. thn
a pp..rch c$.m ia l Ly isno..s rh. . rir.
past hislory of rh. l.ad 3.d
en o.$ent. 'lner.lok this solution
yislds crude appo{nhlion ro thstru.

I egrrl ransloh le.hriqrc
[2,],41 h employcd by usjn-q $e
cla$io solution ro obair the
corespo in8 vis..clEiic s.LLtio..
This app6&h is exict for qhch
.losed form soluriois e posibio.
Tho Diftcr lonrlarions are baldl or
rhe finiie elene and hou a'r

.lemeDr 0Eori6, using cilher rhe
dir'f*ential fom [5] dr l.regEl rorm
of the ste$ skah rel.tiondlips [],6.
7,31

Mo$ viscoela$ic maierials are

dsu'ned io bc iNomprtsible or
nearly i compre$iblc viscelanic
$LiLls. ApDliqrion of rhc
displacement finhe element delhod
lor rhc anr,ysis of such soli& yiclds
leverally osillating solulion in rhe

nres and 3Lnin ero$ lhe clcm.nts.
Th; ispeor has ben nudied fo.
de{r naren,h 3.d k v.ll
docunered in lncrarure l9l ThismaY
be r\erone b) usitrg fie fdlloqing

I UsinA a seleriv. inregdion
p@enuE , *hich is exsl itr
(3{) Oau$ inlelttion poinc for
ihelhe cohponctr$andlppoxi
1n0rs ii (2x2)Cau$ inregrarioi lor
rhe bulk cornpo.nb ollhe elasric

I Usin8 8r,od. Serndipty
isopmmdric alenenr [9]

l- The loc.lioi ol {res ,nd $air
oullul, i.e rhe smDlin8 Posnio.,
witbin rh..l.'!enlsn be *lecred
ar rhe (2!2) Oau$ p.ins, whloh
m favorcd nd Sive exaor resuks
of ni.$es and sBins. Whilc lhe
rcsulls ar lhe gpometical mdes or
(3xl) Gaus poin6 may Sive pmr
r urftasonableftsuks.

The $iiware 'tEvES' is
bdsd uro, drc li.ear un.oupled
themovisc@lasic fornulrtions aid
s cad.d out by uyng rhe
asumprions rhal ihe nto$itaii



relalion is a hcrcd a^- idegril
expr.$ton, rltr redu..d rimc
lrporh.sis ir lalid, rlre m erjd n
isotopic md hd'noeerous. 6nd lhe
btrlk 

'nodulus 
ir ..nshnr $irh ime

lhe vscorrr ic $res{hii
reLaiion can be obhlird by $ing rh.
.la(ic qft${rair rctarion mJ
enplaynla L.plaie otrd lrvc*.
Laphc. tansformdion [r]. The
geneBl themoela$ic shs stEii

*here C h$cshsnodutus.
k fi. bulk mldului o the coeficenr
ol thelm1l sxpa ior, AT the
remreratoE irrcrcls. t 5! kroncct*
dek* Repcatd \ubsnirts dehk
summariotr fs rhe ,g! ol rhe

I-.place tra.sform&rion hay be
applied b the ab6r equation ro

deducc the foll.ri're sr.$

-lctnk'-ht i,a i lt r ttt: ) (r)

By Invose Lapla.e
ttrtrslomario! Goivolulion inrgml),
$e nrts vadarion silh rho ri'ne

".' 
1 ) -,iat. -.,9!!' i'.t.,t, )

i6 -. ,E!j

o)

Tltr dho.nii'ri!- ar r=0, msy te
eLin,iMtd lrcm fie above expr$iotr

r 14)-5 a:G;-f)."1a)

l. I.'- , ,L!!!:a'

Applyin8 inhgEtiotr hy potu ro the
$snd dd fiird rsms" ihe above
equiiotr nay be sinpliti.d into:

I aaae e)

+6 [k - -G'r,^n )

:- t 6C!q q',) ..,-1'), n a"u'

(5)

\T() = TO -T.(0) t'r)

I!,e slineddne d is Ehled io i6e

( =el\=

wherc A ni[. si,iftinnciotr snd h
evrh'ated by usin8 so called WLI

I"ffi '\t)

(8)

,Ol



Equarion (5) car be al.iten ii

bl=tD I.l , tD lr I

tot(att,))t, rl

1x)=txx,...lr, {q}= h,q, ...1' rd
lNl= t N,,Nr,...l

lNl- [ N,.Nr, ] d. rumiiom.r
locrl coordiiates in isopaornctrh

! d.i = li1 lxl
lhe snairiisplacem.it relation may

1,1= tBL,?l

shlr tBl=tlltNl d tl-l ha
merri of dift Enliation 6pedou.
the Finire Elea.d Equilihrinm
equation for ih. Iltrhe elcmenr can bc

$h*D v is rhe volun. donain ofthe

li, iub$nudts eq.(s) i.b.q (13), it

t,
,,l'

L

"iaot tlao
':,xa r-id,)

1

il.(,)i= r !rq1'1.i/')la'

lrl'=l t att

1./1 = L"l{4, }=
tx,q -hl/r/

(r2)

(B)
tlBl alBttq],t""

ltB ir,,,rt,1,rld,-;rJ,Jr.1 ,t)

un,qle'l;|,t

(r9)

:t., Fitrlle Elcm.nr lorhlulrnon'lie displacsd,,t aid
.ltrdiri{i vercs ar snr- roDr ntride

isopaGmeri. el.m€rr .a, be
rel.redlollr i ddal disp Lacen En r and
coorJi'ales by usiia ihe :[ap.

i/.0)=

l- ,r loyiq rhe hpozoidol
tiin,, donair rhe seoond
eq.rr) can b€ *rit&tr lor



l o I r eita, =!lc,o t - cr., - r,, )lK,)ht, )l

h(t,.,1

-4,1)h'q.,t

- !a,,,-o
.Ix,l !la,;,

t.:,-;',)IK,l

121)
Nodal tli$llcenieni! I{(Ulrr

*tlr rin. s.p a ohrined by solving
cq-l:t),rM 6? corcsponding shan
can b. .ulucd by usins eq.(17),
finallr lhc sn!$es irecompured a:

r.',, l-J,,lkrr,4*l/,1, irfr
-Jak/1(tt tiqat )j

1,1)4D"1

[r"l.ll.rot a,;
k,lbi,r-
hr,,)-b,r,i't

{M(, )J- -E,l{o(,, ) c6)

w'\-iru{,-&,}*"'t

'[i(nilil]r.r.r

,1,1a" ar,

Ir,l= lr; lr k, l

k;l= jrl"Ja^

k;l= I,'1l,.lPlJ"

-;. )lD,l - '

(3D

(r2)

ol)

h',,-)=1w,,t,tu,,.,,il
(22)

tx, l= Jls, ll4I lrf^ i3)

Th. lbove inrerarion rin bc
p.rrom.d b 6trir difl.Me
inr*Blion rs sho*n in AppcndixtA).
SubsduliiB eq.(21) intd eq.(191. lie
.ldeDl .quilihriun .qurioi for rh.
finn. chn.nr is ohr'ined ,5

. i...

I K"t = lI,s'},D.\4 *

) 1.1 -lD")lB\an, I
i\l1r), n |])e m.noD. lold r.cror

'fte driLc siffnc$ m&ir I&l or
eq(?5) trry be lpliro into sh.ar lnd
bulr conponenc 00] * showi
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:lIo;l=lr-iqotl, r

2o(a)

ooo1

2G(o)

''(2x2) G.u$ point'- sive rhe b.sr
$rc$c! lnd sinlns at emple poinls
bur trt llrcss -d rnin will be
db6ntiiuo6 benlm rhe dl.nenr
To !olv. this pbbled on. can us?
/adl md Arrrr, sm@tning i..hniqu.
Ill). Fi6t the smsL\ins mal b.
i.rfonn d $p.BEl) or.r .,ch
individul clercnI d lnis $il! b.
6llcd locn! tuthinA. dd $.n
r ihA d. NeEg. of cas dd
nniis .r rh. nod.s oa.ll .|.rcDts
m..iiigd!comnon node. Thislill
hc c.ll.d alrral tuothin?. TL
sdoo$in3 tuictio, h shown in $.

In oider lo ve!i& tne validity of c
proposd nune al nerh6d. sov.El
num.nc.l .Mples are consid.rcd,
for *ltich mr lnd Dumenc.l
$ldons h.v. b.er .ledy obhined.

J.l P6urizd ViKEl,ri flotlo*

A rhick vi*linic houoh
.y'i'n.r subj.cred b. cdtur
hr.drl pE$um ir stodied 6 rhe ,i6t
.x6mpl., th. elNtiotr funcrio! oa

o(r) = qtp.(r-F).rl
'lhc con int oef6cient of tho
rclaxolion aurcrion are Eiven in rh.
,blloyiig hble *here t h !h.
.ct0rdllion iine, qhich is equdl lo

,-t=1.1:

(rt)

(16)

The inl*dion of LK'!l on
b. p.rfomed b) usins Ine nuda.d
(3vi) C.u$ l:gs,l.r fomula. rhil.
lK;l c'n h..v,rural num.n{Iy by
rsing (2r2) C,uslrgd&r fodul!
ro oE@h. rh. sidgdhrity dc b
etui, valu6 ofPoisd s anio, *ho
ir @ch.s to 0.j Th. oer. €r2)O.!s poibr inregBrion is callsl lhc
rodu*d o. $lec.ivc i.regarion ar.d i!
6 rcMnended onty$&n Poi$otr\
r{io'v'reach.s b 05. for orh.r
?aluq it is lolid ihat (3x3) Gau$
loint irtcgrarioi gives mor. accuhic

l.d Lo.nl lnd C,ob.l Smooiii!! ol

ft. gor.rical .odes oa !h.
,init cJ.me.r nesh. whicb ar. d.
mo uEill d$n l@ions fo,
{t6$s and shin: a$p€r ro h. in
llt Nd smpL p.inb ad

ir.o rpdsibl.) na&n,k. I n.s b..n
sho*n rhlr dE ides-dri.tr FirE



EBtTd.!,.vd'a,No',:eJ

Tl'e .d sluidn for ln
displ*cMl in rdicrio n gi\en b)
Ef. [r]

* l' ,, ,,-rr-fu

3l Solld na.l!hp pmbl.n
Solid Dbr.llrnr sEi.s

strtj.cr.d lo slavity lm h a soious
ptublem in solid propcllant
engn'c.rin8. uro md.dal b.in8 i!
ndur $ehiiq $e pdp.lldl
gBirs {ord for llont rim., undereo
dinensio.il devi.tions due lo lhen
o\n w.iAh Nomally rh. gnins ar.
suopon.d b.! ! 6ring It n.rF{!.d
rhd rh. rl@ping c!f, b: minihiz.d
b) nrpponingth. g6in d rh.bonom.
llis probl.m ; $udicd io! ! simple
e\md. ol a '!fugllrr pcf,
srd.M. in E t5]. D.toil! ot rt'e
srndur., ln. fini@ .l.frenr m.ih, and
ih. macriil prcDenict m drown i.

*h.E P. ! a.d b ft inc pt$ur sd
iM.r .nd ouLr Edii GD.crir.ly a!

o.rc!6(!1o"r()

Fi8-( | ) rni* nolols viserNic
.ylirdd undo intemi pr*ure

Tl. rdid dirpl.cerneDt !i inm' &d
ortq *rfes !r ditf.tur lid. neps
a. pr.s.nred n' Fi8.(?). l. is cl.ar rhd
lh. l€vES" cod. results arc very
clos. ro rhe.ndylicil valrc'

tr&(2) kdlkprqsE ori !n!cr*'i

1lG pdbl.m is Gsum.d b
6c n.tny in.omP,.$iblc {!+05)
Ihe "IEVES r.rul6 aE sho*r in
n*.(4) (. md b)- $h.E lh€ v..irtio.s
of rh. 6iol .nd hoimlll
displrcemenrs ai ccn.in points ire
giv.n. h is cl.u rhal rlEre n r gmd

4Ecnreor heN4n Ihe pE$nl FEM
rc hs and ri. FEM Esuls rm



Fis.(4){b)

3J A simph rypiul imk l grrin
It is a lolg gmin.ncrsed in a

rigid sheatl (plane $mir .ondition).
Th. proble,D hos pracrical

slFilicm.e solidproPllet
anaLylh vhcre F_o failure nDdes

o..ur fid n rhe sep,rarion olrhe
propella nlm rhe case d rhe

cylindric.l intcrf&n od rhe sccond k
rhe r.cktugof Ihe prcpellaDt matcrial

d ihe innd lree fa*. Thh problem

h3s beetr s.lved by [6] usinB ADINA
..d. 'A rtnfle .tMt cod6 oJ t
lirqr themovrluddtnc hdetiak "

t'

'.J-iry l-., . -lil*-l

Fic.(5)

The rheological model ofrhis ..s h

'Ihe gEometical dim.n-tiotrs
of the pr.blen and nd.rial prcpenios

.l



Th? !l sr.ss .tri 3raiN
c rciluc.d b . pmndfu rom bt
s.uin8 th. @,Ircier of lh md
.xp.nrioi q-l, and cr{:=o
Thc lrlisi.nr (enp€otuto loai

wh.ro m is $e relariarion ,m.
(,.M(iM), ]l:c v iarion of rh.
di6.nsionlBs t rsfrt sr!$ (6s /a k
AT), rrli.l rr,.s (e /a k tTI sd
ndhl 3!6i! (e /d k aTl s nh lh. dm

llE pEsrted fEvts".od. a. rlE
p.pq i! ba*d o, Iind r@pkd
IhellDu$ela(ic lneory. Ti.
soft*arc is oldc us.ltrl for .ll
psmhsibe valu6 or PonsoD\ rutio
by 6ing a selective idte8nrion procc.
duo, & inoorhiigtechniqE s rsd ii
$c sonw@ (tor incompre$ihlc or
!rul) i,'cohpR$ible solid, lo sct
rho sn€ss md tui .r rh. nod.l
.le4ia 'l1te pEsDrd rEM Esulr3
!r rlry cloe b dE plblisnn! FEM

( r) Yrdrlin s., R.ddy c. P.,-vn.ebnic
arary:is in Ne,ily ri.ompE$ibr.
solidj, comp. stud. 3.317.

(2) i,e E. H., "Stcs Atrdyrh o,
viroelatic BodiE". Qurn APPI.

(l) Le E. Il , Ro3ds r.G.. soluri.i of
vLccrdir sBr ftobr.m uiinrrha4d cEp or R.luiior
Fudjon J. rppl M.d,. Mndr . r2?-

cyliDd,iar Pro6rmr rn viehdi.
sB: Amllsis" Quin. Appr. M.d,

(ou+G!)iK=o0l0rlr:

IriB (6) Rcls enin

Fmm th. neftr dE sEses .id
stnins ilr 6.rh coder -FEVE5. ind
'ADINA' !rc id.nlic.l (tuy be duc
lo $nE folmularion und sdr.

i{ i!
Ir Ii
i- !.a:::-_

'.;;



(5)carpe rer w.c.. _\1sceb$n
SrE$ Arlllsis" lni J Nun
Merh. Eng..4,l5? i66119?2)

(6ljoresl.W.. l-ouk E P.. _A Lineai
lh$movGcocla$ir V{e.irl
Model l:or Soid Rocker VorJr
Slruclure AnalliJ . Comp. Sruci
,1,lio. %.21!2.13 (1935)

OlTaylor R. r . IhemomecMnical
Atrlrsis ol Vkcdelasic Solids
lrf. L Nunr. M.rh Engi8, 1.4j-

(3)Woo lim Sin, tsyung Man Ks3I,
"LiNa. Viseo.hstic Analysh Ii
Iime Domain B) Boudfty
lllem.nt Merhod". Conp. Stuc(

(9)Nrylor D.J. _sre$ ln Neany
lncon+rcsible M.Erialr S,v Finite

Element Wi$ Applicarion To The
Cal. l.rioi Ol Exce$ Porc
Prc$mc." h1 J Nud Merh

110) Cooks R. D., concePb atrd

Applicototrs of finir. Eleme[

(lr)Hinron E., campbell J s.,

"l-tu.| did Clobll Sf,,oorhif,8 of
DNconriiuous F E. Iundiotrs
Usiig A l,ea( squrcs Method .

lfr J. Nrm ivterh. EnB . 3. 161.

(ll) Zienkievicz O. C. R. L.
Taylor "Th. rinit Elemoit



ADp.rdir: (A) rinn. DirLftn.. Iht grutlod

Lqulion (21) t ol.onvollrion idesEl typ€. *iich is EquiEd lo LE

intFded by . nuhcric.l inr.ghiion r.chniqu. such as ! hpezoidrl ru!., rh.
convolution intcghL l.ni is:

t x,t t= | i!!ii!t,,, 
tt,t,

at'

t,te, t )\='i ( 4! S!1t l )tdi

Flch of the intesralion is rmriomcd h lhe nnil. app.oxin.lion

, ata, -: )
Xp (e , | ))- :+-.-Jt'

, - ot:, -t')
=1te,tt,,r)+ c tt,,| ., --::\- 1-i'

=;1,,,,,,,,,, t rct;, -: ,)-nt:, -( tl

= llullrr,,., t *t,, n p, ;. - ; ., )-G(1, - q )l

Lbt | )\=!ldE I,tt t,., )- qt t, tct, -1,-, ) -Gt4 - ;)l

Bylpplyi.s dre $ep(k l), th. obove equrtion*illbe@ncl

Lbtt)=:tu|; !l]t,.,t-ct,,, tct;,-; ,,- <\ ;,)l
, lls\cr o,-e,:, :, ,tr,,','t
, !.ta)o ot-tr t, ;. ,tr ,,,, ,l



Appendir :(B) Sroolbirg Techniqtrel
Rdq,i.e lll evlains ror smne seE dipir,

@s*j, (2!2) Co6.

i;]l

].

ll

-/;

L

!

It

poin6 rJ rh. g.oidnd iodes'%c,r ia",r[,,s" by u.ina rhe rarix shoM belw:
€ the rour coms nodal st scs, *hile rhc

nEss m r ;sr,'h&d sid. reeresd rhe for (2x2) crus poi sft$6




